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S.1 Derivation of Result 1

In this section we provide a derivation of Result 1, starting with notation.

S.1.1 Notation

For any matrix M let
M®?2=MM" and M| = {tT(MTM)}1/2'

The latter definition is often called the Frobenius norm of M.

The matrix V(Z, >, 02) given by (3) is central to the derivations. Throughout this appendix,
we omit the dependence on the covariance matrix parameters by simply writing it as V. Define the
following partitioning of the inverse of V:

Vll V12 L. Vlm
V21 V22 . V2m - m’ m’
vi= ) ' _ . where V% is Z N | X Z N | -
. . . . 1,21 lel
le Vm2 e ymm

If P is a logical proposition then I(P) =1 if P is true. Otherwise, I(P) = 0.

S.1.2 Lemmas

The upcoming Fisher information approximations rely on four lemmas, which we present here.

S.1.2.1 A Lemma that Provides a Simple Kronecker Product Form

Lemma 1. Let Ay be a symmetric d x d matriz with (r,s)th entry denoted by A,s. Also, let By be
the 3d(d + 1) x 3d(d + 1) matriz with entries determined according to the following table:

entry of vech(Ag)vech(Ay)"  entry of By in the same position

ArrAtt A72~t
App Ay, t 7£ U 24,4 A,
ArsAtu; r 7& S, t 7& u 2(ArtAsu + AruAst)

Table S.1: Definition of the matrix By, a function of a d x d symmetric matriz Ag.

Then
B, = D;{(Ad X Ad)Dd.



S.1.2.2 Three Lemmas Stating Key Matrix Identities

The following three lemmas state some matrix identities which play key roles in the derivation of
Result 1.

Lemma 2. Let A\ > 0, A be a invertible d x d matriz and X, )& and ).(. each be an n X d matrix,
where n,d € N. Then, assuming that all required matriz inverses exist,

XT(XAXT +AD)7'X = (1/NX {I - X(X'X)'XT}X

SXTXXTX) A+ MXTX) (X TX)IXTX.

Lemma 2 has the following immediate corollary:

Corollary 2.1. If A\, A, X, X and X are as defined in Lemma 2 then, under the Lemma 2
assumptions, we have:

(a) XT(XAXT + M) X = {A+ (X X)) 1 (XTX)'XTX.
(b) XT(XAXT + A\ )~'X = X "X (X X) A+ NXTX) 1},
() X(XAX T+ A 'X = {A+ \(XTX)" 1} 1.

The following related matrix identity is also important:

Lemma 3. If A\, A and X are as defined in Lemma 2 then, assuming all required matriz inverses
exist,

XT(XAXT+AD2X = {A+ A(XTX) (X TX) A+ M(X X)L

In addition, the derivation of Result 1 makes use of:

Lemma 4. Let A and B be d x d matrices such that each of

A B
and A + B are invertible.
B A
Then .
1, "l A B 1,
=2(A+B)".
I, B A 1,

S.1.2.3 Lemmas for Limits of Forms Arising in the Fisher Information Matrix

Here we provide three convergence in probability lemmas that are key to dealing with particular
forms that arise in the Fisher information matrix.

First we present Lemma 5 which identifies some key convergence in probability limits related to
predictor summation quantities about the V' ~! matrix. Let X, be a d x 1 random vector and let

Xy, 1<i<m, 1<¢<m!/, 1<j<n, (S.1)

be independent and identically distributed random vectors having the same distribution as X,. Then
define for 1 <i<mand 1< <m':
T
X iin

A A
X, = T , X = 15513; (X;) where X; = 1S§tza§1n(1'<X”/) (S.2)
X

S
1'ng.



Next, let
Q,..,y =blockdiag {blockmatrix(X i M X ZTZ/) }

1<i<m 1<’ 3/ <m/

(S.3)
+blockmatrix {blockdiag(Xii/M’XiTi,)} + I
1<ii<m 1</ <m/ -
where
M and M’ are d x d symmetric positive definite matrices and A > 0. (S.4)
Partition Q;L}n, as follows
11 12 1m
mm/’ mm/ mm/’
21 22 2m i m m
— mm' Q7 mm/ where Q:im, is (Z nn-/) X (Z ny-/> . (S.5)
: : : i'=1 i'=1
ml m2 . mm
mm/’ mm/ mm/’

Introduce the following assumptions:
(A4) All entries of X, are not degenerate at zero and have finite second moment.
(A5) Each of ny, 1 <i<m, 1<i <m/, diverge to oo.
A
Lemma 5. Let X, be a d x 1 random vector for which (A4) holds. For m,m’ € N define X, X,

Q... and Q%m,, 1<i<m,1<i<m, according to (S5.1)-(S.5). Under (A5) we have the following
results for fivred m, m’ € N:

(@) X7Q 1 x L (L + L)

A .. A —
(b) Foralll<i<m, X/Q% X;sM'— LM M (LM+Lm)"

m mm/

(¢) If m > 2 then for all 1 <i,i < m such that i # i,

A i A P
xX'Q- x,— —-1L
=~ mm

MM (LM Lm) T

-1

(d) (i inu’> tr(Q,2 ) Ls1/a2,

i=14¢=1

* *
Let X, be a d x 1 random vector and let

Xij, 1<i<m, 1<i<m/, 1<j<ng, (S.6)

*
be independent and identically distributed random vectors having the same distribution as X,. Then
define for 1 <i<mand 1< <m':

*
T
Xii’l

* *
X = : and X = stack { stack (X”/)} (S.7)

1<i<m | 1<i'<m/
*
-
Xii’ni
* *
Lemma 6. Let X, be a d x 1 random vector and X, be a d x 1 random vector such that (A4) holds

* *
for both X, and X.. Define X according to (S.1)-(5.2), Q,my according to (S.2)-(S.4) and X
according to (S.6)-(S.7). Under (A5) we have the following results for all fized m, m’ € N:



-1
(a) (Z an) )‘}TQ;ﬁn,i’ £, (1/N) [lower right c’;x c;block of {E([—Xo )}OT]®2)}—1}—1'

i=14¢=1

* *
) XTQL X L (LM + LM H{E(XP)}LE(X.X]).

S.1.3 Fisher Information Matrix Approximation

The Fisher information matrix of the full vector of unique parameters, corresponding to the condi-
tional log-likelihood (4), is denoted by

I(Ba, Bg, vech(X), vech(Z'), o?). (S.8)

We now obtain approximations to each of the sub-blocks of (S.8).

From (A1), m' has the same order of magnitude as m. Therefore, remainder terms such as
op(mm'n) can be also written as op(m?n). Throughout this derivation we follow the convention of
expressing all remainder terms that involve m and m/ in terms of m only.

