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Abstract: Variational approximations have been used extensively in Statistical
Physics and Computer Science as a means of simplifying probability calculus. We
investigate the transferral and adaptation of variational approximation method-
ology for the logistic mixed model setting, which is hindered by intractable mul-
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being significantly faster.
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1 Introduction

Logistic mixed models are an extremely useful class of models for bi-
nary data. They are a fundamental in longitudinal data analysis, a
common analysis in biomedical statistics, where they can be used to
model correlation in grouped data and include simple, hierarchical,
crossed and nested random effect models (McCulloch & Searle, 2001;
Zhao, Staudenmayer, Coull & Wand, 2006). They also can be used
for function estimation including scatterplot smoothing, random co-
efficient and kriging models (Ruppert, Wand & Carrol, 2003; Zhao,
Staudenmayer, Coull & Wand, 2006).

Unfortunately the analysis of logistic mixed models is hindered
by the presence of analytically intractable integrals and approxima-
tions must be made. Approximations include Laplace-like approxi-
mations such as Penalized Quasi-Likelhood (PQL, Breslow & Clay-
ton, 1993), Gauss-Hermite quadrature (Naylor & Smith, 1982) and
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Monte Carlo methods (Robert & Casella, 1999; Gilks, Richardson &
Spiegelhalter, 1996; McCullagh, 1997). Each of these methods have
computational shortcomings associated with them. PQL approxima-
tions can be severely biased (Breslow & Lin, 1995; Lin & Breslow,
1996), Gauss-Hermite quadrature does not scale well to high dimen-
sional integrals and Monte Carlo methods suffer from the problems
of the slowness and difficulties accessing convergence (although some
progress has been made, see Rosenthal, 1995 and Cowles & Rosenthal,
1998 for instance). Excellent summaries of existing approximations
for generalized linear mixed models (GLMM), of which logistic mixed
models are a special case, may be found in McCulloch & Searle (2001,
Chapter 10) and Tuerlinckx, Rijmen, Verbeke & de Boeck (2006).
However these overviews do not include variational approximations.

Variational methods are a class of analytic approximations
which offer a fresh approach to many statistical problems. These are
a class of analytic approximations with origins in physics which have
recently been applied by computer scientists to a variety of statisti-
cal models (MacKay, 1995; Attias, 2000; Beal & Ghahramani, 2002;
Beal, 2003; Bishop & Winn, 2003; Winn & Bishop, 2005; Consonni &
Marin, 2007). In this article we describe a variational approach, simi-
lar to Rijmen & Vomlel (2007), for approximation of integrals arising
in logistic mixed models and Bayesian versions thereof based on the
ideas of Jaakkola & Jordan (2000). We also develop grid-based vari-
ational approximations for calculating marginal poster densities. We
illustrate these methods with a case study.

2 Logistic Mixed Models

Consider the logistic mixed model with normally distributed random
effects given by

[Y|,6a ll] = eXp {yT(XIB + Zu) 17 log(l + 6X6+Zu)} (1)
[ujo?] = |27Gge| 2 exp {—iu"G ju}

where y = (y1,...,Yys) is a response vector, X and Z are n X p and
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n X ¢ matrices, 3 is a vector corresponding to the fixed effects of length
p, u are random effects of length g with covariance matrix G,z which

is parameterized by variance components o2 = (0%, ...,02).

This model arises in a number of common applications includ-
ing scatterplot smoothing, additive models and longitudinal models
(Ruppert et al., 2003; Zhao et al., 2006) which specify the particular
values for the matrices X, Z and G,=.

The likelihood for 3 and o? is obtained by integrating out the
random effects and is given by

U(B,0%) = /R exp {yT(XB + Zu) — 17 log(1 + €XP+2u)}

exp (~3u"G )
127G |42

du. (2)

Bayesian logistic mixed models are also of considerable inter-
est. A common Bayesian approach is to place vague priors on the
parameters 3 and o?. A common choice is

B ~N(0,07I) and o} ~IG(x, o) (3)

where UE, is chosen to be a large positive constant, «; is chosen to be
a small positive constant and IG(a;, o;) denotes the inverse-gamma
distribution parameterized such that E(o?) = 1. Gelman (2006) advo-
cates the use of other priors, particularly for the o?s, but for simplicity
we will focus on these.

