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Abstract

We explain how important classes of Bayesian semiparametric regression fitting and infer-
ence procedures can be sped up, significantly, via the use of orthogonalized design matrices.
Typically, design matrices in semiparametric regression contain predictor observations and ba-
sis functions of such data. In Bayesian semiparametric regression, loop-type approaches such
as Gibbs sampling and coordinate ascent variational inference typically are required. We show
that pre-loop reformulation of Bayesian semiparametric regression models involving orthog-
onalized design matrices lead to two orders of magnitude, with respect to column dimension,
computational reduction. Our computer experiments reveal that this simple paradigm results
in approximately 5- to 60-fold speed-ups.

Keywords: Bayesian penalized splines; Generalized additive models; Group-specific curve
models; Mean field variational Bayes; Markov chain Monte Carlo.

1 Introduction

Practical fitting and inference for Bayesian semiparametric regression models usually requires
the running of loop-type procedures such as Gibbs sampling or coordinate ascent variational
inference. The essence of this article is explaining and demonstrating how conversion of the
model to an equivalent form involving orthogonalized design matrices provides two orders
of magnitude reductions in computation. These orders of magnitude are with respect to the
column dimensions of the design matrices, which can be in the dozens or even hundreds for
contemporary Bayesian semiparametric models. Computer experiments reveal that practical
speed-ups are in the approximate 5–60 factor range.

In Section 2 we commence our explanation of orthogonalized design matrices speed-ups
for a Bayesian nonparametric regression model. This allows us to describe the essence of the
approach with minimal notational overhead. Both Gaussian and Bernoulli response models
are shown to benefit from the approach and our computer experiments in this section demon-
strate speed-ups as high as a factor of around 60. We also corroborate these results with some
order of magnitude comparisons. Algorithms 2 and 3 facilitate implementation.

Sections 3 and 4 explore the central theme applied to generalized additive models and
group-specific curves models, respectively. For such arbitrarily large models the speed-ups of-
fered by use orthogonalized design matrices can have noticeable practical benefits, as demon-
strated by some simulated and actual data examples.

Even though speeding up Gibbs sampling is the main focus of this article, the general
approach also applies to other Bayesian inference approach such as coordinate ascent varia-
tional inference. In Section 5 we provide illustration for the Bayesian nonparametric regression
model from Section 2.

In Sections 2–5 we present five algorithms with orthogonalized design matrices speed-ups
across three Bayesian semiparametric regression model types. These allow concrete illustra-
tion and evaluation of the approach. However, orthogonalized design matrices speed-ups is a
general paradigm that applies to many other Bayesian regression-type models.

Section 6 contains some concluding discussion.
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1.1 Notation

Scalar functions applied to a vector are evaluated in an element-wise fashion. For example,
cosh([3 11]T ) ≡ [cosh(3) cosh(11)]T . If v is a column vector then ∥v∥ ≡

√
vTv is the Eu-

clidean norm of v. The notation diag(v) is used for the diagonal matrix containing the en-
tries of v along its diagonal. If v and w are column vectors of the same size then v ⊙ w and
v/w are the column vectors of element-wise products and quotients, respectively. Also, 1
is a column vector of ones. The symbol ind.∼ is shorthand for “independently distributed as”.
The random variable x has a Gamma distribution with shape parameter κ > 0 and rate pa-
rameter λ > 0, written x ∼ Gamma(κ, λ), if and only if the density function of x is p(x) =
{λκ/Γ(κ)}xκ−1 exp(−λx), x > 0. The random variable x has an Inverse Gamma distribution
with shape parameter κ > 0 and rate parameter λ > 0, written x ∼ Inverse-Gamma(κ, λ), if
and only if the density function of x is p(x) = {λκ/Γ(κ)}x−κ−1 exp(−λ/x), x > 0. The sym-
bol Φ is used for cumulative distribution function of the N(0, 1) distribution. For a logical
proposition P , I(P) = 1 if P is true and I(P) = 0 if P does not hold.

2 Nonparametric Regression

Bayesian nonparametric regression via penalized splines (e.g. Harezlak et al., 2018, Chapter 2)
is one of the simplest model types that benefits from the use of orthogonalized design matrices.
In this section we start with the simplest Gaussian response case and then, later, discuss other
response situations.