S.1.3.1 The (84,84) Diagonal Block
The (B4,8,) diagonal block is X \V "1 X . From (A3) and Lemma 5(a), we have for all fixed

m,m’ € N and as n — oo,
N —1
xXivix, & <2 + 2,) .
mom
Therefore, under (A1) and (A3), the (84, 84) diagonal block of the Fisher information matrix is
RS VAN
< ) +op(m)157.

m m
S.1.3.2 The (Bg,3y) Diagonal Block

The (Bg,Bg) diagonal block is XV ' Xp. Under (A2)-(A3), and applying Lemma 6(a) with
*
X = X and X = Xpg we have

mm’ncgl
—B 152,

XpViXp = + op(mm’'n) e

o2

S.1.3.3 The (vech(X), vech(X)) Diagonal Block

From results given in e.g. Section 4.3 of Wand (2002), the (3,5, X4,) entry of the (vech(X), vech(X))
diagonal block of the Fisher information matrix is

ov oV
1 -1 -1
2t <V )’ a<2>m> |

Then note that

av T T o . A A .
). L.L, +I(r# s)LsL, where L, = bl?gigdrlnag (Xaier), Xai= 122%8%/()(1&11/) (S.9)

and e, denotes the d, x 1 matrix with the rth entry 1 and all other entries 0. Noting the tr(AB) =
tr(BA) identity for all compatible matrices A and B and introducing the notation

Trstu = tr{ (L] V'L,) (L] V7'L,)}.



we then have the following simplifications of the various sub-types of the (X,4, ¥y, ) Fisher information
blocks:

(B, Bge) %Trtrt

(Brr, Bgw), tF ue %(Trurt + Trtru)

(s, Zut), 7F# 5 %(Trtst + Tstrt) (8.10)
(Brs, Btu), 7 # st Fu: %(Trust + Trisu + Tourt + Tstru>~

Since N N
Ty, —1 Ty T v/
L'v LS:{eTXAiV%XAieS} o
e 1<i<m,1<i<m
we then have

m m A .. A A .. A
T = 3 (el XL VEX e, ) (e XL VEX asen)
i=1 i=1

m A A A A
= (e,TXLV“X Aies> (etT XLVix Aieu)
=1

A .. A A .. A
+ Z Z (eTTXLV%XAieS) (etTXL-V%XAieu)
i

Lemma 5 (b)—(c) implies that for any fixed m € {2,3,...} and m’ € N we have, as n — oo,

T > (57 G m S (G54 9) ™) (57w (m e ),

mm/

m(m — 1)

+ (B @G+ 47 (FEs+EE)T)
rSs u

(mam')?
Now suppose that m and m’ diverge according to (A1). Then straightforward steps show that
Trstu - m(zil)rs (Eil)tu + OP(l) (Sll)

In view of (S.10) and (S.11), under (A1) and (A2), the entries of the (vech(X), vech(X)) diagonal
block have the following leading term behavior:

o, i) Im(Z7N2, + 0p(1)

¥ i), t# m(EH (7Y, + Op(1)

Yos, Xtt), T £ S m(E (" +0p(1)

S, Bt), rE s tEus m{(E ) (E e+ () (T a ) + O0p(1).

Application of Lemma 1 then leads to the following succinct expression for the (vech(X), vech(X))
Fisher information block:

%ngA (="'e 271)DdA +O0p(1 )lgf(dA-Fl)/

S.1.3.4 The (vech(X'), vech(X')) Diagonal Block

The conditional log-likelihood is unaffected by the interchanging of 3 and ¥’. Hence, noting the con-
clusion of the previous subsection, the (vech(X'), vech(X')) diagonal block of the Fisher information
is

L' D], ()7 @ (%)) Day + 0D 41y



S.1.3.5 The (02,02) Diagonal Block

Appealing again to Section 4.3 of Wand (2002), the (02, 02) diagonal block of the Fisher information
matrix is ,
m;(in + op(m™2n71),

with the last equality following from Lemma 5(d).

S.1.3.6 The (8,,08g) Off-Diagonal Block

The (B,,Bg) diagonal block is X AV 1 Xp. From (A3) and Lemma 6(b), we have for all fixed
m,m’ € N and as n — oo,

. R AN .
xivoixe B (24 2 ) B X

m/

Therefore, under (A1) and (A3), the (8,4, Bg) diagonal block of the Fisher information matrix is

7N\ —1
(Z+3) BN EXLXn0) + onlm).

S.1.3.7 The ((/BAvBB)a (Vech(E),vech(E'),02)> Off-Diagonal Block

From e.g. Section 4.3 of Wand (2002), the

((,BA, Bg), (vech(X), vech(X'), 02)>

off-diagonal block is a matrix having all entries equal to zero. In other words, the fixed effects
parameters and the covariance matrix parameters are exactly orthogonal in Gaussian response linear
mixed models.

S.1.3.8 The (vech(X), vech(X')) Off-Diagonal Block

We commence with the special case of dy = 1, n;y =nand Xy = 1, forall1 <i<m, 1 < <m/.
In this case 1, is an eigenvector of V with corresponding eigenvalue m'nY + mnY' + o2. This
implies that 1,y is also an eigenvector of V' ~! with the just-mentioned eigenvalue reciprocated.
Relatively straightforward manipulations then lead to the following expression for the (X, %’) entry
of the Fisher information matrix:

-1

%[{E(m’/m) + Y 4 o2/ (mn)HE + ¥/ (m/m) + 02/(m’n)}] (S.12)

which is O(1) under (A1l).

Next we treat the general d,, n;y and X p; situation with m € N and m’ = 1. From e.g. Section
4.3 of Wand (2002), the (X, %},) entry of the (vech(X), vech(X')) off-diagonal block of the Fisher
information matrix is

ov ov
1 -1 -1
str(V \% S.13
e (VoY ) (519
where, noting the current m’ = 1 special case,
ov . Ty T . Ty T
= blockd X A XA, d ——— = blockmat X A X A1) S.14
8(2)7’1’ ?gclgyizag ( Ail€r€, A’Ll) an a(El)tt %%i%amrlx ( Ail1€t€y Ail) ( )



Substitution of (S.14) into (S.13) and algebraic manipulations such as those involving the tr(AB) =
tr(BA) identity lead to

L OV o OV - - i i
" (V o), 16(2%) =220 (e XRaViXauer) (6] X iV Xnser)

s
Il
—_

D> (el X VX ane) (€] X3 VE X azrer)
i#ir

+ Z Z (e;rXXilviiXAiler) (e:X;‘l‘—il V‘ZLZ;XAilet)
i1
T Z Z Z (ef X A V™iX aner) (eTTXIgVi’i*XAZ*let).
it
Lemma 5(b) and 5(c) then imply that

ov ov
L (V! v
2t < O(X)rr (XN

> o dm (M7 - IMOIM (A M+ M) )Qt
+imim —1)(M™' - AMTIM (M + M) )
x(— MM (LM M)

rt

lm(m — 1)( —IMIM (A M+ M) )

tr

1
2
x (M~ = LMIM (M + M) )

rt

+imim—1?( - MM (M + M) ),
\
x(=AMIM (LM 4 M)

rt

2m

- (@)™

after several algebraic steps and cancellations. The r # s and t # u cases are similar. This confirms
that (S.12) also holds in general, with the exception of m’ being set to 1. For m’ > 2 similar
arguments can be used to show that the summations in (S.13) lead to convergents analogous to those
in the dy = 1, n;y = n and X ;7 = 1, case and a matrix with order O(l)l?f(dAH)/z under (A1)
eventuates.

S.1.3.9 The (vech(X),s?) Off-Diagonal Block

We commence with the special case of dy = 1, n;y = n and Xy = 1, for all 1 < ¢ < m,
1 <4 <m/. Using the eigenvalue and eigenvector properties described near the beginning of Section
S.1.3.8, relatively straightforward manipulations then lead to the following expression for the (X, 02)
entry of the Fisher information matrix:

m'(1 = 1/m){Z + ¥'(m/m’) + o*/(m'n)}?
2mn{S(m’/m) + X' + 02 /(mn)}2{E + 02 /(m/n)}?

m/

IS fm) + = + o2/ (mn) )2
which is O(n™!) under (A1).

