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ABSTRACT
We obtain an asymptotic normality result that reveals the precise
asymptotic behaviour of themaximum likelihood estimators of param-
eters for a very general class of linear mixed models containing cross
random effects. In achieving the result, we overcome theoretical dif-
ficulties that arise from random effects being crossed as opposed to
the simpler nested random effects case. Our new theory is for a class
of Gaussian response linear mixed models which include crossed ran-
dom slopes that partner arbitrary multivariate predictor effects and do
not require the cell counts to be balanced. Statistical utilities include
the confidence interval construction, Wald hypothesis test and sample
size calculations.
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1. Introduction

Linear mixed models with crossed random effects are useful for the analysis of regression-
type data that are cross-classified according to two or more grouping mechanisms. Baayen
et al. (2008), for example, use the terms subjects and items for groupings that are typical in
psychology studies. Specific examples discussed in Baayen et al. (2008) have subjects corre-
sponding to human participants in a psycholinguistic experiment and items corresponding
to words in a particular language. Gao and Owen (2020) and Ghosh et al. (2022) are con-
cerned with electronic commerce and related applications involving crossed random effects,
and make subjects and items correspond to customers and products.

Despite thewidespread use of linearmixedmodels with crossed randomeffects, the theory
concerning the asymptotic behaviours of model parameter estimators is scant. This is largely
due to the complicated mathematical forms that arise from random effects being crossed.
Unlike the nested random effects case, the marginal covariance matrix of the response vector
does not have a block diagonal form, which makes theoretical analyses significantly more
challenging. For Gaussian response linear mixed models with nested random effects precise
asymptotics are relatively straightforward as conveyed by, for example, Section 3.5 ofMcCul-
loch et al. (2008). Recently Jiang et al. (2022) obtained a precise asymptotic normality result
for the joint distribution of all model parameters in a generalized linear mixed model with
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nested random effects. In this article we derive an analogous result for Gaussian response
linear mixed models with crossed random effects.

Some early contributions to asymptotic theory for linear mixed models with crossed ran-
dom effects structures are Hartley and Rao (1967) and Miller (1977). Indeed, the second
example in Section 4 ofMiller (1977) corresponds to a special case of the class of linearmixed
models considered in the present article when his cij term is omitted. Further details concern-
ing this example are in Sections 6.1 and 6.2 ofMiller (1973), and include an expression for the
asymptotic covariance matrix of the maximum likelihood estimator of the vector of variance
parameters. Asymptotic normality of the maximum likelihood estimators is also established
in Miller (1973,1977). However, the explicit results in these seminal articles are confined to
balanced linear mixed models that are devoid of predictor data. Jiang (1996) focussed on
restricted maximum likelihood (REML) estimation of variance parameters in a wide class
of linear mixed models that include those containing crossed random effects and obtained
conditions under which asymptotic normality of the REML estimators holds. The results in
Jiang (1996) are expressed in terms of generic Fisher information matrices rather than the
explicit asymptotic forms provided by Jiang et al. (2022). Lyu et al. (2024) is a recent article
that is also concerned with asymptotic normality of estimators in a crossed random effects
setting. Connections between Lyu et al. (2024) and this paper are described below.

In this article we obtain precise asymptotics, in a similar vein to those of Jiang et al. (2022),
for Gaussian response linear mixed models with crossed random effects. Our results apply
to a wide class of situations that include unbalanced designs, predictor data and multivariate
crossed random effects. They reveal that asymptotic covariance matrices of the estimators
parameter vectors are quite similar to those that arise for nested random effects despite
inherent differences due to effects being crossed. For example, the estimates of fixed effects
parameters that are unaccompanied by random effects have the same asymptotic variances
regardless of whether the model contains nested or crossed random effects. However, as we
shall see, the pathway towards establishing such results for the crossed random effects case is
much longer and involved.