Often the marginal posterior distributions for the ;s are of
interest. These require calculation of integrals of the form

. JIy8, uliBl[ulo’][o?)dB_duds?
o] = Ty18, w|[8][ule?][o2]dBdudo? (4)

where B_, is the vector 8 with the ¢th element removed.
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Unfortunately there is no known closed form for (2) or (4) and
so we must pursue approximations. We will now pursue variational
approximations to these integrals.

3 Variational Approximations

There are two standard ways of finding such parameterized bounds.
One method of deriving parameterized lower bounds exploits convexity
properties of the integrand, we call tangent transforms (see Jaakkola
& Jordan, 2000), while the other uses Jensen’s inequality and leads to
EM like algorithms (Hinton & van Camp 1993; MacKay, 1995; Attias,
2000; Beal & Ghahramani, 2002; Beal, 2003; Bishop & Winn, 2003;
Winn & Bishop, 2005). For simplicity we will only focus on the first
of these.

Tangent transforms exploit the fact that for any convex func-
tion f: R — R that

F(x) 2 f(€) + Dxf(€)(x — &) forall x,£ € R (5)

and also

J(x) = max f(£) + Def (£)(x = £). (6)

where Dy f(§) = (0f(x)/0%i|x=¢)1<i<a (e.g. Rockafellar, 1972). Simi-
larly if f is concave we replace > with < in (5) and “max” with “min”
in (6). While the approximation appears to be simplistic, since it only
relies on first derivative information, often this type of approximation
is adequate.

For logistic mixed models the difficult in calculating the like-
lihood (2) stems from the non-quadratic term (X3 + Zu) = log(1 +
exp(X3 + Zu)). Jaakkola & Jordan (1997) noticed that an upper
bound for b(z) can be obtained due to the fact that g(z) = log(e=*/2 +
e®/?) = b(x) — x/2 is a concave function of 2> and hence

t&nh(§/2) (:C2 _ 62) (7)

@) < bule,€) = 5+ log(e™®/” +e5%) + =
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which holds for all z,£ € R. This bound is illustrated in Figure 1.

Upper bounds for b(x)

bi(x)

Figure 1: Upper bounds for b(z).

Now we can use (7) to find a lower bound for the joint log-
likelihood of y and u, ignoring additive constants,

logly, u] > (y — 2)" (X8 + Zu) — } (X8 + Zu)" A (X8 + Zu)
-G ju (8)
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where A = diag {tanh(&;/2)¢,/2}, ..., and € = (&1,...,&,) are addi-
tional parameters, called variational parameters. Noting that since
the right hand side of (8) is, ignoring additive constants, the log of a
multivariate Gaussian function of u we might approximate the poste-
rior distribution uly by [u|y] = é(u) = ¢x(u— p) where ¢ps(u—p) =
272|712 exp(—(u — ) TE"H(u — p)/2),

p =%Z"(y-1) and = =(ZTAZ+GH)7'. (9
We can now use this as the basis for an approximate EM algorithm.

Let p,, and 3, be the values for p and 3 evaluated at the
current values for 3, o2 and €. The expectation step of the EM
approach uses, ignoring additive constants,

Q(/Bao-1£|uoldazold) :EzS {log[Yau]} T
> IOg(ng(g)) - %10g7|1Go'2| + (y - %) (X:@ + Z/J'old) (10)
_% (X,@ S le’old) A (X:@ i ZlJ’old) - %“gdG;Zluold
—3tr (S (ZTAZ + Gy)).

where E; denotes expectations with respect to the approximate pos-
terior distribution 4.

The maximisation step then maximizes () with respect to 3,
o? and €. In order to optimize @ with respect to o® we need to
specify a particular structure for Gg2. For simplicity we will use
G,2 = blockdiag, <;«, (07€2;). Other covariance structures for u are
desirable in some contexts (see for example Verbeke & Molenberghs,
2000; McCulloch & Searle, 2001; Zhao et al., 2006), however the co-
variance structure we have chosen here is quite general.

