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Abstract: We extend the class of variational message passing algorithms to ap-
proximate fitting and inference for skew t regression models, building on recent
work concerning variational message passing on factor graph. A major advantage
of a factor graph fragment approach is that calculations only need to be done once
for the considered distribution family and can be easily adapted to accommodate
more complex model structures. A simulation study shows how posterior depen-
dence arising in auxiliary variable representation of a skew t response model may
lead to poor performances in terms of variational message passing when using
convenient factorizations of the approximating densities.
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1 Introduction

The notion of factor graph fragment introduced in Wand (2017) seminal
paper represents a step forward towards the integration of variational ap-
proximations in mainstream statistics. This perspective provides a valid
instrument to streamline algebra and computer coding when implementing
variational message passing (VMP) for elaborate response regression mod-
els. A notable practical advantage is that algorithm updates only need to
be derived once for a particular response model, which can be integrated
in more complex structures such as those including, for instance, semipara-
metric components.
As shown in McLean and Wand (2018), modularity of variational message
passing extends beyond the common distributions in the Bernoulli, Poisson

This paper was published as a part of the proceedings of the 33rd Inter-
national Workshop on Statistical Modelling (IWSM), University of Bristol, UK,
16-20 July 2018. The copyright remains with the author(s). Permission to repro-
duce or extract any parts of this abstract should be requested from the author(s).



Maestrini and Wand 205

and Normal families. We widen this recent body of work to include skew t
regression models. Attention is reserved to an auxiliary variable representa-
tion of the model. Auxiliary variables can reduce the algebraic complexity
of algorithm derivations but at the same time a↵ect variational message
passing performances, according to the assumptions on the approximating
density.

2 Variational message passing

Consider a Bayesian statistical model with observed data D and parameter
vector ✓. Variational approximations are conceived to treat models in which
the posterior density function p (✓|D) is analytically intractable.
A mean field variational approximation q⇤ (✓) to p (✓|D) is the minimizer
of the Kullback-Leibler divergence
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subject to a product density restriction q (✓) =
QM

i=1 q (✓i), where {✓1, . . . ,✓M}
is some partition of ✓. It can be shown that the optimal q-density functions
satisfy

q⇤ (✓i) / Eq(✓\✓i) {p (✓i|D,✓\✓i)} , 1  i  M, (1)

where ✓\✓i denotes the entries of ✓ with ✓i omitted. The previous expres-
sion gives rise to an iterative scheme for obtaining the parameters of the
optimal density functions q⇤ (✓i) which is known as mean field variational
Bayes. VMP arrives at the same approximation via message passing on an
appropriate factor graph. Among the several variants of VMP in the litera-
ture we follow the approach of Minka (2005), as summarized in Section 2.5
of Wand (2017), to derive fragment updates that allow for skew t response
models to be handled within the VMP framework.

3 The skew t likelihood fragment

The skew t (Azzalini and Capitanio, 2003) likelihood fragment corresponds
to the likelihood specification
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1  i  n, (2)

with A generic design matrix, ✓ generic vector of coe�cients and ⌫ > 0. If
we introduce two auxiliary random variables a1i and a2i, 1  i  n, model
(2) can be expressed as
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(3)
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We then develop two VMP algorithms assuming that the optimal q-density
admits the following alternative product restrictions:

A. q
�

✓,�2,�, ⌫,a1,a2

�

= q (✓) q
�

�2
�

q (�) q (⌫)
Qn

i=1 q (a1i) q (a2i);

B. q
�

✓,�2,�, ⌫,a1,a2

�

= q (✓) q
�

�2
�

q (�) q (⌫)
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The second partition avoids a more restrictive independence assumption
on the auxiliary variables but requires an extensive use of non-standard
conjugate exponential families and numerical integration when deriving
a VMP algorithm. Figure 1 includes the factor graph representations of
model (3) under both assumption A and B in support of VMP algorithm
derivations. In detail, the shaded squares correspond to factors, which are
single product components of model (3). The unshaded circles are called
stochastic nodes and refer to parameters and variables expressing product
dependencies in the approximating densities A and B. Edges connect factors
to the stochastic nodes included in each factor.