2.1 Gaussian Responses

For univariate and continuous predictor/response pairs (xi, yi), 1 ≤ i ≤ n, the Gaussian re-
sponses nonparametric regression model has the generic form

yi
ind.∼ N(f(xi), σ

2
ε), 1 ≤ i ≤ n. (1)

Throughout this section we consider the following Bayesian penalized spline model for f :

f(x) = β0 + β1 x+

K∑
k=1

ukzk(x), uk|σ2
u

ind.∼ N(0, σ2
u),

where {zk(·) : 1 ≤ k ≤ K} is a suitable spline basis. Typically K is an integer between
around 25 and 50, but may be higher if f is thought to be particularly wiggly (e.g. Section 2.4
of Harezlak et al., 2018). A recommended default choice of the zk is described in Section 4 of
Wand & Ormerod (2008) and corresponds to low-rank smoothing splines. The full description
of the model that we consider here is

y|β,u, σ2
ε ∼ N(Xβ +Z u, σ2

ε In), β ∼ N(0, σ2
βI2), u|σ2

u ∼ N(0, σ2
uIK),

σ−2
u |bu ∼ Gamma

(
1
2 , bu

)
, bu ∼ Gamma(12 , s

−2
u ),

σ−2
ε |bε ∼ Gamma(12 , bε), bε ∼ Gamma(12 , s

−2
ε )

(2)

where σβ, su, sε > 0 are user-specified hyperparameters,

y ≡ [yi]1≤i≤n, X ≡ [1 xi]1≤i≤n and Z ≡ [zk(xi)
1≤k≤K

]1≤i≤n.

The vectors β (2 × 1) and u (K × 1) contain the βk and uk, respectively. The distributional
structure of σε in (2) involving the auxiliary variable bε is equivalent to imposition of the prior
density function

p(σε) =
2

π{1 + (σ2
ε/s

2
ε)}sε

, σε > 0,
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Inputs: y (n× 1),X (n× 2), Z (n×K), Xg (Ngrid × 2), Zg (Ngrid ×K),
σβ , su, sε > 0, Nburn, Nkept ∈ N.

Initialize: u[0] (K × 1), (σ−2
ε )[0], bε, (σ

−2
u )[0], bu > 0.

XTy←−XTy ; ZTy←− ZTy ; XTX←−XTX ; ZTX←− ZTX ; ZTZ←− ZTZ

For s = 1, . . . , Nburn +Nkept:

rβ ←− XTy− ZTXT u[s−1] ; Ψβ ←− (σ−2
ε )[s−1]XTX + σ−2

β I2

Decompose Ψβ = Uβdiag(dβ)UT
β where UT

βUβ = UβU
T
β = I2

zβ ∼ N(0, I2) ; β[s] ←− Uβ

(
UT

β zβ√
dβ

+
(σ−2

ε )[s−1]UT
β rβ

dβ

)
ru ←− ZTy− ZTXβ[s] ; Ψu ←− (σ−2

ε )[s−1]ZTZ + (σ−2
u )[s−1]IK

Decompose Ψu = Uudiag(du)UT
u where UT

uUu = UuU
T
u = IK

zu ∼ N(0, IK) ; u[s] ←− Uu

(
UT

uzu√
du

+
(σ−2

ε )[s−1]UT
uru

du

)
(σ−2

u )[s] ←− Gamma
(

1
2 (K + 1), bu + 1

2∥u
[s]∥2

)
; bu ←− Gamma

(
1, (σ−2

u )[s] + s−2
u

)
(σ−2

ε )[s] ←− Gamma
(

1
2 (n+ 1), bε +

1
2∥y −Xβ

[s] −Zu[s]∥2
)

bε ←− Gamma
(
1, (σ−2

ε )[s] + s−2
ε

)
For s = 1, . . . , Nkept:

f̂
[s]

g ←−Xgβ
[s+Nburn] +Zgu

[s+Nburn]

(σ−2
ε )[s] ←− (σ−2

ε )[s+Nburn] ; (σ−2
u )[s] ←− (σ−2

u )[s+Nburn]

Outputs:
{
f̂
[s]

g , (σ−2
ε )[s], (σ−2

u )[s] : 1 ≤ s ≤ Nkept

}

Algorithm 1: A direct Gibbs sampling algorithm for the Bayesian nonparametric regression model (2).

which corresponds to the Half-Cauchy distribution with scale parameter sε (e.g. Gelman,
2006). The prior on σu is analogous.

