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Abstract

Some nonparametric regression settings involve auxiliary
information, e.g., the support function of a convex set
is characterized by the fact that the sum with its sec-
ond derivative is non negative. Another well known ex-
ample is the branching curve problem (Silverman and
Wood, 1987). Use of local polynomial smoothers in such
settings leads to a quadratic programming problem. We
shall show that it is feasible to solve this quadratic pro-
gramming problem and discuss the performance of the
resulting smoother using the above examples.

1 Introduction

We shall discuss two examples of nonparametric regres-
sion settings which involve auxiliary information. This
auxiliary information imposes some constraints upon the
nonparametric regression fit. In this paper we present a
(quite general) methodology to solve such nonparamet-
ric regression problems using local polynomial or kernel
smoothing.

Much of the work in constrained nonparametric re-
gression has been done in the context of splines, be-
cause constraints have been viewed as simpler and eas-
ier to incorporate in that context. The perception that
constraints are not easily incorporated into a kernel
smoother seems to have arisen from the fact that tra-
ditional kernel estimators have been written as an ex-
plicit estimator rather than as a solution to an op-
timization problem. However, in recent years, atten-
tion has switched to the more appealing local polyno-
mial form of the kernel smoother (Stone, 1977; Cleve-
land, 1979; Fan, 1992; Hastie and Loader, 1993) which
is usually viewed as a solution to an optimization prob-
lem. We shall show that constraints can be imposed in
a natural way on a kernel smoother from this point of
view. If the constraints are linear in the resulting fit, this

approach leads to a quadratic programming problem.
The paper is organized in the following way: details

of our approach are described in Section 2 and applied
to two examples in Section 3. These examples motivate
some modification to the original approach which we will
discuss in Section 4.

2 General Methodology

Nonparametric regression data are of the form {(Xi, Yi) :
i = 1, . . . , n}, where

Yi = m(Xi) + εi,

for ε1, . . . , εn independent, mean zero random errors.
The goal is to estimate the curve m(x) under minimal
assumptions such as “smoothness”.

Local polynomial smoothing is one approach to non-
parametric regression (Wand and Jones, 1995; Fan and
Gijbels, 1996). It is based on weighted local fitting of a
polynomial. The form of the weights is determined by a
kernel function, K. The width of the window over which
local fitting is done is determined by a bandwidth, h,
through using weights based on the rescaled kernel func-
tion, Kh(•) = K(•/h)/h. For a given point t the co-
efficients of the local polynomial fit of degree p are the
minimizers β0, . . . , βp of

n∑

i=1



Yi −

p∑

j=0

βj(Xi − t)j





2

Kh(Xi − t) (2.1)

The local polynomial estimate of m(x) is then the central

value of the polynomial in the Kh window, m̂(x) = β̂0.

In matrix notation we can write m̂(x) = e
T
1 β̂t, where

e1 is the first unit vector in R
p+1, Wt is a diagonal

matrix with Kh(Xi − t) as ith diagonal entry and

Y = (Y1, . . . , Yn)T , β = (β0, . . . , βp)
T ,



Xt =




1 X1 − t · · · (X1 − t)p

1 X2 − t · · · (X2 − t)p

...
...

...
1 Xn − t · · · (Xn − t)p




and

β̂t = argmin
β

(Y −Xtβ)T
Wt(Y −Xtβ).

An important feature of constraints is that they are
“global” in nature (with the potential for values of
the estimator at any point to be linked with values
at any other point). This motivates a more global
view of the estimator. A means of doing this is to
extend the parameter vector to a vector of functions,
β(t) = (β0(t), . . . , βp(t))

T , and to combine the pointwise
optimization problems by integrating (since the integral
is optimized by combining the pointwise optimizations).
This gives

m̂(•) = e
T
1 argmin

β(•)

∫
((Y−Xtβ(t))T

Wt(Y−Xtβ(t))) dt.

(2.2)
This global formulation of the optimization problem
makes it straightforward to build in constraints. Sim-
ply replace the minimization in (2.2) by a minimization
over the function space which fulfills the constraints.

In general, this optimization problem no longer allows
pointwise optimization, so a numerical approach based
on discretization is suggested. Suppose it is desired to
estimate m at a grid of values t1, . . . , tg. The g optimiza-
tion problems (2.1) can be combined into a single large
optimization problem (which naturally allows global con-
straints) as follows. Use block diagonal matrix notation
to construct

X =




Xt1

. . .

Xtg


 ,

W =




Wt1

. . .