(S.15)




Now consider the general d,, n; and X 5; situation with m € N and m’ = 1. Results in e.g.
Section 4.3 of Wand (2002) imply that the (2., %) entry of the (vech(X),0?) off-diagonal block of
the Fisher information matrix is

m m
Str (V‘2 blockdiag (X rirere,) XL-l)) =35> > el (VE¥X ) ) (VEX gin)e,. (S.16)
1<ism i=1 =1

For the m = m/ =1 special case of (S.16), Lemma 3 leads to

n11X111VI12XA11 = nlle:XXn{XAll(E + El)Xl:H + 0'21}_2XA116T

e {Z 4+ + 0% (X[ Xam) '} <n11XA11XA11> l
A{Z+ T+ ‘72(XX11XA11)_1}_1

—e (T+I)IEXIX)(EZ+2) e
Hence, the (2,,,0?) entry of the Fisher information is

(B+2)'EXIX)(Z+3)7), {1+o0p(1)}
2n11

which extends (S.15) for d, € N and general predictors for m = m/ = 1. Treatment of the (X, o?)
entries for r # s is similar and also leads to Op(n~!) leading term behavior under (A2).

For the (m,m') = (2,1) case, with assistance from Lemmas 2 and 3, 2n;; multiplied by the
(i,4) = (1,1) term on the right-hand side of (S.16) equals

T T 11\2
nite, Xa11(V7)"Xane,

= nlle,TXlll (upper left n11 x nq1 block of

[XAH(E + 33X Ny + 02T XanY' Xy

1\ 2
Xater
XA?lZIXXll Xa01(Z + E’)XXQl + 021 )

= nnel XA [XAH(E +3)X Ay + 07T
1 -2
~XanE' X 0 { Xa21(Z+ =) X}y, +0°1} XAmz'XXH} X e,
=nie, X an [XAH(E + X)X A +0°T
_ -2
—XanZ{Z+ ¥ 4 0%(X py X az) T} 12’X111} X anier
_ —1
=e' [2 + TS+ T 4 0 (X [y Xao) S JQ(X/T\HXAH)_I}
1 —1
(leAnXAll)
—1
X [2 +5 -S4+ 40 (X o Xan) 1} S 4 02(XX11XA11)*1] er
—1 -1
Lel{z+y-x(2+%)7'y} BXIX){E+T - (2+%) 7%} e,

Similar arguments lead to
”2167TXX21(V22)2XA21€T



having the same convergence in probability limit. In addition, and again using Lemmas 2 and 3,
”21erTXX11(V21)TV21XA11€r

= ngle:XLl <the transposed lower left nio X nq1 block of

—1\ ®2
Xan(Z+X)X 1, +02T X a2 X Lo
Xa21€er

XanX' X Ay X (B + X)X 1y + 02T

-1
=note, X a1 {Xann(Z+E)X 1 + 02T} XauX X Ao
X [X a2t (24 )X Ly + 02T

XD X A { X an(S+ )X 1+ 021}‘1XA112’X121] -
XX a2 X L1 {Xan(Z+ )X 11 + 02T} Xane,
— e S+ 40X Xan) Y
X [2 3 4 oA (X oy Xam) - S {E+ 3+ oz(XXHXAH)_l}_IE’} B
X(LXXmXAﬂ)_l

n21
-1
X {2 +3¥ + UQ(nglXAm)_l - 2/{2 +3+ UQ(XXMXAH)_]‘}JEI}

xE{E+ 3 +0(X i Xan) '} e,

Dl (2+3) ' {z+ T - ¥ (T+ 2’)‘12’}71E(XIX0)

x {2 + - (S 4 2’)‘12’}_12’(2 +3) e,

Similar steps lead to ni1e,] X le (VI TVI2X \5 e, having the same convergence in probability limit.
On combining these results we obtain the (X,,, 0?) entry of the Fisher information for (m,m’) = (2,1)
having leading term behavior:

3 (i + L) <{2 +8 - (S + 2’)*12’}_1
2 \ nu1 na1

xE(XIXO){z LY (D4 2’)‘12’}1> {1+ o0p(1)}

ni1 n21 o

H(E+2) ((z +3) Ty - (T 2’)‘12’}_1E(XTX0)

/ / N—1er ) L n—1
><{2+2—2(2+2) 2} ¥(2+Y) ) {1+o0p(1)}

which, under (A2), has Op(n~1) leading term behavior. Similar arguments lead to the Op(n =1
property holding for the (Ers, 02) entries of the Fisher information matrix for r # s when (m, m’) =
(2,1).

For higher m and m’, similar arguments can be used to show that the summations in (Vech(E), 02)
Fisher information block lead to convergents that are analogous to those in the d, = 1, n;7 = n and
X pjir = 1y, case and the block satisfies Op(n™')1y, (4,+1)/2 under (A1) and (A2).

This very low order of magnitude of the (vech(X), 0%) off-diagonal block of the Fisher information
matrix is more than enough for asymptotic orthogonality between ¥ and o2. A larger order of
magnitude, such as Op(1)1g4, (d,+1)/2, would still be sufficient.

9



S.1.3.10 The (vech(X'),0?) Off-Diagonal Block

In the special case of dy = 1, n;y = n and X ;7 = 1, forall 1 < i < m, 1 < i < m' use of the
eigenvalue and eigenvector properties described near the commencement of Section S.1.3.8 lead to
the (¥, 02) entry of the Fisher information matrix having exact expression

m(1 —1/m){S(m//m) + %' + o2 /(mn)}?
2mn{X + X/(m/m’) + o2/ (m/'n)}2{XZ' + o2 /(mn)}?
T2 EnlS + X (/) + 02 [ (mim) 12

which has the same form as (S.15) but with the roles of (M, m) and (M’,m’) reversed. Symmetry
considerations dictate that the same happens in the general setting and the (vech(E' ), 02) off-diagonal

block is O(nil)ldA/(dA+1)/2.
S.1.3.11 Assembly of the Fisher Information Sub-Block Approximations

The Fisher information sub-block approximations obtained in the previous nine sub-subsections lead

to

I(BA, B, vech(X), vech(X'), 02) =

/s 3\t
<m + ) Or(m)la1y, o o 0
—|—0p(m)1§2
mm’nCﬁ1
OP(m)ldB]-:irA 3 (0 (0 (0

o) (0] 5 op(1)1§g§ Op(n~ )1
+op(m)153
A
m/DT 2/ 71® 2/ 1 D
(0 0] Op(l)l(;@EEQ dA(( ) 5 ( ) ) dAOp(n_1)1d§
A
+op(m)1 %
A
14T AT mm/n
+op(m?n)

where d¥ = 3da(ds + 1).

S.1.4 Inverse Fisher Information Matrix Approximation

First note that, since I (ﬁ A, Bp, vech(X), vech(X' ),02) is block diagonal, its inversion involves the
individual inversions of the (8,,8g) and (vech(X), vech(X'), o%) blocks. These two inversions involve
application of well-known block matrix inversion formulae and keeping track of the various terms that
arise and their orders of magnitude. For example, if the sub-blocks of the (B A ﬂB) block are denoted

as follows:

A Ap _
T where Aqq is dy X dy,
Ay Ax

then the upper left d, x d, block of the required inverse matrix is

Afl A Ap(An — ALA A) AL A

10



Appendix A.6 of Jiang et al. (2022) contains a detailed account of this approach for related setting.
Analogous steps for the current setting lead to

I(,@A,,BB,vech(Z),vech(Z’),02)_1 = I(B4, By, vech(X), vech(X'), 0?)

op(1)15? Op(m™'n"")1g,1 o) o o |
Op(mflnfl)ldBlgA 0p(m*1n*1)1§;32 (0] (0] (0]

_’_i O (0] OP(l)lngg Op(mf) dEE]. OP( nil)ldf
m

0] (0] Op(m_1)1d§1§£ oP(1)1®E§ Op(m~*n~")1,

A

(0] (0] Op(m™2n~ )1T Op(m™2 _1)1T op(m™2n~1)

where

I(BA,,BB,Vech( ), vech(X )02)71

) , i
22X 5 o) o) o)
™m m

2
C

o 7P 0 0 o

mm/n

2DT (T @)D’
- o) o) i ( D, 0 o)
m
+ / ! +T
o o o 2D (S ®/2)DdA o
m
4
o o0 e, o 20
mm'n

S.1.5 Asymptotic Normality of the Maximum Likelihood Estimators

Let
B=(Ba.Bg) and 9 = (vech(X),vech(X'),0?).