The majority of the research in this article was done concurrently with and independently
of the Lyu et al. (2024) research and we became aware of their article after devising Result 3.1.
The linear mixed model treated by Lyu et al. (2024) does not assume that the responses are
Gaussian. They also include a random interaction term, which our model does not have. In
the case of Gaussian responses and additive crossed random effects, our main result extends
the theoretical findings of Lyu et al. (2024) in the following twoways: (1)multivariate random
slopes are included and (2) unbalanced cell counts are accommodated. Each of (1) and (2) is
quite important in practice, but requires lengthy matrix algebraic and convergence in proba-
bility arguments since the deterministic Kronecker product forms used in Miller (1973) and
Lyu et al. (2024) no longer apply.

Contemporary data sets for which linear mixed models with crossed random effects pro-
vide a useful vehicle for analysis vastly differ in terms of the density of the observations. For
some applications, the cell counts arising from subject/item cross-classification are all non-
zero. As an example, the illustration given in Section 6 of Menictas et al. (2023) for the U.S.
National Education Longitudinal Study has 8564 × 24 = 205,488 cells with a few observa-
tions per cell. The rows correspond to 8564 U.S. school students and the columns correspond
to 24 items such as reading, mathematics and science ability. The responses correspond to
the scores for each student/item combination. The students were followed longitudinally,
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which resulted in higher cell counts. Predictor data such as gender, time spent on home-
work and parental education were also recorded. Other data sets, such as those that motivate
Ghosh et al., 2022, have total number of observations much lower than the number of cells.
Ghosh et al. (2022) describe an example concerning customer ratings from the clothing com-
pany Stitch Fix with 762,752 × 6318 cells. The rows correspond to 762,752 customers and the
columns correspond to 6318 clothing items. There are five million ratings, which means that
the average cell count is approximately 0.001. In this article we focus on dense data situa-
tions where the cell counts are non-zero and growing in our asymptotic analyses. Relaxation
to various sparse data situations is certainly of interest but, with conciseness and closure in
mind, this is left aside in this article’s theoretical study.

Generalized linear mixed models with crossed random effects are particularly challeng-
ing theoretically and it was not until Jiang (2013) that a consistency proof was established.
Associated asymptotic distribution theory was established recently in Jiang (2025) for an
intercepts-only special case. In this article we treat the Gaussian response case for a very
general class of crossed random effects models.

The linear mixed model with crossed random effects that we study is described in
Section 2, as well asmaximum likelihood estimation of themodel parameters. An asymptotic
normality result that reveals the precise asymptotic behaviour of all maximum likelihood
estimators is given in Section 3. A key finding in Section 3 is that the leading terms are very
similar to those arising in nested randomeffectsmodels. In Section 4we provide someheuris-
tic arguments that help explain these similarities. Section 5 discusses statistical utility of the
new theory. Some concluding remarks aremade in Section 6. An online supplement provides
derivational details of the central result.

2. Model description andmaximum likelihood estimation

Consider the following crossed random effects linear mixed models:

Y ii′ |U i,U ′
i′ ,XAii′ ,XBii′

ind.∼ N(XAii′(β
0
A + U i + U ′

i′) + XBii′β
0
B, (σ

2)0I),

U i
ind.∼ N(0,�0), 1 ≤ i ≤ m, U ′

i′
ind.∼ N(0, (�′)0), 1 ≤ i′ ≤ m′

(1)

where here, and throughout this article, ind.∼ stands for ‘independently distributed as’.
The dimensions of the matrices in (1) are as follows:

Y ii′ is nii′ × 1, XAii′ is nii′ × dA, β0
A is dA × 1, U i is dA × 1, U ′

i′ is dA × 1,

XBii′ is nii′ × dB, β0
B is dB × 1, �0 is dA × dA and (�′)0 is dA × dA.

Here nii′ is the number of response measurements in the (i, i′)th cell. If nii′ = 0 then each
of Y ii′ , XAii′ and XBii′ are null. The focus of this article is the precise asymptotic properties
of the maximum likelihood estimators of the model parameters when m, m′ and the nii′ all
diverge to ∞. Therefore, from now onwards, we assume that nii′ > 0 for all 1 ≤ i ≤ m and
1 ≤ i′ ≤ m′.

In (1), let the rows of XAii′ and XBii′ be defined according to the notation

XAii′ =
⎡
⎢⎣

X�
Aii′1
...