Differentiating @) with respect to 3, o? and &, we find that
first order optimality conditions require

B =XIAX)"'X(y—%—-AZp,,)

& = \/(XB+ 2y )+ 2L, L<i<n (1)
0-1'2 = (p'z;dDiu’old + tr (ZoldD’i)) /qiv 1< <w
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where D; = blockdiag, <, (€2;1;=:), the g;s are the sizes of the square
matrices €; and Iy, denotes the indicator variable which takes the
value 1 if z is true and 0 otherwise. We use (11) as the update equa-
tions for the EM algorithm and (9) to update the approximation of
the posterior distribution u|y. Similar updates we first developed by
Jaakkola & Jordan (1997) in the context of Bayesian logistic linear
models and later by Rijmen & Vomlel (2007) for logistic random ef-
fects models. Our approach is an extension of these approaches to a
more general model.

A similar approach may be used for Bayesian logistic mixed
models. Suppose that we apply the priors (3) to our logistic mixed
model. Integrating out the variance components o we obtain, ignor-
ing additive constants,

log [y, v] = y"Cv — 17h(Cv)—

2 v A
% — iz (@ +a:/2) log <ai N uTTD)

(12)

where C = [X,Z] and v = (3, u).

Similar to the logistic mixed model case [y, ] is not multivari-
ate Gaussian in shape. However, noting that —log(z) > —€z + 1+
log (&), see for example Jordan, Ghahramani, Jaakkola & Saul (1999),
and again using (7) we obtain the following lower bound for (12), again
ignoring additive constants,

log [y,v] > h(€) + (y — %)T Cv - %VT (CTAC + B) v (13)

where h(§) = 17g(€) + 351 (i + 05/2) (log(€nri) — tibnri),

0521 0

B = v
0 Zi=1(ai + qi/2)n1:Ds

(14)

and £ = (&,&041, - - -, Entw) are additional variational parameters. Now
the right hand side of (13) is, up to additive constants, the log of a
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multivariate Gaussian distribution in . We use this to approximate
the posterior v|y by §(v) = ¢x(v — ) where

$=(CTAC+B)" and p=3CT(y-1) (15)

noting that g and 3 depend on E through A and B.

We select E by maximising a lower bound for the marginal
likelihood. As before this is most elegantly done via the EM algorithm.
Let p,, and X, be the values for p and X evaluated at the current

values for €. Then the @ function is given by

Q(a“oldu?old) - E5 {1Og [y’ V]}
<h(€) + (y =) Cpo — tpt, (CTAC+B) g, (16)
+tr [Z, (CTAC + B)] .

The maximisation step then maximizes ¢) with respect to E
Differentiating ) with respect to £ and solving the first order opti-
mality conditions we obtain

& = \/(C:u'old)z2 + %(CzoldCT)ih I1<:2<n (17)
§n+i = 2/(2ai + (I‘I’Z:dBilJ'old +tr (EoldBi)))a 1<i<w

where B; = blockdiag(0,,D;), 1 < i < v. We then iterate over (15)
and (17) until convergence.

4 Grid-Based Posterior Density Approximations

Approximating marginal posterior densities is a common problem in
Bayesian statistics. Unfortunately, as we will see in Section 5, using
(15) can underestimate the variances of the marginal posterior den-
sities. This tendency of variational approximations has been shown
to arise in various settings (Humphreys & Titterington, 2000; Wang
& Titterington, 2005; Consonni & Marin, 2007). Here we consider
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approximating the marginal posterior densities by directly approxi-
mating (4).