As alluded to in Section S.1.3.7, the Fisher information has the block diagonal form:

I(,@,'l,b)ﬁﬁ O
1(B,9) = : (S.17)
o I(IB7¢)¢’¢'

where I(8,%)ss is the upper left (dy + dg) X (da + dg) block of I(3,1) and I(3,),, is defined
similarly. Then, under (A1)-(A3) and some additional regularity conditions

B-p°

1(8°, %)~ —-1/2 [ "~
L B

] L, N0, 1). (S.18)

Justification for (S.18) is given in Section S.1.8.

S.1.6 Convergence Results for Matrix Square Root Discrepancies

We now deal with the problem of proving that matrix square roots of the exact inverse Fisher
information matrix and its convergent

{I(Bx, B, vech(E), vech(E'),02) "}/ and  {I(By, By, vech(E), vech(T'), 0?) ' }1/2

11



are also sufficiently close to each other as m, m’ and n diverge. Using the notation from (S.17), we
treat the fixed effects and covariance parameter diagonal blocks separately. To this end, define

>y ¥
R e
1(187 ¢)ﬁﬁ7oo = o O.ZCBB
mm'n
and I 4T -
2DdA(E ® ZJ)DdA o o
m
B 2D+ >/ ® DY D+T
L(B,%) o0 = i , LeZI
m
2 4
o o -
i mm'n |

Next note that

K +o0p(15? Op((mn)~Y)14,1] K O
m'1(8, )50 = rla) plmm)”) W and mI(B,¥)ahe = | -
Op((mn)~")1ay1,, 7w L+ op((mn)~")17: O-L
where 20
K=m'/mX+%¥ and L= iy
n
Then application of Lemma 2 of Jiang et al. (2022) as m — oo implies that
-1 _ -1 P
[11(8.9) 0 b I (B9) 12 1| 0, (8.19)
The establishment of . . ,
- ~1/2 -141/2
[ 2w a2 -1 Lo (520
is very similar.
S.1.7 Final Steps for the Derivation of Result 1
Let
0 = (8,%) = (B4, B, vech(X), vech(X'), 0*)
be the full parameter vector. In terms of this new notation, (S.18) is
{1(6°)7'} /26 - 6 25 N(0,T) (S.21)
where R R ~ R N
0 =[(Bx)" (Bp)" vech(E)T vech(E)T 52"
and
6° = [(B0)" (BT vech(=")T veeh(E%)T veeh(()9)T (42)°] .
It follows from (S.21) that, for all (d, + dg + 2d% 4+ 1) x 1 vectors a # 0, we have
a' {1(6°)"}20-6° L N(0,aa).
As a consequence
aT{1(68°) 11720 — 6°) + rynmn(a) 2 N(0,a" a) (8.22)
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where
Fmmm(@) =al [{1(6°) 1} — {1(6°) [} /2)(8 - 6°)

—a'[[—{1(6°) )} /{1 (6°) " Y/2{1(6°) '8 - 6°)

= (26" 2y 416" ™12 = 1)) Zun
and Zpn > NIy Ly o 4+1)- Then note that

[0 260 2 = ) Ta|| <[ (0) ()~ 1] Dl
As a consequence of (S.19) and (S.20) we have
1{2(6%) Y 2(1(6%) "} — 1| > 0 (S.23)

and so
[{1(6%) 1y 2{1(6°) '}/2 — I]a T 0.

Application of Slutsky’s Theorem then gives 7, (@) 5 0. From (S.22) and another application
of Slutsky’s Theorem we have

a' {1(6°) 120 -6° 2 N(0,a"a).

-1
o

Result 1 then follows from the Cramér-Wold Device.

S.1.8 Justification of (S.18)

We now provide justification for the asymptotic normality statement (S.18) concerning the maximum
likelihood estimators and the Fisher information matrix.
As in Section S.1.7 let

0 = (B,v) = (B4, Bg, vech(X), vech(¥'), o)
be the full parameter vector. The score vector is
[ XAV Y — XaBx — X50s)
X5V UY — XaBs — Xn0p)

Logtack {tr(V 1L, V(Y -X X ®2 _y-1],
Vol(0) = | Z(rsezy, { r( reV ABA — XBBg) (T,s))}
2 _ V*l

stack {tr (Vﬁl i’(ns)V*l(Y — XaBx — XBBp)°

(T‘,S) EI(iA

N[ =

(VY - XaB)y - XpBp)® - V)

N[ =

where

Ta = {(1,1),(2,1), ..., (day 1), (2,2),(3,2), .., (das2), ..., (da, da)}

corresponds to positions on and below the diagonal of a d, X d, matrix with the vech operator

ordering,
Lgg =L L] +I(r+#s)L,L}

with L, as defined by (S.9), and

L ’(T’S) = blockmatrix {blockdiag (XAW (eresT + I(r # s)eseTT)XLi/) }

1<ig<m 1</ <m/

13



Z = |blockdi tack (X azir tack < blockdiag(X s
occing { stack, (o) | m{ e >}]
stack (U;) I,®% o
U = 1?%{% U and G =
Siagk, (Uv) 0 ILyoy
Next, define
¢ o] " U., " ¢ o 1"
z= and V /.. = [Z I] .
O o°I Y — Xa8), — X0 — ZU,, O o’I

The relationship
1/2 (x,1/2\T
Vlo/ose (Vlo/ose) = V
is the reason for the Vllo/oze notation since, loosely (i.e. ignoring transposes), it is a matrix square root
of V. Noting that

Y — XaB)— XpBg=Vi/22

we can re-write the score vector as

stack (wy,z)

1<r<ds
Kk (wr
Stack (wg,2)
Vel(0) = | 3 stack {tr(W, (22 -1))}
(GDIS#N
1 ! 2
= stack {tr 292 T }
2 (T,s)GIdA ( (:s) ( ))
i %tr(Waz (222 — I)) i
where
w A, =rth column of (VIIO/C,ZQ)TV_lXA, 1 <r <d,,
wpg, = rth column of (Vllo/oze)TVleB, 1 <r<dg,
1/2 ¥ C1x,1/2
Wiy=(Vi2) VL VIV, (rs) €Ty,
1/2 15 1,172
W/(qgs) = (Vlo/ose)TV ! L I(T,S)V 1“/10/0597 (7”‘, S) S IdA
and WO-Q = (Vllo/oze)—rv_2vllo/oze'
Let T
— 2 2
s(m,n) = |mlg, mnlg ml%dA(dAJrl) ml%dB(dBH) mn

be a vector of sample size quantities that accounts for the m = O(m') and m’ = O(m) assumptions.

Then define
Ao = diag{s(m, n)}l/ZI(BO)_1/2a.