X�
Aii′nii′

⎤
⎥⎦ and XBii′ =

⎡
⎢⎣

X�
Bii′1
...

X�
Bii′nii′

⎤
⎥⎦ .
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We assume that the XAii′j, 1 ≤ i ≤ m, 1 ≤ i′ ≤ m′, 1 ≤ j ≤ nii′ are independent and identi-
cally distributed dA × 1 random vectors having the same distribution as XA◦. Similarly, the
XBii′j over the same index set are independent and identically distributed dB × 1 random
vectors having the same distribution as XB◦.

The following matrix assembly notation is useful for describing the maximum likelihood
estimators and their asymptotic properties. Firstly,

stack
1≤i≤d

(Ai) =
⎡
⎢⎣
A1
...
Ad

⎤
⎥⎦ and blockdiag

1≤i≤d
(Ai) =

⎡
⎢⎢⎢⎣
A1 O · · · O
O A2 · · · O
...

...
. . .

...
O O · · · Ad

⎤
⎥⎥⎥⎦

for matrices A1, . . . ,Ad. The first of these definitions requires that Ai, 1 ≤ i ≤ d have the
same number of columns. Next, define

blockmatrix
1≤i, i∼≤d

(Bi i∼
) =

⎡
⎢⎣
B11 · · · B1d
...

. . .
...

Bd1 · · · Bdd

⎤
⎥⎦

for matrices Bi i∼
, 1 ≤ i, i∼ ≤ d, each having the same numbers of rows and columns. If we

then define

n•• =
m∑
i=1

m′∑
i′=1

nii′ , Y ≡ stack
1≤i≤m

{
stack
1≤i′≤m′(Y ii′)

}
,

XA ≡ stack
1≤i≤m

{
stack
1≤i′≤m′(XAii′)

}
and XB ≡ stack

1≤i≤m

{
stack
1≤i′≤m′(XBii′)

}
,

(2)

then standard manipulations show that

Y |XA,XB ∼ N
(
XAβ0

A + XBβ
0
B,V(�0, (�′)0, (σ 2)0)

)
where

V(�,�′, σ 2) ≡ blockdiag
1≤i≤m

⎧⎪⎨
⎪⎩blockmatrix

1≤i′≤ ′
i∼≤m′

(XAii′�X�
Aii′)

⎫⎪⎬
⎪⎭

+ blockmatrix
1≤i, i∼≤m

{
blockdiag
1≤i′≤m′

(XAii′�
′X�

Aii′)

}
+ σ 2In•• . (3)

Therefore, the conditional log-likelihood is

�(βA,βB,�,�′, σ 2)

= − 1
2n•• log(2π) − 1

2 log |V(�,�′, σ 2)|
− 1

2 (Y − XAβA − XBβB)
�V(�,�′, σ 2)−1(Y − XAβA − XBβB). (4)

The maximum likelihood estimator of (βA,βB,�0, (�′)0, (σ 2)0) is

(β̂A, β̂B, �̂, �̂
′
, σ̂ 2) ≡ argmax

βA,βB,�,�′,σ 2
�(βA,βB,�,�′, σ 2).



STATISTICAL THEORY AND RELATED FIELDS 5

3. Asymptotic normality result

We now present the article’s main centerpiece: an asymptotic normality result that
reveals the precise asymptotic behaviour of the maximum likelihood estimation of
(β0

A,β
0
B,�

0, (�′)0, (σ 2)0) for data corresponding to (1).
Define

n ≡ n••
mm′ = average of the within-cell sample sizes

and

CβB ≡ lower right dB × dB block of {E(X0X�
0 )}−1 where X0 ≡

[
XA◦
XB◦

]
.

Let Dd denote the matrix of zeroes and ones such that Ddvech(A) = vec(A) for all d × d
symmetric matrices A. The Moore-Penrose inverse of Dd is D+

d = (D�
d Dd)

−1D�
d .

The result relies on the following assumptions.

(A1) The cell dimensions m and m′ diverge to ∞ in such a way that m = O(m′) and m′ =
O(m).