p(y|θ,σ2,λ,a1,a2)
θ

σ2

λ

p(a1) p(a2|ν)

a11 a1n a21 a2n

ν

p(y|θ,σ2,λ,a1,a2)
θ

σ2

λ

p(a1) p(a2|ν)

(a11,a21) (a1n,a2n)

ν

FIGURE 1. Factor graph for Skew t likelihood specification in (3) under assump-
tion A (left panel) and B (right panel).

4 Simulation study and application

We conduct a simulation study to assess the performances of VMP gen-
erating one hundred datasets of size n = 500 according to model (3), us-
ing a Uniform (0, 1) predictor. We set the vector of location parameters
✓ ⌘ � = (�0,�1) to be �0 = 1 and �1 = 2. The scale parameter is � = 1
and the shape parameters are � = 5 and ⌫ = 1.5. The hyperparameters
for � are fixed to µ� = 0 and ⌃� = 1010I over a prior N (µ�,⌃�). We
use an Inverse-�2(0.01, 0.01) prior on the squared scale. The prior for the
parameter of symmetry � is assumed to be N

�

0, 1010
�

and that for the
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degrees of freedom ⌫ to be � (1, 0.01). For each single parameter, we mea-
sure the accuracy of VMP approximations q⇤ (✓i) from (1) under both the
assumptions A and B as

accuracy (q⇤) = 1� 1

2

Z 1

�1
|q⇤ (✓i)� p (✓i|D)| d✓i,

so that 0  accuracy (q⇤)  1. The L1 error appearing in this last expression
is a scale independent number that is invariant to monotone transformation
on the parameter of interest. This implies, for instance, that the accuracy
values for q⇤ (�) and q⇤

�

�2
�

coincide. Exact computation of p (✓i|D) is re-
placed by MCMC samples obtained using rstan (Stan Development Team,
2018). MCMC samples of size 10000 were generated setting a burn-in of
5000 values and thinning the remaining 5000 by a factor of 5.
Table 1 summarizes mean and standard deviation of accuracy percentages
from the simulation study, indicating a notable improvement when adopt-
ing the less restrictive assumption B.

TABLE 1. Average (standard deviation) accuracy from the simulation study.

Accuracy

Parameter Assump. A Assump. B

�0 0.0 (0.0) 37.7 (6.2)
�1 51.2 (17.7) 57.1 (4.5)
�2 18.0 (16.9) 11.0 (3.5)
� 0.0 (0.0) 10.0 (3.4)
⌫ 0.0 (0.0) 56.6 (6.1)

We also consider the dataset examined in Azzalini and Capitanio (2003)
with the linear model

yi = �0 + �1CRSPi + "i, "i ⇠ Skew-t
�

0,�2,�, ⌫
�

, 1  i  n

where the variables yi and CRSPi denote the excess rate of the Martin
Marietta company and the index of return excess for the whole New York
Stock Exchange respectively. Data over a period of n = 60 consecutive
months from January 1982 to December 1986 are available. We estimate
the posterior density functions via VMP approximation under assumption
B and MCMC with the same settings of the simulation study.
The plots in Figure 2 show that VMP curves are roughly located around the
modes of MCMC densities. Note also that the variance of VMP approx-
imating densities appears lower than that of MCMC posterior densities,
coherently with the theoretical results in Wang and Blei (2017). Better
VMP performances could be achieved by proposing more generic assump-
tions on the approximating density function. However, our choice of the
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product density restrictions is a compromise among algebraic complexity,
feasibility and quality of the approximation.
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FIGURE 2. Martin Marietta data: posterior density plots via MCMC and VMP.
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