Standard calculations show that the full conditional distribution of u is

u|rest ∼ N
(
Ψ−1

u σ−2
ε ru,Ψ

−1
u ) where ru ≡ ZT (y −Xβ)

and Ψu ≡ σ−2
ε ZTZ + σ−2

u IK

where ‘rest’ denotes all random variables in (2) other than u. An analogous result holds for
β|rest. Derivations of the full conditionals of the scalar variables in (2) are particular simple,
and lead to the direct Gibbs sampling scheme listed in Algorithm 1. Result 1 in the appendix
justifies the forms of the β and u Multivariate Normal draws. The main output of Algorithm
1 is the kept Gibbs samples of fit vectors for inputted grid-wise design matrices Xg and Zg.
These matrices are defined analogously toX and Z but with basis functions evaluated at grid
points stored in an arbitrary vector Ngrid of plotting abscissae, g, rather than the xis.

The main bottleneck in Algorithm 1 is obtaining the singular value decomposition of the
K × K matrix Ψu for each iteration of the Gibbs sampling scheme, which requires O(K3)
operations. The essence of the approach advocated in this article starts with the singular value
decomposition of Z:

Z = UZdiag
(
dZ

)
V T

Z where UT
Z UZ = V T

Z VZ = VZV
T
Z = IK (3)

and where UZ is n×K, dZ is K × 1 and VZ is K ×K. Then observe that

Zu =

(

Z

(

u where

(

Z ≡ UZdiag
(
dZ

)
and (

u ≡ V T
Z u. (4)
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Inputs: y (n× 1),X (n× 2), Z (n×K), Xg (Ngrid × 2), Zg (Ngrid ×K),
σβ , su, sε > 0, Nburn, Nkept ∈ N.

DecomposeX = UXdiag
(
dX

)
V T

X where UT
XUX = V T

X VX = VXV
T
X = I2

Decompose Z = UZdiag
(
dZ

)
V T

Z where UT
Z UZ = V T

Z VZ = VZV
T
Z = IK

(
X ←− UXdiag(dX) ;

(

Z ←− UZdiag(dZ) ; d2X ←− dX ⊙ dX ; d2Z ←− dZ ⊙ dZ

(
XTy←−

(

XTy ;

(

ZTy←−

(

ZTy ;

(

ZT

(

X←−

(

ZT

(

X

Initialize: (

u
[0]

(K × 1), (σ−2
ε )[0], bε, (σ

−2
u )[0], bu > 0

For s = 1, . . . , Nburn +Nkept:

r (

β
←−

(
XTy− (

(

ZT

(

X)T

(

u
[s−1] ; ψ (

β
←− (σ−2

ε )[s−1]d2X + σ−2
β 12

z (

β
∼ N(0, I2) ;

(

β
[s]
←−

z (

β√
ψ (

β

+
(σ−2

ε )[s−1]r (

β

ψ (

β

r (

u ←−

(

ZTy−

(

ZT

(

X

(

β
[s]

; ψ (

u ←− (σ−2
ε )[s−1]d2Z + (σ−2

u )[s−1]1K

z (

u ∼ N(0, IK) ; (

u
[s] ←− z (

u√
ψ (

u

+
(σ−2

ε )[s−1]r (

u

ψ (

u

(σ−2
u )[s] ←− Gamma

(
1
2 (K + 1), bu + 1

2

∥∥ (

u
[s]∥∥2) ; bu ←− Gamma

(
1, (σ−2

u )[s] + s−2
u

)
(σ−2

ε )[s] ←− Gamma
(

1
2 (n+ 1), bε +

1
2

∥∥∥y − (

X

(

β
[s]
−

(

Z

(

u
[s]
∥∥∥2)

bε ←− Gamma
(
1, (σ−2

ε )[s] + s−2
ε

)

(

Xg ←−XgVX ;

(

Zg ←− ZgVZ

For s = 1, . . . , Nkept:

f̂
[s]

g ←−

(

Xg

(

β
[s+Nburn]

+

(

Zg

(

u
[s+Nburn]

(σ−2
ε )[s] ←− (σ−2

ε )[s+Nburn] ; (σ−2
u )[s] ←− (σ−2

u )[s+Nburn]

Outputs:
{
f̂
[s]

g , (σ−2
ε )[s], (σ−2

u )[s] : 1 ≤ s ≤ Nkept

}

Algorithm 2: An orthogonalized design matrices speed-up of Algorithm 1 for the Bayesian nonpara-
metric regression model (2).

Noting that
Cov( (

u|σ2
u) = Cov(V T

Z u|σ2
u) = V

T
Z σ2

uIK VZ = σ2
uIK

and applying the same logic toX and β, model (2) is equivalent to an alternative formulation
for which the first line is replaced by

y|

(

β,

(

u, σ2
ε ∼ N(

(

X

(

β +

(

Z

(

u, σ2
ε In),

(

β ∼ N(0, σ2
βI2),

(

u|σ2
u ∼ N(0, σ2

uIK).