Letting n denote the matrix of n;; values, note that
Nmart

aT1(6°) " *Vee(6°) = al, diag{s(m,n)} " />Vel(6°) = Y &(m,m',n)
t=1

norm

14



where, for 1 <t < N,

art
ét(m7 m/7 n) = (a’norm)lTnil/2 (woAl)t(z)t + e + (a/norm)dATnil/2 (w%dA)t(z)t

(@norm) g1 (m*0) 2 (W )e(2)e - A Qo g+ (70) T (Wi, e (2)e

+%(anorm)dA+dB+1mil/2 (W?Ll) (Z®2 - I))tt
1 —1/2 0 ®2
et i(amm‘)dﬁdm%dudﬁl)m W lipan (= = D)y
1 —-1/2 \0 ®2
+2(anorm)dA+dB+%dA(dA+1)+1m ((W )(1,1)(z I))tt

+oo ot 3(Gnorm) )m_l/z((VV/)?clB,czB)<z®2 — 1))

dA+dB+%dA(dA+1)+%dB(dB+l tt

—l—%(anorm) (m2n)*1/2 (Wg_z (2%% - I))tt

da+dp+3da(dat1)+3dp(dp+1)+1

and N,... = m + m' + n,,. In the definition of &(m,m’,n), the notation 'w%r signifies that each
of the model parameters that appear in the definition of w,, is set to their true values. A similar

convention applies to the w% W?r, 5 (w’ )(()T,’S) and WSQ. Let X denote the full set of predictor

random variables in X o and Xg. For 1 <t <m, let
Fi(m, m'n) denote the o-field generated by X, Uy, ..., Uy.
For m <t <m+m/, let
Fi(m,m’,n) denote the o-field generated by X, Uq,...,U,,,UY,...,Uj.
Form+m'+1<t< N, let

Fi(m,m',n) denote the o-field generated by X, U3,..., U, UY,..., U,
(Y = XaBr — XBB% — ZU)i—m—m'-
Then
(gt(m7m/7n)7‘/_:t(m7 mlan))v 1 S t S Nmarty

is an array of martingale differences.
According to Theorem 3.2 of Hall & Heyde (1980),

Nmart
aT1(6°)*Vet(6%) = 3" &(m,m!,n) % N(0,aTa) (S.24)
t=1
if the &(m,m/, n) satisfy
p Nmart p
/ / 2 T
lgg%ﬁart &(m,m ,n)‘ — 0, Z &(mym/;n)* —a'a
=1 (S.25)
and E( max  &(m, m’,n)2> is bounded in (m,m’,n).
1§t§Nmart

Arguments similar to those given in Jiang (1996) and Jiang et al. (2023) can be used to establish
(S.25) under conditions such as (A1)—(A3). The pathway used in these references involves studying
the asymptotic behaviors of the norms

lwar|* = (XAV ™' X4)

1<r<ds, |ws|?=(X5V'X5) 1 <7 <d,,

rr? rr?

HW(ns) H?«“ = tr((v_l i (T,s)>2)7 HW/(r,s)HJQT = tI‘((V_l er,s))z)v HW02 H?«“ = tr(V_Q)
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for (r,s) € Zg,, as well as the maximum eigenvalues of the W, , W’(T’s) and W _ 2 matrices. From
Section S.1.3, the [lwa,|]?, [[W |7 and HW’(TS)H% quantities are each Op(m) under (Al). The
|wg,||? and ||W ,2||% quantities are Op(m?n) under (A1). The maximum eigenvalue quantities have
similar asymptotic behaviors.

The conditions in (S.25) follow from results such as

m_lE(HwATHQ) =0(1) and (mgn)_lE(HWc,zH%) =0(1). (S.26)

In the case of crossed random intercepts, these matrix norm expectations follow quickly from the
Section S.1.3 results. For the general crossed random effects model (1) the V' matrix is random
and some additional regularity conditions are required to ensure that expectations, such as those
appearing in (S.26), have the correct orders of magnitude and, in turn, provide (S.24). Assuming
these regularity conditions, the Cramér-Wold Device leads to

1(6°)"*Vee(6°) 25 N(0,T).
Standard likelihood theory arguments then lead to

1(6°)"%6 - 6°) 2 N(0,1).

S.1.9 Proofs of Lemmas

The derivation of Result 1 heavily depends on Lemmas 1-6. We now get to proving them.

S.1.9.1 Proof of Lemma 1
Let e, denote the d x 1 matrix with rth entry 1 and all other entries 0. Then note that
A, = vech(e,e] ) vech(Ay) for all 7 > s.
Therefore
ApsAp, = vech(erel ) Tvech(Ag)vech(Ay) Tvech(ese) ) for all 7 > s, t > u.
Next, note that
deech(ere;r) = deech(ere;r +1I(r# s)ese:) = Vec(ere;r + I(r # s)ese:) for all » > s.
Use of the vec(ab') = b ® a identity then gives
Dgyvech(e,e]) =e, @ es + I(r # s)(es @ e,.).
We then have for all r > s and t > «
vech(eqe! )" D] (A ® A)Dgvech(ese) ) ={e, @ e, +I(r # s)(es@e.)} (A® A)
x{e:@e, +I(t#u)(e,@ep)}
—(e] Aei)(e] Aey) + I(t # u)(e] Ae,)(e] Aey)
+1(r # s)(e] Aey) (e Ae,)
FI(r # $)I(E # u)(e] Aey)(e] Aey)
A2

ot r=s,t=u,

=< 24,1 A4, r=s,t>u,
Q(ArtAsu + AruAst)a r>st>u

=vech(e,e] )" Bgvech(ese,).

Therefore, the » > s and t > u entries of By match those of DJ(A ® A)D, . However, if the roles
of r and s are reversed then each of the expressions involving A,,, forms is unaffected and the r > s
ordering restriction can be removed. The ¢t > u ordering restriction can be removed for the same
reason and Lemma 1 is established.
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S.1.9.2 Proof of Lemma 2

We start with a statement of Woodbury’s matriz identity (Woodbury, 1950). For invertible matrices
S (nxn)and T (d x d) and additional matrices U(n x d) and V' (d x n),

S+urv)l=8s'-s'yrt+vstu)ylvs (S.27)
Application of (S.27) with
S=\,, T=A, U=X and V=X7T

leads to
(XAXT + X)L = /NI, - 1/ M) XA+ XTX/N)1XT. (S.28)

Therefore,
XT(XAXT +AD) ' X =(1/N)XTX - (1/M)XTX(A '+ X X/\)IXTX
= (1/NXTX — (1/N)XTX[1/NX T X{T,+MXTX)TA Y IXTX
=(1/NXTX - 1/ N)XTX{I;+ AMXTX)TA A XTX) X TX
—(1/NXTX - (UNXTX{L+AMXTX) A (X TX) X T X,
Next we apply Woodbury’s matrix identity (S.27) to {I;+ M(X " X) 'A71}~! with
S=I;,, T=A"' U=(X"X)"! and V=),
to obtain
L+ XX"X) A D = - (X TX) A+ AM(XTX) A
Plugging this into the above set of equations we have
XT(XAXT +AD) ' X =(1/N)XTX - 1/ VX" X(XTX) (X X)'XTX
SXTXXTX) A+ AMXTX) X TX) X TX
—(1/NXT{I, - X(X X)X X
FXTX(XTX) A+ AMXTX) (X TX) X TX
and the lemma is proven.
S.1.9.3 Proof of Lemma 3
It follows from (S.28) that

XU XAXT+ 0D 72X =(1/M)X X - 2/M)X XA + XTX/N7'XTX
HI/AHXTX (AT + XTX /) (S.29)
xXTX(A'+ X TX/N)1XTX.