(A2) The within-cell sample sizes nii′ diverge to ∞ in such a way that

max
1≤i≤m, 1≤i′≤m′ |nii′/n − Cii′ | → 0 asm,m′ → ∞

for positive constants Cii′ , 1 ≤ i ≤ m, 1 ≤ i′ ≤ m′, that are bounded above and away
from zero. Also, n/m → 0 asm and n diverge.

(A3) All entries of both XA◦ and XB◦ are not degenerate at zero and have finite second
moment.

Result 3.1: Assume that (A1)–(A3) and some additional regularity conditions hold. Then

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

{
�0

m
+ (�′)0

m′

}−1/2 (
β̂A − β0

A

)
{

(σ 2)0CβB

mm′n

}−1/2 (
β̂B − β0

B

)
{
2D+

dA(�0 ⊗ �0)D+�
dA

m

}−1/2

vech(�̂ − �0)

{
2D+

dA((�′)0 ⊗ (�′)0)D+�
dA

m′

}−1/2

vech(�̂
′ − (�′)0)

[
2{(σ 2)0}2
mm′n

]−1/2 (
σ̂ 2 − (σ 2)0

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

D−→ N(0, I).

Some remarks concerning Result 3.1 are as follows.
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(1) Result 3.1 provides following asymptotic covariance matrices of the maximum likeli-
hood estimators:

Asy.Cov(β̂A) = �0

m
+ (�′)0

m′ ,

Asy.Cov(β̂B) = (σ 2)0CβB

mm′n
,

Asy.Cov(�̂) = 2D+
dA(�0 ⊗ �0)D+�

dA
m

,

Asy.Cov(�̂
′
) = 2D+

dA((�′)0 ⊗ (�′)0)D+�
dA

m′ , and

Asy.Var(σ̂ 2) = 2{(σ 2)0}2
mm′n

.

Note that Asy.Var(σ̂ 2) is based on the fact that, for largem,m′ and n, σ̂ 2 has an approxi-
mate normal distribution withmean (σ 2)0 and variance Asy.Var(σ̂ 2). There are marked
differences in the rates of convergence. For example, the entries of β̂A have order m−1

asymptotic variances, whilst those of β̂B have order (mm′n)−1 asymptotic variances.
Note that β0

A and β0
B differ in that the former is partnered by crossed random effects

in (1).
(2) The asymptotic normality results for �̂ and �̂

′
can be converted to forms that are more

amenable to interpretation and confidence interval construction using the Multivariate
Delta Method (e.g. Agresti, 2013, Section 16.1.3). For example, if dA = 2 and the entries
of � are parameterized as

� =
[

σ 2
1 ρσ1σ2

ρσ1σ2 σ 2
2

]
,

then Result 3.1 implies the following asymptotic normality results for standard transfor-
mations of the first standard deviation parameter and correlation parameter:

√
m
{
log(σ̂1) − log(σ 0

1 )
} D−→ N

(
0, 12
)

and
√
m
{
tanh−1(ρ̂) − tanh−1(ρ0)

} D−→ N(0, 1).

Analogous results hold for σ̂2 and �̂
′
.

(3) There is asymptotic orthogonality between each pair of random vectors within the set{
β̂A, β̂B, vech(�̂), vech(�̂

′
), σ̂ 2

}
.

(4) Outside of Result 3.1 and Lyu et al. (2024), we are not aware of results for linear mixed
models with crossed random effects that provide the precise asymptotic covariances
given by Result 3.1 for estimation of fixed effects, even for simplified versions of (1) such
as those having XAii′ = 1nii′ and XBii′ null. In this special case, in which the only fixed
effect is the intercept parameter, the�/m + �′/m′ leading termbehaviour is also appar-
ent from Theorem 1 of Lyu et al. (2024) when their variable η is in the interior of the
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positive half-line. The predictor set-ups differ between the two articles, which hinders
succinct comparison of the fixed effects results for more general cases.

(5) Result 3.1 extends the results of Miller (1973) and Lyu et al. (2024), concerning asymp-
totic distributions of variance component estimators, to covariancematrices of arbitrary
dimension.