However,

(

Z is such that

(

ZT (

Z =
{
UZdiag

(
dZ

)}T
UZdiag

(
dZ

)
= diag

(
dZ

)
UT

Z UZdiag
(
dZ

)
= diag

(
dZ ⊙ dZ

)
(5)

which implies that the columns of

(

Z are orthogonal vectors in Rn. Use of

(

Z is loosely related to
the so-called Demmler-Reinsch basis version of smoothing splines (Demmler & Reinsch, 1975),
but is simply a linear transformation ofZ based on (3) and (4). The full conditional distribution
of (

u is

(

u|rest ∼ N
(
Ψ−1

(

u
σ−2
ε r (

u,Ψ
−1

(

u
) where r (

u ≡

(

ZT (y −

(

X

(

β)

and Ψ (

u ≡ diag
(
σ−2
ε (dZ ⊙ dZ) + σ−2

u 1K

)
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The fact that Ψ (

u is a diagonal matrix implies that the need for K × K matrix inversion is
avoided when obtaining draws from the full conditional distribution of (

u. In view of Result 1,
the following O(K) steps lead to a draw from (

u|rest:

ψ (

u ←− σ−2
ε (dZ ⊙ dZ) + σ−2

u 1K ; z ∼ N(0, IK) ;

(

u←− z√
ψ (

u

+
σ−2
ε r (

u

ψ (

u

.

Similar statements apply to the

(

β full conditional draws. Since the construction of

(

Z is done
outside of the Gibbs sampling loop there is, as a function of K, a two orders of magnitude
reduction in computation realized by working with the orthogonalized design matrices

(

X

and

(

Z.
Algorithm 2 describes this faster orthogonalized design matrices alternative to Algorithm

1.

2.2 Bernoulli Responses with Probit Link

Now suppose that the yi are binary: yi ∈ {0, 1}. Then an appropriate alternative to (1) is the
probit link nonparametric regression model

yi
ind.∼ Bernoulli

(
Φ
(
f(xi)

))
, 1 ≤ i ≤ n, (6)

Following Albert & Chib (1993), a useful adaptation of (2) for fitting (6), involving the auxiliary
variables vector α, is

α (n× 1) has ith entry αi such that yi = I
(
αi ≥ 0

)
, 1 ≤ i ≤ n,

α|β,u ∼ N(Xβ +Z u, In), β ∼ N(0, σ2
βI2), u|σ2

u ∼ N(0, σ2
uIK),

σ−2
u |bu ∼ Gamma

(
1
2 , bu

)
, bu ∼ Gamma(12 , s

−2
u ),

(7)

Gibbs sampling for (7) proceeds similarly to that laid out in Algorithms 1 and 2. The main
addition is due to the distributional result

(2yi − 1)αi

∣∣rest ∼ Truncated-Normal+
(
(2yi − 1)(Xβ +Zu)i, 1

)
, 1 ≤ i ≤ n,

where the random variable x has a Truncated-Normal+ distribution with location parameter
µ and scale parameter σ, written x ∼ Truncated-Normal+(µ, σ2), if and only if the density
function of x is

p(x) =
exp{−(x− µ)2/(2σ2)}I(x > 0)

σΦ(µ/σ)
√
2π

.

Robert (1995) describes methodology for the efficient generation of Truncated-Normal+ ran-
dom variables. Algorithm 3 is a resultant orthogonalized design matrices Gibbs sampling
algorithm.

2.3 Other Links and Response Types

For binary response Bayesian regression models with non-probit links and other response
types, such as counts, the full conditional distributions involve weighted forms, which nul-
lify the advantage of orthogonalized design matrices. Consider, for example, the Bayesian
penalized spline model with logit link and Pólya-Gamma augmentation:

yi|β,u
ind.∼ Bernoulli

(
expit{(Xβ +Z u)i}

)
, β ∼ N(0, σ2

βI2), u|σ2
u ∼ N(0, σ2

uIK),

σ−2
u |bu ∼ Gamma

(
1
2 , bu

)
, bu ∼ Gamma(12 , s

−2
u ),

αi|β,u
ind.∼ Pólya-Gamma(1, (Xβ +Z u)i), 1 ≤ i ≤ n.

(8)
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Inputs: y (n× 1),X (n× 2), Z (n×K), Xg (Ngrid × 2), Zg (Ngrid ×K)

σβ , su, sε > 0, Nburn, Nkept ∈ N.