Steps similar to those given in the proof of Lemma 2 lead to
(AT XTX/N)IXTX = M- (X TX) A+ \(XTX) 1L (S.30)

Triple substitution of (S.30) into (S.29) and simplification yields the stated result.
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S.1.9.4 Proof of Lemma 4

Lemma 4 follows quickly from the following identity:

A B 1, 1,
= (A + B).
B A 1, 1,

S.1.9.5 Proof of Lemma 5

Proof of Lemma 5(a)(c)

In the special case of d = 1, n;y = n and X;7 = 1, forall 1 <i < m, 1 <4 < m/. Long-
winded, but straightforward, algebraic arguments based on the eigenvalue and eigenvector properties
described near the commencement of Section S.1.3.8 lead to the exact expression

T I _
]_m/n mm/ ]-m’n -

mm/ M'{(m — )M’ +m/M} +m'{(m — 1)M' +mM’' +m/M}(\/n) +m'(\/n)?
(mM' + X/n){m/M(m'M +mM') + (mM’' +2m'M)(A\/n) + (A\/n)?}

for all 1 <4 < m. This result leads to

i 1 M (M M\
lim (12% %m,lm/n> Y A—y (m + m’) for all m,m' €N (S.31)

n—oo

which proves Lemma 5(b) in this scalar case. Similar calculations lead to

, ~ M MN\7!
TLILH;O (1Lm’an£n’1mm’n) = (m + m’) for all m,m’ € N. (S.32)
The result 1
i M M M\~
. T i . .
Jim (L@ ) = = <m m> for 71 (5:33)

follows by subtraction and symmetric considerations.
Next, consider the general d € N and unrestricted n;; setting, but with m = 2 and m’ = 1. Then

0 X1 (M + M)X{, + M\ X M'XJ,
e X0 M'X], Xoi (M + M) XJ, + M\

and so, using Corollary 2.1.(c),

X1Q3 X1 = X[, [X1u(M+M)X],
—X 1 M'X 3 {Xo1 (M + M) X, + M} 7' X M'X [} + M) 7' X

= [M + M’ — M'{M + M’ + \(X3,X21)"} "M+ NX T, X0) "]

-1
LoAM 4+ M - MM+ M) M = [M M- (M + M’)_lM’}} :
Noting that I — (M + M')"'M’ = (M + M')"' M we then have the convergence in probability
limit {M + M'(M + M')_IM}_l. Application of Woodbury’s matrix identity (S.27) with S = M,
U=M'T=(M+M')"!and V = M leads to the limit

M*'-M'MM+2M) ' =M -IM M EIM+M)!
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which verifies Lemma 5(b) for m =2, m’ =1 and ¢ = 1. The proof for i = 2 is very similar. Then
note that, using Corollary 2.1(c),

X1Q3 X0 = —X, [Xll(M‘*‘M/)XlTl

— X M'X ] {Xo1(M + M)XJ, + M} ' X M'X ]|}

XX M' X3 { X (M +M)X5, + M} Xy
~{M+M -MM+M)""M} MM+ M)
—AMT'M'(3M + M)
Hence Lemma 5(c) holds for m = 2 and m’ = 1. Lemma 5(a) for m = 2 and m’ = 1 follows from
summation of the Lemma 5(b)—(c) results. This completes verification of Lemma 5(a)—(c) for m = 2

and m’ = 1.
Next we prove Lemma 5 for all m > 2 and m’ = 1 via induction on m. Let

le Rm

B s where Sy, = Xpp11 (M + M’)XTH 1+ A

Qm—i—l,l = [
(S.34)

Rm = Xl:m,lM/X;;rH_Ll and lel = stack( )

<i<m

We then have, with use of Corollary 2.1.(c),

-1
T m+1,m-+1 T T -1
X a7 Xonans = X1 (Sm =~ BLQZ R ) Xt

= Xm+1 1{Xm+1 1(M+M/)Xm+1 1
—1

_Xm—&-l,lM/XIm,lQ;mllezm,lM/X;_;,_l’l + )\I} Xm-{—l,l
—1
_ {M +M - M'X] QA X it M+ AKX X o11)” 1}

1 -1 -1
N {M M — M’(—M+ M’> M’}
m

-1 1 —1agt 1 A
m m

Analogous arguments for other partitions of Q,,;; lead to the same convergence in probability

limit for X m+1 1 X1 for each 1 <1i < m+ 1. Therefore, by induction, Lemma 5(b) holds for all
m > 2 and m =1.

Next, let Q};ﬁ:ﬁ“ = fg?gg(Q:nﬁTll) and note that

-1
1:m 1Q71nTlWi+1 m+1,1 = _X]—:m,lQ;nllRm (Sm - R;Qr?mllRm) Xm+171
= —XImJQ 1 X 11 M Xm+1 H{ X1 (M + M/)Xerl 1
~Xmi1a M’ Xlzm’lQ "X M’ Xm+1 L+ M} Xmﬂ,l
= = Tm lQ;zllxlmlM/{M+M/_Mle:m,lQ;z%l'Xlimle/
FAX 11 X))
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1 -1 1 -1 -1
N —(—M+M’) M’{M+M’—M’(—M+M’> M’}
m m

1 -1 1 -1
- —(—M+M’) M’{M—1 _ M‘lM’(iMJrM’) }
m m+ 1 +1
-1
m—+1 m+1
However,
1:m 1Q71nn4:1n§+1 m+1,1 = ZX ;Zf{ll m41,1 (S.35)

and each term in the summation on the right-hand side of (S.35) has the same distribution and,
therefore, the same convergence in probability limit. Hence,

T Aim+1 P 1 —1 1 -1 ,
Xil 7;n:nj{»171‘X-7n+11 —>—m7M M/<m7—|—1M+M/) 5 1§’L<m
Analogous arguments for other partitions of @, ,; lead to
P 1 1ap( 1 AL .
X m+11X11—>_7M M(mM"‘M) , 1§Z7£1§m+1,

and by induction, Lemma 5(b) and (c) hold for m > 2 and m’ = 1.
To establish Lemma 5(a) for m > 2 and m’ = 1 we sum the results just derived for Lemma 5(b)

and (c):
m+1m+1

-
-1
{ 15}2%15&()(“)} Qi1 1<St§lCk Xi1) Z; Z; X m+1 1 X
(A K3

1 1 -1
Litm+1) {M—l - 7M—1M’<TM + M’) }

m—+1 m
1 —1 / 1 ! 1
Fm(m 1) e MM (1M+M>
m

M ~1
SERER
m—+1
Induction then leads to Lemma 5(a) holding for m > 2 and m’ = 1. This completes verification of
Lemma 5 for m > 2 and m’ = 1.