(6) Under (A1)m andm′ diverge to∞ at the same rate. In some circumstances this assump-
tion may not be realistic and other assumptions concerning m and m′ divergence may
be more appropriate. The subsequent modification of Result 3.1 is straightforward. For
example, ifm′ = o(m) then the component concerning β̂A becomes

{
(�′)0

m′

}−1/2 (
β̂A − β0

A

)
D−→ N(0, I) leading to Asy.Cov(β̂A) = (�′)0

m′ .

(7) The asymptotic covariances for linear mixed models with crossed random effects have
forms that are very similar to those with two-level nested random effects. See, for exam-
ple, the Gaussian special case of Theorem 1 of Jiang et al. (2022). At first glance, this
result is somewhat surprising and intriguing since the two types of linear mixed models
have fundamental differences. In Section 4 we provide some heuristic arguments that
help explain this interesting phenomenon.

(8) For the special case XA◦ = 1 and XB◦ = X◦ we have

Asy.Var(β̂B) = (σ 2)0

Var(X◦)(total sample size)
.

Thismatches the well-known expression for the asymptotic variance of the slope param-
eter in the simple linear regression model. Analogous results arise when XB◦ is multi-
variate. Despite the presence of crossed random effects, the asymptotic behaviours of the
estimators of slope parameters that are unaccompanied by random effects are the same
as in the ordinarymultiple regression situation. The heuristics in Section 4 provide some
insight into this phenomenon.

(9) The presence of multivariate random slopes in the crossed random effects model (1)
leads to considerable challenges in the establishment of the Result 3.1 precise asymptotic
normality statement. Detailed and delicate arguments, not given here, would be required
to obtain sufficient regularity conditions under which Result 3.1 holds.

(10) Restrictedmaximum likelihood estimation is a commonly used alternative to maximum
likelihood estimation in linear mixed models-based analyses. For model (1), it involves
replacement of (4) by the restricted log-likelihood

�R(βA,βB,�,�′, σ 2)

≡ �(βA,βB,�,�′, σ 2) − 1
2 log |[XAXB]�V(�,�′, σ 2)−1[XA XB]|.

The extra term invokes a finite sample adjustment to the estimators. Result 3.1, which
is concerned with large sample behaviour, also applies to the restricted maximum
likelihood estimators of the parameters in (1).

(11) The establishment of Result 3.1 requires complicated and long-winded arguments, and
is deferred to an online supplement.
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4. Heuristics on nested/crossed asymptotics similarities

We now address the fact that the asymptotic covariance expressions in Result 3.1 are quite
similar to those arising in the two-level nested case. This involves heuristic arguments that
show that the fixed effects maximum likelihood estimators admit quite similar forms when
sample means are replaced by population means. Throughout this section we write β rather
than β0. A similar convention is used for �, �′ and σ 2. This suppression of the ‘true value’
notation is to aid exposition.

Gaussian response linear mixed models have the following general form:

Y |U ∼ N(Xβ + ZU ,R), U ∼ N(0,G). (5)

For the crossed random effects model (1)

X = [XA XB],

Z =
[
blockdiag

1≤i≤m

{
stack
1≤i′≤m′(XAii′)

}
stack
1≤i≤m

{
blockdiag
1≤i′≤m′

(XAii′)

}]
,

G = blockdiag(Im ⊗ �, Im′ ⊗ �′) and R = σ 2I,

where XA and XB are given by (2).
The Gaussian version of the class of nested linear mixed models studied by Jiang

et al. (2022) is

Y i |U i,XAi,XBi
ind.∼ N(XAi(βA + U i) + XBiβB, σ

2I),

U i
ind.∼ N(0,�), 1 ≤ i ≤ m,

(6)

which is a special case of (5) with

X = stack
1≤i≤m

[XAi XBi],

Z = blockdiag
1≤i≤m

(XAi),

G = Im ⊗ � and R = σ 2I.

Analogous to the set-up for model (1), we assume that the transposes of the rows of XAi,
1 ≤ i ≤ m, are independent and identically distributed dA × 1 random vectors having the
same distribution as XA◦. A similar assumption applies to the XBi.