DecomposeX = UXdiag
(
dX

)
V T

X where UT
XUX = V T

X VX = VXV
T
X = I2

Decompose Z = UZdiag
(
dZ

)
V T

Z where UT
Z UZ = V T

Z VZ = VZV
T
Z = IK

(
X ←− UXdiag

(
dX

)
;

(

Z ←− UZdiag
(
dZ

)
; d2X ←− dX ⊙ dX ; d2Z ←− dZ ⊙ dZ

(

ZT
(

X←−

(

ZT

(

X

Initialize: (

u
[0]

(K × 1), (σ−2
u )[0], bu > 0,

(

XTα (2× 1),

(

ZTα (K × 1)

For s = 1, . . . , Nburn +Nkept:

ω (

β
←−

(
XTα− (

(

ZT

(

X)T

(

u
[s−1] ; ψ (

β
←− d2X + σ−2

β 12

z (

β
∼ N(0, I2) ;

(

β
[s]
←−

z (

β√
ψ (

β

+
ω (

β

ψ (

β

ω (

u ←−

(

ZTα−

(

ZT

(

X
(

β
[s]

; ψ (

u ←− d
2
Z + (σ−2

u )[s−1]1K

z (

u ∼ N(0, IK) ; (

u
[s] ←− z (

u√
ψ (

u

+
ω (

u

ψ (

u

(σ−2
u )[s] ←− Gamma

(
1
2 (K + 1), bu + 1

2

∥∥ (

u
[s]∥∥2) ; bu ←− Gamma

(
1, (σ−2

u )[s] + s−2
u

)
For i = 1, . . . , n:

ζ ∼ Truncated-Normal+
(
(2yi − 1)(

(
X

(
β
[s]

+

(

Z

(

u
[s]
)i, 1

)
; αi ←− (2yi − 1)ζ

(

XTα←−

(

XTα ;

(

ZTα←−

(

ZTα

(

Xg ←−XgVX ;

(

Zg ←− ZgVZ

For s = 1, . . . , Nkept:

η̂[s]
g ←−

(

Xg

(

β
[s+Nburn]

+

(

Zg

(

u
[s+Nburn] ; (σ−2

u )[s] ←− (σ−2
u )[s+Nburn]

Outputs:
{
η̂[s]
g , (σ−2

u )[s] : 1 ≤ s ≤ Nkept

}

Algorithm 3: An orthogonalized design matrices Gibbs sampling scheme for the Bayesian probit non-
parametric regression model (7).

Here expit(x) ≡ 1/(1 + e−x) and the Pólya-Gamma distribution is as defined in Polson et al.
(2013). For model (8), the full conditional distribution of u is

u|rest ∼ N
(
Ψ−1

u ru,Ψ
−1
u ) where ru ≡ ZT

{
y − 1

21−α⊙ (Xβ)
}
,

Ψu ≡ ZTdiag(α)Z + σ−2
u IK

and α is the vector of αi values. The generalization of (5) to this weighted case is

(

ZTdiag(α)

(

Z =
{
UZdiag

(
dZ

)}Tdiag(α)UZdiag
(
dZ

)
= diag

(
dZ

)
UT

Z diag(α)UZdiag
(
dZ

)
which is not necessarily diagonal. Also, since the α vector changes throughout the Gibbs sam-
pling iterations there is no re-definition of

(

Z that leads to the precision matrix of u|rest having
a fixed diagonal form as a function of σ2

ε and σ2
u. Similar comments apply to non-Gibbsian

approaches such as those involving Metropolis-Hastings schemes. Nevertheless, the Gaussian
and Bernoulli response cases are ubiquitous in semiparametric regression and significantly
speeding up their Bayesian analyses is worthwhile.

6



2.4 Operations Order of Magnitude Comparisons

Let NGibbs ≡ Nburn +Nkept and assume that

n,K,NGibbs, Ngrid ≫ 1 with n≫ K. (9)

Under (9) the singular value decomposition of an n × K matrix requires O(nK2) operations
and the singular value decomposition of a K×K matrix requires O(K3) operations. This leads
to the following total operations order of magnitude statements for each of Algorithms 1 and
2:

Gibbs loop operations other operations

Algorithm 1: O(NGibbsK
3) O(nK2) +O(NkeptNgrid K)

Algorithm 2: O(NGibbsK) O(nK2) +O(NgridK
2) +O(NkeptNgrid K)

For the Gibbs loops operations it is clear that Algorithm 2 provides a two orders of magni-
tude improvement as a function of K. This comes at the price of the extra O(nK2) operations
required to decompose X and Z prior to the Algorithm 2 Gibbs loop and the O(NgridK

2) step
to compute

(

Zg. For typical values of NGibbs and n the Gibbs loop speed-ups will outweigh the
cost of these non-loop steps. The constants associated with the orders of magnitude also im-
pact the relative speeds of the two algorithms. Next, in Section 2.5, we investigate the actual
speed-ups via computer experiments.