For the m =1 and m’ = 2 case the matrix of interest is

12 - Q12

where

(X1 (M +M)X], X 1 MX],

Q= + AT
2 X1 oMX],  Xip(M+M)X],
(X, 0] |M+M M x,; 0]
_ + AL
| O X2 M M+M|| O X2

Noting that
)A(l _ X111 _ X1 O 1,
X2 0O X 1,
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we have

T T
A A I, X1 O X1 O
X{QiX, =
Id 0 X12 0 X12

—l— 71
w}
X1 O I,
X

_Id]T M+ M’ M ) [(X1T1X11)1 o) ] [Id]

M+M M

O X

M M+M

1, M M+M O (X, X12)71 I,
- T , -1

P I, M+ M M I,

— = (M + M)
I, M M+ M I,

where the last equality is due to Lemma 4.
For the m = 2 and m' = 2 case the matrix of interest is

-1
Qs Ri2
12 =the top left (n1; + n12) x (n11 + n12) block of [ }r? ~
R12 QIQ
where
R [ Xub'X], o } [Xu o0 |[M 0O ][Xa 0]
2 o X M'X 0O Xp o M 0O Xo
and
5 [ X1 (M + M)XJ, + M\ Xy MXJ,
12 =
I XooMX ), Xoo(M + M) X gy + M
(X, O] |M+M M X, 01"
- + A
i O X9 M M_|_M’ (0] X9
Therefore,

A A A ~_1 —1 a
X1QnX:1=X{ (le — R12Q R1Tz> X1

,]"[xp 0] ([xn 0] [M+M M ][x, 0]
I, O X | O Xy M M+M|| O X

X, 0] M O0][Xy O 'Té_l X, 0]l[MoOl[x, 01" )"
O Xp||[OM || 0 Xn| “7| 0 Xn||O0OM]| 0 X
X1 O I,
X
O Xpof |1y
,]" (| M+M M M O M' O
- _ U
I, M M+ M o M o M
-1
(X {1 X1)! o I,
o (X[, X12)7 ! 1,
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where -
X921 O ——1| X1 O
v = Q .
O X
Now note that

[M/ y ]@[M/ y ]: M'XLQ) XM MX]Q)" XM’
o M o M X22Q[1221]X21M' M'X2T2CN2[22272}X22M'
where

Qi @y’

Q3 @y

is the partition of ém such that the sub-blocks have dimensions as follows:

~[171] . ~[172] . ~[271} . ~[272} .
Q12 1S 21 X N2y, Q12 1S N21 X N2, Q12 1S N9g X N9t and Q12 1S N2g X N99g.

We then have

— - —1
M+M - MxL0N XM M- M x],0% XM
T INXT X q)
XTQ X1 _ 1, (X1 X11)~! 1,
1, ~[2,1] ~[2,2] I,

M — MX22 12 X21M/ M"'M/ MX22 12 XQQM/
FAX X 19) 7!
r~ ~q—1
-5 3 [E
I, B A I,

A=M+ M - 3MIXTQ Xon + XLQYT Xoo b M1+ 0p(1)} + M(X [, X11)

where

and 1.2

B=M - M’ {X21Q12 X2+ X3(Q15 )TX21} M'{1+op(1)}

with the {1+o0p(1)} factors being justified due to each of X 11, X1, X 21 and X 99 containing random
samples from the same distribution. Application of Lemma 4 leads to, with X = [X 0 X QTQ] i being
the Q4 version of the X matrix from Lemma 5(b) but for Q5 rather than Q,, the result

XTQUX, = 2[M o+ M4 M~ M/ (X Qi X)M'{1 +0p(1)} + AXT, X 11) (1 4 0p(1)}]

LoooM + M — IM'(M + 1M "My = M - M M (A M+ L) T
which verifies Lemma 5(b) for the (m,m’) = (2,2) case. Induction on m can be used to show that
Lemma 5(b) holds for general m € N and m/ = 2.

It is apparent from these derivations in the m’ € {1, 2} cases that the behaviors of the summations
that lead to the limits given by (S.31)—(S.33) in the d = 1 and balanced cell counts situation also
lead to the analogous matrix forms for general m’ € N.

Proof of Lemma 5(d)

In the special case of d = 1, n;y = nand X;» =1, forall 1 <i <m, 1 <7 < m/. The eigen-
value and eigenvector properties described near the start of Section S.1.3.8 are such that relatively
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straightforward manipulations produce the exact expression
tI"(Q_2 ) — i _ M/(m/n) o M//(mn)
mm'l N2 N2IM A+ N/ (m/n)Y A2{M + N/ (mn)}
N MM’ /(mm'n)
A2 {M + N/ (m/'n)H{M(m//m) + M' + \/(mn)}
N MM’ /(mm'n)
N {M" + A/ (mn) H{M + M'(m/m') + A/(m'n)}
M/ {(mn)?} M/ {(m'n)?}

MM+ M/ (mn)}2 MM 4+ M/ (m'n))2
N MM'/{m/(mn)?}

MM + M'(m/m/) + A/ (m'n) {M' + A/(mn)}?
N MM’ /{m/(mn)?}

MM (m!/m) + M’ + X/ (mn)}2{M + X/(m'n)}

mm'n

. ML (')}
MM (m!/m) + M’ + X/ (mn) H{M + X/ (m/n)}?
N MM’ /{m(m'n)?} .
MM + M'(m/m’) + X/ (m/n)}2{M' + \/(mn)}

Hence, under (A5),

1 i 1
o 5@ = (X5 ) @2

foralll <i<m, 1< <m.
Next consider the case of d, € N and m = m’ = 1. Then

(S.36)

Q% = N1, + X1 X|, where Q= (M+M)X[ X 11(M+M')+2X(M+ M').

Application of Woodbury’s matrix identity (S.27) with

S=XI,,, U=XQ, T=1I; and V=X,

then gives
E =21, A X (T + 272X X)X
and so
nlutr(QH2) - % . nu)\4tr((I + >\_2XLX1191)_1X1TIX1191>
-l Ltlf({ﬂl + /\2(X1T1X11)_1}7191> i L
A2 n A2 22

For the dy, € N, m € N and m’ = 1 extension we note, as given earlier in (S.34), that

le Rm

A g where Sy, = Xpq11 (M + M/)Xv—v[b—i—l,l + A,
m m

Qm—i—l,l =

Ry =Xy M'X,) 1 and Xim = stack (X1)

which gives

2 o 72711 + RmR;l;L leRm + RmSm
" QiR+ RnSm)T S+ R Rn,
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Then the lower right n,,1,1 X np41,1 block of Q;fl equals

{82+ R\ Ry — (QuuRm + RnSin) (Q% + BnR)) ™ Qi Bon + BnSi)}

= (NI, 0 + X;+17192Xm+1,1) -
where
Qo =2AM+ M)+ (M+M)X,) 1 X1 (M + M)+ MX],,  Ximi M
—5 Q7 + RmR,,) 710

with
Q= (Qu + M) X 1 g M + X 10 1 M'X 5 X121 (M + M),

Another application of (S.27) with
S=XNIn,,.,, U=Xp119, T=1I; and V=X,
then gives the lower right 7,111 X 7,41,1 block of Q;fl equalling

Ay = A X1 QoL+ A2 X X 11922) 7 X

and so

tr (lower right ny,41,1 X npm41,1 block of Q:n21>

Nm+1,1
1 1 2T T
X 1)\4tr((I AT X 11 X mt1,162) Xm“lem“’lQQ)
m+1,
1 1 2(x T -1\—1 p o1

By induction on m we then have, under (A5),

m -1
1
(Z nﬂ) tr(Q;fl) £, 2 for all m € N.
i=1

For higher m’, similar arguments can be used to show that the summations in tr(Q;I?n,) lead to
convergents that are analogous to those in the dy = 1, n;7 = n and X ;s = 1, case and Lemma
5(d) holds.