Firstly, the joint distribution of y and v_; is, ignoring additive
constants,

log[y,v_] >(C”,(y—3%)—[CTAC+ B]—i,i vV
LT, [C"AC+B]_, v, (18)
where C; is the ith column of C, C_; is the matrix C with the ith
column removed, v_; is the vector with the ith element removed,
[CTAC + B|_; _; is the matrix CTAC + B with the ith row and
column removed and [CTAC + BJ_;; is the ith column of CTAC + B
with the ¢th row removed. As before, the right hand side of (18) is, ig-
noring additive constants, the log of a multivariate Gaussian we make
the approximation [v_;|y] = §(v_;) = ¢u(v_; — p) where
% =[CTAC+B]_, , and p=3(Cly - [CTAC+B]_, u).
(19)
Let p,, and X, be the values for u and X evaluated at the
current values for E It can be shown (e.g. Hinton & van Camp 1993;
MacKay, 1995; Attias, 2000), for any density &, that

log[Ya Vi] ; Q(Elu’olda z;?ld) ke H(S
Z h(E) =l (y - l) Cl‘l’old 20
Z1uT (CPAC L B) s + tr [Buu (CTAC+B)] 20

+3 log |2erE,4| = logly, vl 1,

where Q(€|p,,, Yoa) = Es {logly,v]} and H; = log|2enX,| is the
entropy function for §. Maximising for & we obtain

é-i = \/(C/J’old)z2 + %(CEoldCT)ii) 1<i<n
fnti = 2/(2ai + (u‘oj:dBi“old +tr (EoldBi»)’ 1<i<w.
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In order to tighten the bound (20) we maximise logly,v;; &]; with
respect to €. Let

E*(Z/i) = arg{nax{log[y, vy E]L} (21)
3

so that [y,VZ,E ] 1, is also a tight lower bound for [y, ;] noting we

write E*(VZ) because of the fact that { depends implicitly on v; via
the optimisation problem (21).

Given [y, v; E*(V,L)] ¢ we could approximate the marginal like-
lihood by [y]. = [y, yi;g*(zxi)] rdy; The complicated dependency of
E* on v; means that it may be impossible to find a closed form expres-
sion for [y, I/i;E*(Vi)] .. Instead we evaluate E; . maxs[y,ﬁij;g] 1, for
a grid of values (41, ...,V;y) for some integer N. We then approxi-

mate logly, v;; & *(I/l)]L by some curve log[y, v;]¢ (where the subscript
G denotes a grid based approximation) such that

logly, Zijle = log[y,ﬁij;g;]L for 1<j <N, (22)

i.e. logly, Vij|e interpolates the points (U;;, logly, ¥ij; € ]L) for1 <5<
N. Finally a grid based variational posterior approx1mat10n (GBVPA)
for [v4]y] is given by

vilyle = ly, vila/[yle (23)

where the one dimensional integral [ylc = [[y,w]cdy; is evaluated
numerically.

There are a number of choice to be made. These include the
choice and number of grid values, type of interpolation used to ap-
proximate logly, Vi;ﬁ*(l/i)] 1 and quadrature method to approximate
[y, vi)c. The choices we have made in the following examples are as
follows: 1) Suppose that (v, vr) is a 95% highest posterior den-
sity credible region for v; based on (15). Then we let (D, ..., Vin)
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be equally spaced on the interval v; € (v, — A/2,v;5 + A\/2) where
A = vip — vir. 2) We used the R function spline() for the interpo-
later [y, vi]g- 3) A 5,000 point trapezoid rule was used to approximate
[¥le = [ly, viledv; on the interval v; € (vip — A/2,vip + A/2).

One possible downside of GBVPA is that N optimisation prob-
lems of the form (21) need to be solved for each marginal posterior
density. Thus, in practice, we seek to choose the grid (¥y,...,Vin)
with as few points as possible but enough points to ensure that we
have a reasonable approximation for [v;]y]g. We note that GBVPA
could potentially be easily improved however we propose GBVPA as
a starting place for such improvements.

5 Numerical Experience

As outlined in the introduction there are many applications to logis-
tic mixed models. For simplicity we will examine the effectiveness of
variational approximations for logistic mixed models for the context of
additive penalized spline smoothing (e.g. Eilers & Marx, 1996; Rup-
pert et al., 2003; Wood, 2003; Welham, Cullis, Kenward & Thompson,
2007; Wand & Ormerod, 2008). Wand & Ormerod (2008) Section 5
considered a penalised spline analysis of union membership for a sam-
ple of 534 U.S. workers (source: Berndt, 1991) with the subset of
covariates

x; = [south;, female;, married;, years.educ,, wage;, age;|.