2.5 Computer Experiments

We coded Algorithms 1 and 2 in the C++ computer programming language and generated 100
replications of (1) for each of n ∈ {100, 200, 400}. The number of basis functions was varied
over K ∈ {25, 50} and the Gibbs sample sizes were fixed at Nburn = Nkept = 1000. The number
of grid points was Ngrid = 101. All calculations were performed on the first author’s MacBook
Air computer which has 24 gigabytes of random access memory and a 3.5 gigahertz processor.

Figure 1 displays side-by-side boxplots of the effective sample size per second ratios for the
kept Gibbs sample of four quantities of interest: f evaluated at each of the population quan-
tiles, f(Qk), k = 1, 2, 3, and the error standard deviation σε. The ratio numerator corresponds
to Algorithm 2. Effective sample sizes of Markov chain Monte Carlo samples are based on
established approaches that account for loss of information due to autocorrelation. The par-
ticular version used here corresponds to the monitor() function within the R package rstan
(Stan Development Team, 2025) with details given in that package’s reference manual.

The side-by-side boxplots in Figure 1 reveal the considerable practical benefits of use of
orthogonalized design matrices. For the vast majority of replications there are at least 20-
fold improvements in effective sample size per second when the number of basis functions
is K = 25. When the number of basis functions doubles to K = 50 the improvement also
approximately doubles and Algorithm 2 is usually 30–60 times faster than Algorithm 1 in
delivering the same quality of Gibbs samples. For larger n the improvement lessens slightly,
which can be attributed to the O(nK2) singular value decomposition of Z prior in Algorithm
2 prior to the Gibbs sampling phase. Nevertheless, the improvement factors are still around
50. A more formal exemplification of the improvements is provided by Table 1, which lists
the medians and 95% confidence intervals for the basis size: 50 and sample size: 200 panel of
Figure 1.

Even though Table 1 gives formal evidence of a big statistically significant improvement
due to use of orthogonalized design matrices, we contend that that side-by-side boxplot sum-
maries better convey the improvements. The remaining computer studies will only use such
summaries.
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Figure 1: Side-by-side boxplots of the effective sample size per second ratios for the computer experiment
involving Bayesian nonparametric regression described in the text. The ratio numerator corresponds
to Algorithm 2. The quantities of interest are f(Qk), k = 1, 2, 3, where Qk is the kth population
quantile of the predictor distribution and σε is the error standard deviation. Each ratio corresponds to
the effective sample size per second for the direct approach (Algorithm 2) divided by the same quantity
for the orthogonalized design matrices approach (Algorithm 1). The thick horizontal lines correspond to
a ratio of 1.

3 Generalized Additive Models

We now consider the case of multiple predictors and generalized additive models extensions
of Bayesian nonparametric regression. Throughout this section the data are assumed to be of
the form

(
◦
xi,

•
xi, yi), 1 ≤ i ≤ n, (10)

where yi is the ith response observation. For each i, ◦xi is a vector of observations correspond-
ing to the d◦×1 vector of predictors ◦x. The predictors in ◦

x are assumed to have linear impacts
on the mean response which, for example, is appropriate for components of ◦x that are indica-
tor variables. The other predictors, corresponding to the d•× 1 vector of predictors •x, are such
that its variables may have nonlinear impacts on the mean response. For each i, •xi is a vector
of observations corresponding to •

x.
To illustrate the notation defined in the previous paragraph, consider the Boston mortgages

applications data described in Section 1.3.2 of Harezlak et al. (2018). These data consist of
several variables for n = 2, 380 mortgage applications in Boston, U.S.A. An example probit
additive model for these data is

denyi
ind.∼ Bernoulli

(
Φ
(
β0 + β1 self-employedi + β2 singlei + β3 condominiumi

+f1(DIRi) + f2(LVRi)
))

, 1 ≤ i ≤ 2, 380

8



f(Q1) f(Q2) f(Q3) σε

CI low. 56.2 55.6 58.7 57.6
median 57.8 57.3 60.8 58.2
CI upp. 60.7 60.2 63.2 61.4