In terms of the notation in (5), the fixed effects maximum likelihood estimator has the
following generalized least squares form:

β̂ = (X�V−1X)−1X�V−1Y where V ≡ ZGZ� + R.

If X denotes the predictor data in the X and Z matrices then the conditional covariance
matrix of the fixed effects estimator is

Cov(β̂|X ) = (X�V−1X)−1.

For the remainder of this section we assume that the data are balanced. In the crossed case
this corresponds to nii′ = n for all 1 ≤ i ≤ m and 1 ≤ i′ ≤ m′. For the nested case ni = n for
all 1 ≤ i ≤ m.
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4.1. TheX = 1 special case

Consider the following special case of (5):

Y |U ∼ N(1β0 + ZU ,R), U ∼ N(0,G)

for which X = 1, such that the only fixed effect is the intercept parameter β0.
A further simplification is

Z =
{
[Im ⊗ 1m′n 1m ⊗ Im′ ⊗ 1n] , for the crossed case,
Im ⊗ 1n, for the nested case,

(7)

which corresponds to the random intercept-only models. Let Vcross and Vnest respectively
denote the V matrix for the crossed and nested cases based on the versions of Z given in (7).
Bringing in the commonly used notation Jd ≡ 1d1�

d we then have

Vcross = �(Im ⊗ Jm′n) + �′(Jm ⊗ Im′ ⊗ Jn) + σ 2Imm′n and

Vnest = �(Im ⊗ Jn) + σ 2Imn,

where � ≡ � and �′ ≡ �′ are scalars in the current random intercept special cases. The
following results are key:

Vcross1 = λcross1 and Vnest1 = λnest1, (8)

where 1 denotes a vector of ones with appropriate size,

λcross ≡ �m′n + �′mn + σ 2 and λnest ≡ n� + σ 2. (9)

The fact that 1 is an eigenvector of both Vcross and Vnest leads to the fixed effects estimators
having simpler and similar forms. A key step involves the inverse eigenvalue results

V−1
cross1 = (1/λcross)1 and V−1

nest1 = (1/λnest)1.

We then obtain

β̂0 = (1�V−11)−11�V−1Y = (1�1)−11�Y = average of the response data

for both V = Vcross and V = Vnest. We also have

Var(β̂0) = λ

total sample size
, (10)

where λ = λcross in the crossed case and λ = λnest in the nested case. Results (9) and (10)
then lead to the exact expressions

Var(β̂0) =

⎧⎪⎨
⎪⎩

�

m
+ �′

m′ + σ 2

mm′n
, in the crossed case,

�

m
+ σ 2

mn
, in the nested case,

which are in keeping with the leading term expression in (1) and the analogous result in Jiang
et al. (2022).

In this subsection, we have seen that the eigenvalue/eigenvector results given by (8) lead
to the fixed effects estimator reducing to ordinary least squares form in both cases. Therefore,
theβ0 estimators behave quite similarly despite the ostensible differences between the crossed
and nested cases.
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4.2. Heuristics for the generalX crossed case

We commence by noting the following exact result:

VcrossX =
⎡
⎣ stack
1≤i≤m

⎡
⎣{ stack

1≤i′≤m′(XAii′)

}⎛⎝�

m′∑
i′=1

X�
Aii′XAii′ + �′

m∑
i=1

X�
Aii′XAii′

⎞
⎠
⎤
⎦

× stack
1≤i≤m

⎡
⎣{ stack

1≤i′≤m′(XAii′)

}⎛⎝�

m′∑
i′=1

X�
Aii′XBii′ + �′

m∑
i=1

X�
Aii′XBii′

⎞
⎠
⎤
⎦
⎤
⎦+ σ 2X.

Then results such as

1
mn

m∑
i=1

X�
Aii′XAii′

P−→ E(XA◦X�
A◦)

and

1
mn

m∑
i=1

X�
Aii′XBii′

P−→ E(XA◦X�
B◦)

for all 1 ≤ i′ ≤ m′ lead to the approximation

VcrossX ≈ X�cross

where

�cross ≡
[
n(m′� + m�′)E(XA◦X�

A◦) + σ 2IdA n(m′� + m�′)E(XA◦X�
B◦)

O σ 2IdB

]
. (11)

We then have

β̂ ≈ �cross(X�X)−1�−�
crossX

�Y and Cov(β̂|X ) ≈ �cross(X�X)−1. (12)

A simple consequence of (11) and (12) is

Cov(β̂B |X ) ≈ σ 2
{
lower right dB × dB block of (X�X)−1

}

≈
(

σ 2

mm′n

)[
lower right dB × dB block of {E(X◦X�◦ )}−1

]
.