S.1.9.6 Proof of Lemma 6

First we prove Lemma 6 for m = m/ = 1, for which the Q matrix reduces to
Qi = Xu(M+M)X{, + AL
Then, from Lemma 2,
* * * o
X[Q' X = X[ {Xu(M+M)X[, + M} Xy
* *
= (/NX{T - X0 (X 1 X0) ' X[} X

* *
XX (X X)) M+ M+ AX [ X)X X ) T X X
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Hence

* -1 *
nhXL 1 Xy, (1//\){<n11X1TlX11) - (nlnX1T1X11> (n11X1T1X11) (nilXIlel>}

nii

1 *
1 +vT 1 vT
<le X11> (lelan)

£ a[E(xe) - (XD {B(xe7) ) B (X))

-1
i (A ) (Fx0xn) (M M A X))

*  x * -t
— (1/A) [lower right d x d block of { E([X XOT]®2)}_1]

Thus, Lemma 6 (a) holds for m = m/ = 1.
To establish Lemma 6(b) for m = m’ =1 we apply Corollary 2.1(a) to obtain

*
TQiiXy = XL{Xu(M+M)X], + 2} X,
*
= {M+M + XX, X)) '} 1<le XH) 111X1|—1X11

LM+ M) E(XE) T E(XLXD).

Therefore, Lemma 6 is proven for m = m’ = 1.
Next we prove that the lemma holds for all m > 1 and m’ = 1 via induction on m. Let Q,,;
denote the m’ = 1 version of (S.3) and consider the partition of @, given by (S.34). Also let

* * * * X1im1
X 1.m.1 = stack (X and X7. = stack (X;1) = ’
m, 1<z<m( zl) 1:m+1,1 1§i§m+1( zl) *
Xmt1,1

* *
T —1
Then Xl:m+171Qm+171X1:m+171 equa’ls

*
X/, m1(Qmi — RSy Ry) ™' X1
*
X1m1(Q ~ RSy Rin) " RS X1,
*
X;+1,1S;L1R;L(Qm1 ~ RS, Ry) X 1ma
XT S | 1%
+Xm+1,1(‘sm RQOlRm) Xm+1,1
* 1%
=X {1 [le = Xt M Xy { X 11 (M A+ MO)X L+ AL X1 M X, 1} X1:m,1
-1
lel{Q Xlim,lM’X:n—i—l,l{Xm-i-l1(M+M/)XT+11+)‘I} Xm+11M lel]
XX 1 M X ) 1 { X (M + MO)X ) g+ M) Xm+1 ]
X;+1,1{Xm+1,l(M + M’)XTH LA} Xm+1 M'X ], m
1%
X [le = X1 M X { X1 a(M o+ MO)X )+ M) "X M'X ], 1} X1m1

_ 1 X
+Xm+1 A X1 (M + M)X ) ) — X1 M X Q0 X 1t MY X ) M X
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Thus,
o T -1 ol T
Xl:m+171Qm+171X1:m+1,1 =% —%— ‘3:2 + T3+ %y

where
* L *
= X1 (Quy +T1) X1,
T -1 / T 1T ot
T2 = X1 (@1 +T1) X1 a MTo(X 11 X ms11) " X1 1 X mr1,1
x T T —1 T X
T3 = (1//\)Xm+1,1{1 - Xm+1,1<Xm+1,1Xm+1,1) Xm+1,1}Xm+1,1
*
Tu= X1 Xm1 1 (X1 X ma11) ™!
<{M+ M — M'X],, Qi X1 M+ MNX 1 X1im1) ™'}
*
(X 11X m11) X 1 X1,
T1= X MToM' X, and To= —{M + M + XX} 11 Xm1) '}

Application of Woodbury’s matrix identity (S.27) to (Qm1 —|—I‘1)_1 with S = Q,1, U = X1 1 M,
V=MX],  and T =T leads to

* T 1 *
‘3:1 = Xl:m,lQm1X11m71

* _ B 1 B *
_XImJlele:m,lM/{FQ + M/Xir;mJlele:m,lM/} M/XImJlele:m,l

Nt nm
N A

by Lemma 6 and the inductive hypothesis. Similarly, the first three factors of Ty are

* ok * _11-1
[1ower right d x d block of {E([X s X,']%2)} ] {1+ 0p(1)}

xT -1 XT -1 T -1
X1m1(Qui +T1) X1 =X1,,1Q0m1 X 1m1 — X1.1Q01 X 1im1

_ 1 _
XM/{FQ T M/XImVIleleszM,} M/XIm,llele:m,l

which soon leads to T9 having all entries being Op(m). Next, we have

*  * * -1
Ty = (nms1.1/N) [1ower right d x d block of {E(|X. XOT]®2)}‘1} {1+ 0p(1)}
and T4 having all entries being Op(1). Combining these results for %1, To, T3 and T4 leads to

1 -1

m —1

T ¥ P - > T192)1-1
Soni | Xl Q@i Xvmetn — < [lower right d x d block of {E([Xo X, ]%2)} }
i=1

>

which proves Lemma 6 (a) for all m € N and m’ = 1. The proof of Lemma 6 (b) for all m € N and
m’ =1 involves a similar set of arguments.
Now we turn our attention to establishing Lemma 6 (a) for m = 1 and m’ = 2. Noting that

X, O ]| M+M M X, O T
Q= + M.
O X | M M + M’ O X
and _
* *
)*(: )*(11 _ X1 *0 [jd]
| X2 O X d
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we have

* T -1
oo X 1,]" X1 O X1 O M+M M X1 O ’
X'QuXx = . + AT
Iﬁ O X9 0 Xi2 M M+M 0 Xu
X R 7
O Xpp| L7d
=%T5+ %
where
.
*
1.]' | x4 O
T5 = (1/X) Id N
d O X,
T -1 T X
I X1 O X1 O X1 O X1 O X1 O Iy
X J—
O X O X O Xio O Xio 0 ;(12 I,

nll 1 * T * 1 * T 1 T -1 1 T *
= — —X ;1 X - | —X 1 X — X1 X — X X
2 {(nll 11411 ni1 1111 ni1 1111 n11 1111

— — X, X - —X1 X —X X — X, X
+ h { (n12 12X 12 - 11<%12 g 12X 12 g 124412

= w [lower right c?x c?block of {E([X, )EOT]@)}_I] - {I1+o0p(1)}.
and
5 ()*(LXH) (X0uXn0) | [M+M +MXT,X1)! M ] -
()*ClTQXu) (X12X12)71 M M+ M+ NX1pX02) ™

*
y (X1 X 1) (X11X11)_1

x .
(X 15X 12)(X 12X 12)

Since each of the entries of T¢ is Op(1) we have

1 -1

* - 1 x p * K X oy —1
o X Qi X — (1/)) |lower right d x d block of {E(X, X,']%?)}
n11 ni2

which verifies Lemma 6(a) for m = 1 and m’ = 2. An analogous pattern continues for higher m and
m’ which leads to the Lemma 6(a) result holding generally.
For Lemma 6(b) in the m = 1 and m’ = 2 case we instead have, using Corollary 2.1(a) and
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* [Id]T[Xn O ]T [Xn 0] M+M M [Xn (0] + AT

O Xy O X M M+ M 0O Xy

*

* I.
O Xi» d
—1
[Id]T M+ M + XX X))t M
1, M M+M’+)\(X1T2X12)_1
(HX0xn)  (HX[Xn
8 1 T -1 1 T*
(@X11X12> s X 12X12
T / B
I M+M M I _ *
2 N {EXE)) T E(X.X])
1, M M+ M 1]

— (M + 1M {E(XE)) T B(XLXT)

which verifies Lemma 6(b) for m = 1 and m’ = 2.
*
For general m and m/, note that the behavior of X TQ;;”,X mimics that of the X TQ;llm,X

*
special case, with the {E(X ?2)}_1E(X »X ) factor being the only difference in the convergence in
probability limit. The summations that provide the Lemma 5(a) result have analogous behaviors in
this extended case and lead to Lemma 6(b) holding generally.
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