Table 1: Medians and 95% Wilcoxon confidence interval (CI) lower and upper limits based on ratio of
effective sample sizes per second data corresponding to the basis size: 50 and sample size: 200 panel of
Figure 1.

where denyi equals 1 if the ith mortgage application was denied and 0 otherwise. The pre-
dictor observations self-employedi, singlei and condominiumi correspond to similarly
defined indicator variables for whether the applicant is self-employed, the applicant is sin-
gle and the property is a condominium, respectively. Lastly, DIRi and LVRi are, respectively,
the debt to income ratio and the loan to property value ratio for the ith application. For this
example, d◦ = 3, d• = 2 and the vectors in (10) are

◦
xi =

 self-employedi
singlei

condominiumi

 and •
xi =

[
DIRi
LVRi

]
.

In addition, yi = denyi.
The generic forms of the generalized additive models considered in this section are

yi ∼
{

N(ηi, σ
2
ε), yi continuous,

Bernoulli
(
Φ(ηi)

)
, yi binary,

where

ηi ≡ β0 +

d◦∑
j=1

βj
◦
xji +

d•∑
j=1

fj(
•
xji) with fj(

•
xji) ≡ βd◦+j

•
xji +

Kj∑
k=1

ujkzjk(
•
xji)

being a penalized spline model for the jth predictor in •
x. The ujk and zjk notation is analo-

gous to that used in Section 2, with the addition of the j subscript to denote the jth predictor
entering the model non-linearly.

The design matrices for this generalized additive model set-up are

X ≡
[
1
◦
xi

T •
xi

T
]
1≤i≤n

and Zj ≡
[
zjk(

•
xji)

1≤k≤K

]
1≤i≤n

, 1 ≤ j ≤ d•.

A Bayesian Gaussian response generalized additive model is

y|β,u1, . . . ,ud• , σ
2
ε ∼ N

(
Xβ +

d•∑
j=1

Zj uj , σ
2
ε In

)
, β ∼ N

(
0, σ2

βI1+d◦+d•

)
,

uj |σ2
uj

ind.∼ N(0, σ2
ujIKj ), σ

−2
uj |buj

ind.∼ Gamma
(
1
2 , buj

)
, buj

ind.∼ Gamma(12 , s
−2
u ),

1 ≤ j ≤ d•, σ−2
ε |bε ∼ Gamma(12 , bε), bε ∼ Gamma(12 , s

−2
ε ).

(11)

The binary response case involves replacement of the first distributional statement in (11) by

α (n× 1) has ith entry αi such that yi = I
(
αi ≥ 0

)
, 1 ≤ i ≤ n,

α|β,u1, . . . ,ud• ∼ N
(
Xβ +

d•∑
j=1

Zj uj , In

) (12)

9



and removal of the σ2
ε and bε variables. An appropriate orthogonalized design matrix reparametriza-

tion of the linear predictor vector is

Xβ +

d•∑
j=1

Zj uj =

(

X

(

β +

d•∑
j=1

(

Zj

(

uj

where
(

X and

(

β are defined as in Section 2. For each 1 ≤ j ≤ d•,
(

Zj ≡ UZjdiag(dZj) and (

uj ≡ V T
Zjuj where Zj = UZjdiag(dZj)V

T
Zj

is the singular value decomposition of Zj with UZj being n × Kj , dZj being Kj × 1 and VZj

being Kj ×Kj such that UT
ZjUZj = V

T
ZjVZj = VZjV

T
Zj = IKj .

We are now ready to list Algorithm 4, which describes Gibbs sampling for fitting the above
Bayesian generalized additive model with orthogonalized design matrices speed-ups. It uses
the following notation:

Kj ≡ the number of columns in
(

Zj , 1 ≤ j ≤ d•,

c is the (d• + 1)× 1vector with entries c1 ≡ 0and cj+1 ≡
∑j

k=1Kk, 1 ≤ j ≤ d•,

(

ZTy
⟨j⟩
adj ≡ the sub-block of

(

ZTyadj corresponding to rows (cj + 1) to cj+1, 1 ≤ j ≤ d•,

(

ZT

(

X⟨j⟩ ≡ the sub-block of

(

ZT

(

X corresponding to rows (cj + 1) to cj+1, 1 ≤ j ≤ d•,

(

ZT

(

Z⟨j, j′⟩ ≡ the sub-block of

(

ZT

(

Z corresponding to rows (cj + 1) to cj+1,

and columns (cj′ + 1) to cj′+1, 1 ≤ j, j′ ≤ d•.