=
(

σ 2

total sample size

)[
lower right dB × dB block of {E(X◦X�◦ )}−1

]
. (13)

The asymptotic covariance matrix of Cov(β̂A |X ) has a similar derivation based on (11)
and (12).
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4.3. Heuristics for the generalX nested case

For the nested model (6) we have the exact expression

VnestX = XA�

(
stack
1≤i≤m

[
X�
Ai
XAi X�

Ai
XBi

])
+ σ 2X.

As n → ∞ and for each 1 ≤ i ≤ m we have

1
n
X�
Ai
XAi

P−→ E(XA◦X�
A◦)

and
1
n
X�
Ai
XBi

P−→ E(XA◦X�
B◦) as n → ∞.

Therefore,

VnestX ≈ X�nest,

where

�nest ≡
[
n�E(XA◦X�

A◦) + σ 2IdA n�E(XA◦X�
B◦)

O σ 2IdB

]

which then leads to

β̂ ≈ �nest(X�X)−1�−�
nestX

�Y and Cov(β̂|X ) ≈ �nest(X�X)−1.

The bottom dB rows of Anest have the same simple form as �cross and we obtain

Cov(β̂B |X ) ≈
(

σ 2

total sample size

)[
lower right dB × dB block of

{
E(X◦X�◦ )

}−1
]

which matches (13) and, indeed, the asymptotic covariance matrix form that arises in
ordinary multiple regression.

4.4. Closing discussion on the asymptotic similarities

In this section we have provided heuristic justifications for the fixed effects estimators and
their asymptotic covariance matrices having the approximate forms

β̂ ≈ �(X�X)−1�−�X�Y and Cov(β̂) = �(X�X)−1 (14)

for both the crossed randomeffectsmodel (1) and the nestedmodel (6). The commonapprox-
imate forms in (14) provide a reasonable explanation for the asymptotic covariance matrices
in Result 3.1 having forms similar to the nested case.

The approximate β̂ expression in (14) is intriguingly close to the well-known ordinary
least squares expression. In the special case ofX being a column vector,� is scalar and cancels
to give the ordinary least squares form. Such reduction occurred in Section 4.1 for the X = 1
case. However, there is no such cancellation in general.
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The heuristics in the general X cases involve approximations having generic form

VX ≈ X�. (15)

In the special case where X = x is a column vector and � = λ is scalar then (15) becomes
Vx ≈ xλ which corresponds, approximately, to λ being an eigenvalue of V with eigenvector
x. For general X and �, (15), with ‘= ’ instead of ‘≈ ’, is an instance of Sylvester’s equation
(e.g. Stewart & Sun, 1990; Chapter V, Section 1.2).

5. Statistical utility

Result 3.1 provides a great deal of statistical utility concerning inference and design. Con-
fidence intervals and Wald hypothesis tests based on studentization are immediate con-
sequences. Another is sample size calculations, for which we provide some details in this
section.

For illustration of sample size calculations arising from Result 3.1, consider the following
special case of (1):

Yii′j |Bii′j,Xii′j,Ui,U ′
i′
ind.∼ N(β0

0 + Ui + U ′
i′ + β0

1Bii′j + β0
2Xii′j + β0

3Bii′jXii′j, σ 2),

Ui
ind.∼ N(0,�0), U ′

i′
ind.∼ N(0, (�′)0), 1 ≤ i ≤ m, 1 ≤ i′ ≤ m′, 1 ≤ j ≤ n,

(16)

where Bii′j
ind.∼ Bernoulli(p) and Xii′j being independently and identically distributed the

same as a general random variable X◦ having finite second moment. Consider the one-sided
hypotheses

H0 : β0
3 = 0 versus H1 : β0

3 > 0 (17)

corresponding to a possibly positive interaction effect between the two predictors. Let
 > 0
be a particular alternative value of β0

3 and let P be the corresponding power. Then Result 3.1
and standard arguments lead to the following sample size formula:

m =
⌈ {�−1(α) + �−1(1 − P)}2

(
/σ 0)2p(1 − p)Var(X0)m′n

⌉
, (18)

where, for any x ∈ R, �x� denotes the smallest integer greater than or equal to x and �−1 is
the N(0, 1) quantile function.