The variables years . educ, years. experience, wage and age are con-
tinuous and the variables south, female and married are binary. We
consider a model of the form

logit {IP (union.member; = 1|x;)} = By + Fisouth; + Grfemale;
+B3married; + fiears.eamc(years.educ;) + fiage(wage;)
+ fage(age;) = XB + Zu

and use the mixed model formulation of cubic O’Sullivan splines (Wand
& Ormerod 2008, Section 4) to model fyears.equcs fvage a0 fage. We
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used K = 25 quantile spaced inner knots for each of the continuous
variables. Let Zyears.equc, Zuage 80d Zaze be the spline matrices for
years.educ, wage and age respectively. Each of these matrices has
¢; = K + 2 columns and

X = [1,years.educ;, wage;,; age;|,cicp» 2 = [Zyears.eauc) Zuage, Liage|

: -2
and D,z = blockdiag {0; 1, } _._..
T g 1 qi 1<4<3
number of years of aducation wage (dollars por hour) age in yoars
o SABAS S 0,045 5 s = . aBL [T
— —_— 4 — mcue
< — PaL @l — rar ] — ko
-= VAR - MAR -~ wAR
vt Vi ve
< - -
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Figure 2: Smooth function fits for the Trade Union model using the
MCMC, PQL, VAR and VB approximations.

From Figure 2 we see that the VAR and VB approximations
produce fits which are quite similar to PQL. The approximations for
the VB were, to the eye, slightly closer to the MCMC fit than the
other approximations. While the analytic approximations are less ac-
curate than MCMC methods they are extremely fast; taking about 4
minutes to fit each model. In contrast, for this example, the MCMC
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approximation using WinBUGS (Spiegelhalter, Thomas & Best, 2000)
took a little over an hour.

Finally, for Bayesian logistic mixed we can compare posterior
density approximations for south, female and married using (9) and
grid-based posterior approximations described in Section 4 with kernel
density estimates (Scott, 1992; Wand & Jones, 1995) of posterior sam-
ples obtained via MCMC. The kernel density estimates use the Gaus-
sian kernel with the bandwidth chosen via a direct plug-in method
(Wand & Jones, 1995, Section 3.6) using the R package KernSmooth.
Alternatively, the Sheather-Jones method (Sheather & Jones, 1991)
can deliver excellent results.

It has been well-established in kernel smoothing literature that
the choice of kernel has little effect on density estimates (e.g. Mar-
ron & Nolan, 1988, Wand & Jones, Chapter 2). However, the how
the bandwidth is chosen does matter. Extensive simulation studies
(e.g. Park & Turlach, 1992; Cao, Cuevas & Gonzalez-Manteiga, 1994;
Jones, Marron & Sheather, 1996) have shown that, for large sample
sizes and densities that are Gaussian in shape, automatic bandwidth
methods such as the direct plug-in methods and the Sheather-Jones
method lead to quite accurate density estimates.

For the MCMC fit we used WinBUGS to generate chains of
length 50,000 after a burn-in of 5,000 and applied a thinning factor
of 5, resulting in posterior samples of size 10,000 and then used the R
package KernSmooth to estimate the densities of these posterior sam-
ples. Figure 3 illustrates these estimates. From this figure we notice
that densities approximations based on (9) underestimate the amount
of variance of the posteriors. The GBVPA approximations, on the
other hand, were significantly better. Each GBVPA approximation
took roughly 5 minutes to compute while the MCMC approach via
WinBUGS took a little over 6 hours.

6 Conclusion
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Figure 3: Illlustration of the kernel density estimates of MCMC' posterior
samples, variational posterior approzimations (VPA) and grid-based varia-
tional posterior approzimations (GBVPA) for south, female and married
coefficients.

In this article we focused on the logistic mixed model case. The ex-
tension to Generalised linear mixed models requires additional ideas
which we do not have the space to cover here. In an upcoming pa-
per Ormerod & Wand (2008) cover these cases for general responses
including Poisson, gamma and inverse-Gaussian response types.
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