Wtg


 ,

combine parameter vectors across the tj in a correspond-
ing way:

β = (βT
t1

, . . . , βT
tg

)T ,

where
βtj

= (β0,j , . . . , βp,j)
T ,

and extend the data vector and unit vectors to:

Y = (YT , . . . ,YT )T , e = (eT
1 , . . . , eT

1 )T .

The vector m̂ = (m̂(t1), . . . , m̂(tg))
T of estimates can

now be written in the form

m̂ = e
T argmin

β

(Y −Xβ)T
W(Y −Xβ). (2.3)

This is analogous to (2.2), and shares the property of
being a rewriting of the local polynomial estimator (2.1)
that allows simple, natural inclusion of “global type”
constraints. Simply replace the minimization in (2.3)
by a minimization over the subspace of R

g(p+1) whose
elements fulfill the constraints. If the constraints are
linear in β the resulting optimization problem belongs
to a class known as “quadratic programming problems”.
In the next section we will discuss two such examples.

A variety of algorithms for solving quadratic pro-
gramming problems are known (see, among others, Gill
et al., 1991). We found that the algorithm proposed
by Goldfarb and Idnani (1983) can efficiently solve the
quadratic programming problems which we encountered.
This algorithm is a “dual algorithm”, i.e., it starts from
the unconstraint fit and then checks whether any con-
straint is violated. If a constraint is violated, the esti-
mator is changed such that the constraint will no longer
be violated while maintaining the optimality of the so-
lution. This process is iterated until all constraints are
satisfied.

3 Examples

3.1 Support function of a convex set

This example addresses a problem that arises variously
in medical imaging and robotic vision, of estimating a
convex set from noisy measurements of its support func-
tion. The support function m(θ) of a convex set C,
relative to an origin O, equals the perpendicular dis-
tance from O to that tangent to C which makes angle
θ ∈ (−π, π] to a given direction in the plane, see Fig-
ure 3.1. If m′′ exists and is continuous everywhere, then
a necessary and sufficient condition (Santaló, 1976, p. 2)
for convexity of C is

m(θ) + m′′(θ) ≥ 0, θ ∈ (−π, π]. (3.1)

A common method of construction an estimate of the
set from data is to assume that its boundary is piecewise
linear and fit the straight line segments comprising its
boundary by using a variant of constrained maximum
likelihood under the assumption of either Normally or
Uniformly distributed errors (see, among others, Prince
and Willsky, 1990).



O

.
(θ)m

θ

Figure 3.1: Illustration of the definition of a support func-
tion.

Fisher et al. (1997) propose to estimate m nonpara-
metrically, e.g., via a local polynomial smoother. Essen-
tially, they search for the bandwidth with least bias such
that (3.1) is still fulfilled.

With the approach described in Section 2 such careful
calibration of the bandwidth is not necessary. Assume
that the points t1, . . . , tg are equidistant and in increas-
ing order with ∆ = t2 − t1 (and t1 + 2π = tg + ∆ for
periodicity reason). Approximating m′′ by second dif-
ferences, we see that the discretized version of (3.1) is
(with the obvious identification due to periodicity):

β0,i +
β0,i−1 − 2β0,i + β0,i+1

∆2
≥ 0, i = 1, . . . , g (3.2)

These (inequality) constraints are linear in β and hence
minimizing (2.3) over all β which fulfill (3.2) is a
quadratic programming problem.

Figure 3.2 demonstrates this method on a simulated
data set. We chose as convex set an ellipse with major
axes of one and four units. Figure 3.2(a) shows the sup-
port function together with 400 noisy observations. An
estimate for the support function using a local linear fit
with bandwidth h = 0.05 and Gaussian kernel is shown
as the dotted line in panel (b). The resulting fit which
satisfies the constraints (3.2) is shown as the dashed line.
Finally, the boundary obtained from this fit is drawn as
the dashed line in panel (c) together with the original
set.
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Figure 3.2: Panel (a) shows the support function of the
ellipse shown in panel (c) together with the observed data.
Panel (b) shows the support function (solid line) together
with the initial fit to the data (dotted line) and the result-
ing constrained fit (dashed line). The boundary due to the
constrained fit is shown as dashed line in panel (c).



3.2 Branching curves

Steer and Hocking (1985) carried out an experiment to
test the effect of applying nitrogen to sunflowers at dif-
ferent stages of growth. These data were analyzed by
Silverman and Wood (1987) using spline smoothing tech-
niques (see also Green and Silverman, 1994, Section 6.2).