Now consider a psychological study such that model (16) and hypotheses (17) apply with
m′ = 25 items and n = 1 observation per subject-item combination. How many subjects
should be recruited to potentially detect the smallest meaningful interaction effect of 
 =
0.25 with power 0.9 from a 0.05 level of significance test? If it is further be assumed that
p = 1

2 andVar(X) = 1
12 then from (18)we should recruitm=53 subjects if the error standard

deviation is σ 0 = 0.4. Table 1 below provides the requiredm values for some other values of
σ 0.

In contemporary Gaussian response linear mixed model software, such as the function
lmer()within the package lme4 (Bates et al., 2015), standard errors are typically obtained
using exact observed Fisher information rather than the approximation to the (expected)
Fisher information on which (18) is based. This raises the question as to whether the number
of subjects chosen according to the Result 3.1 approximation to the standard error of β̂3 leads
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Table 1. The results from the illustrative sample size calculation and corresponding empirical power
checks for the simulation study described in the text. The number of subjects (m) corresponds to an
advertized power of 0.9.

Error standard deviation (σ 0): 0.2 0.4 0.8 1.6
Minimum number of subjects (m): 14 53 211 842
Empirical estimate of power: 0.889 0.902 0.878 0.885
95% confidence interval of power: (0.870, 0.908) (0.884, 0.920) (0.858, 0.898) (0.865, 0.905)

to the advertized power for exact Fisher information-based hypothesis tests. We addressed
this question by running a simulation study that involved replication of 1000 simulated data
sets corresponding to (16) with various noise levels according to σ 0 ∈ {0.2, 0.4, 0.8, 1.6}. The
Bii′j and Xii′j data were generated from Bernoulli( 12 ) and Uniform(0, 1) distributions, respec-
tively. As above, we set (m′, n,
,α,P) = (20, 1, 0.25, 0.05, 0.9) and determinedm using (18).
For each simulated data set we carried out a test of (17) using calls to lmer(), with rejec-
tion of H0 if the t-statistic corresponding to β0

3 exceeded �−1(1 − α) = �−1(0.95). Table 1
shows the empirical estimates of P = 0.9 and corresponding 95% confidence intervals. For
this example we see that the sample size formula (18) performs well with regards to the actual
power delivered.

The example in this section demonstrates the statistical utility of Result 3.1. We are not
aware of previous results in the literature for linearmixedmodels with crossed randomeffects
that readily provide the sample size formula (18).

6. Concluding remarks

Result 3.1 provides the precise leading term behaviours of the maximum likelihood estima-
tors for a general class of linear mixedmodels containing crossed random effects and enables
statistical utilities such as Wald tests for all model parameters and sample size calculations.
It complements the recent contributions of Lyu et al. (2024) via extensions to random slopes
and unbalanced designs. In comparison with the nested random effects situation, the estab-
lishment of leading term results in the presence of crossed random effects is lengthy and
arduous – even when the responses are Gaussian. The leading terms have similar or identical
forms to those arising in nested models, and we have provided some heuristic arguments for
this phenomenon. We conjecture that the two-term asymptotic covariance matrices for β̂A,
�̂ and �̂

′
in the Section 2 set-up are similar or identical to those appearing in Section 3.3.1 of

Maestrini et al. (2024) for the nested case, but such an investigationwould require a great deal
of additional efforts. Lastly, there are questions ofwhat precise asymptotic results, if any, could
be obtained for non-Gaussian and sparse data versions of linear mixed models containing
crossed random effects. The current article may pave the way for such future endeavours.
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