The experiment was done on five groups of sunflowers.
In the first group, the control, no nitrogen was applied.
To the other four groups a nitrogen compound was ap-
plied at a given time after sowing, 38, 56, 63 and 70
days respectively. At various times the nitrogen content
of plants taken from the different groups was measured
destructively.

Before the time the nitrogen compound was applied
there is no difference between the control group and the
treatment group. Hence, when fitting regression curve to
these data, it is natural to impose that up to the time of
treatment the curve of the treatment group will coincide
with the curve of the control group.

Although notation is a bit tedious, it is straightfor-
ward to write this smoothing problems within the frame-
work of Section 2. Taking the grid t1, . . . , tg we fit five
local polynomial smoothers to the data from the five
groups. Introducing a further index which denotes the
fitted curve, this leads to a minimization problem similar
to (2.3) where the minimization is over all β such that
certain entries in β (corresponding to the appropriate
fits) are equal.

Obviously this is a quadratic programming problem
since we have only (equality) constraints which are linear
in β. Solving this problem using a bandwidth h = 8
and the Gaussian kernel leads to the solution shown in
Figure 3.3(b). Panel (a) shows the initial, unconstrained
fits.

4 Modifications

Using this approach, the final fits (e.g., those displayed in
Figure 3.3(b)) have sometimes an “unsmooth” appear-
ance. The reason for this becomes clear if one analyzes
the way in which Goldfarb and Idnani’s (1983) algorithm
finds the (unique) optimal solution to the quadratic pro-
gramming problem.

As mentioned above, the algorithm starts initially
with the optimizer to the unconstrained problem (2.3).
After obtaining this optimizer β all constraints are
checked. If one constraint is violated the minimizer β
is changed such that the constraint will hold while keep-
ing its optimality property. This process is iterated until
all constraints are satisfied. Each time a constraint is
enforced the changes done to β involve only those com-
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Figure 3.3: Panel (a) shows separate local linear fits to each
of the groups. Panel (b) displays the resulting fits if equality
up to the time point of treatment is imposed.

ponents which belong to any of the tj involved in the
violated constraint. Hence, changes done to β are some-
what “local” and enforcing of inequality and equality
constraints can lead to “kinks” respectively “jumps” in
the final solution. The problem of introducing kinks via
inequality constraints is not obvious in Figure 3.2 but
is noticeable if this approach is used to enforce that the
final fit is monotone as we note in upcoming work.

While some smoothing problems suggest ad hoc meth-
ods to cope with this problem, a general approach is to
introduce a “smoothness penalty” in (2.3). One obvious
way of doing this is to change the minimization problem
in (2.3) to

m̂ = e
T argmin

β

(Y −Xβ)T
W(Y −Xβ) + λ

g∑

j=1

m̂′′(tj)
2.

(4.1)
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Figure 4.1: Panel (a) shows separate local linear fits to each
of the groups. Panel (b) displays the resulting fits if equality
up to the time point of treatment is imposed. Here (2.3) was
changed to incorporate a smoothness penalty.

If m̂′′(tj) is calculated via second differences using the
β0,js we can still write the resulting optimization prob-
lem as a quadratic programming problem.

Figure 4.1 shows the fits to the branching curve data if
such a smoothing penalty is used. The same bandwidth
and kernel as in Figure 3.3 are used. We see that the
initial fits are not noticeably influenced by adding the
smoothness penalty term whereas the constrained fits
are markedly smoother.

The properties of the smoother stemming from (4.1)
are not obvious and currently under investigation. If we
chose g = n and take the observation Xi as grid points
tj then, with h → 0, (4.1) tends to a criterion similar
to the one used in spline smoothing (see also Green and
Silverman, 1994). Likewise, with λ → 0 (4.1) tends to
(2.3). Hence, the resulting smoother seems to be some

kind of hybrid between local polynomial smoothing and
spline smoothing.

Thus, if anything, the approach proposed here gives
the user increased flexibility since he can choose the grid
{tj} different from the set of observations {Xi}. Further
flexibility can be achieved by using local bandwidths, i.e.,
different bandwidths at each tj . In general, any modifi-
cation to local polynomial smoothers used in “standard”
nonparametric regression settings would be feasible to
use as long as it does not destroy the quadratic pro-
gramming structure of the problem.

We conclude that the methodology presented here can
be used to construct natural local polynomial estimators
which satisfy a variety of constraints. As long as these
constraints are linear in the local polynomial estimator
we are lead to a quadratic programming problem whose
(unique) solution can be calculated without (numerical)
problems using existing algorithms.
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