Xg and Zj,g, 1 ≤ j ≤ d•, are grid-wise versions of the design for plotting grids of

size Ngrid,
◦
β ≡ the d◦ × 1 vector corresponding to the coefficients of the ◦xi.

(13)

We ran a computer experiment to compare the practical performance of Algorithm 4 with
the direct computation alternative in the case of Gaussian responses. The sample sizes ranged
over n ∈ {100, 200, 400} and the number of predictors entering the model non-linearly ranged
over d• ∈ {2, 4, 8, 16}. The number of predictors entering the model linearly was fixed at d◦ = 0
and number of basis functions for each predictor was fixed at K = 25. The chains that were
monitored are the vertical slice corresponding to the population median of all d• predictors,
which we denote by f(Q2), and the error standard deviation σε. Figure 2 summarises the
effective sample size per second ratios using side-by-side boxplots. It shows that effective
sample sizes per second are about 5–20 times larger when the orthogonalized design matrices
approach is used. The advantage tends to decrease for larger models but there are still around
5-fold improvements for generalized additive models with 16 predictors.

4 Group-Specific Curves Models

The group-specific curves models (e.g. Donnelly et al. 1995) that we consider here are based
on grouped data of the form

(xij , yij), 1 ≤ j ≤ ni, 1 ≤ i ≤ m,

where, for example, xij is the jth predictor measurement within the ith group. The number of
groups is m. The models have generic forms

yij ∼
{

N
(
f(xij) + gi(xij), σ

2
ε

)
, yij continuous,

Bernoulli
(
Φ
(
f(xij) + gi(xij)

))
, yij binary,

(14)
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Inputs: y (n× 1),X
(
n× (1 + d◦ + d•)

)
, Z1 (n×K1),. . . ,Zd• (n×Kd•),

Xg

(
Ngrid × (1 + d◦ + d•)

)
, Z1,g (Ngrid ×K1),. . . , Zd•,g (Ngrid ×Kd•),

σβ , su, sε > 0, Nburn, Nkept ∈ N, responseType ∈ {Gaussian,Bernoulli}.
DecomposeX = UXdiag

(
dX

)
V T

X where UT
XUX = V T

X VX = VXV
T
X = I1+d◦+d•

(

X ←− UXdiag(dX) ; d2X ←− dX ⊙ dX ;

(

XTyadj ←−

(

XTy

For j = 1, . . . , d•:

Decompose Zj = UZjdiag
(
dZj

)
V T

Zj where UT
ZjUZj = V

T
ZjVZj = VZjV

T
Zj = IKj

(

Zj ←− UZjdiag(dZj) ; d2Zj ←− dZj ⊙ dZj

(

Z ←− [

(

Z1 · · ·
(

Zd• ] ;

(

ZTyadj ←−

(

ZTy ;

(

ZT

(

X←−

(

ZT

(

X ;

(

ZT

(

Z←−

(

ZT

(

Z

Initialize: (σ−2
ε )[0], bε > 0 ; For each 1 ≤ j ≤ d•: (

u
[j]

(Kj × 1), (σ−2
uj )

[0], buj > 0

For s = 1, . . . , Nburn +Nkept:

r (

β
←−

(

XTyadj −
d•∑
j=1

(

ZT
(

X⟨j⟩T (

u
[s−1]
j ; ψ (

β
←− (σ−2

ε )[s−1]d2X + σ−2
β 11+d◦+d•

z (

β
∼ N(0, I1+d◦+d•) ;

(

β
[s]
←−

z (

β√
ψ (

β

+
(σ−2

ε )[s−1]r (

β

ψ (

β

For j = 1, . . . , d•: (

u
curr
j ←− (

u
[s−1]
j

For j = 1, . . . , d•:

r (

uj ←−

(

ZTy
⟨j⟩
adj −

(

ZT

(

X⟨j⟩ (

β
[s]
−

d•∑
j′ ̸=j

(

ZT

(

Z⟨j, j
′⟩ (

u
curr
j′

ψ (

uj ←− (σ−2
ε )[s−1]d2Zj + (σ−2

uj )
[s−1]1Kj

z (

uj ∼ N(0, IKj
) ; (

u
curr
j ←−

z (

uj√
ψ (

uj

+
(σ−2

ε )[s−1]r (
uj

ψ (

uj

For j = 1, . . . , d•: (

u
[s]
j ←−

(

u
curr
j

For j = 1, . . . , d•:

(σ−2
uj )

[s] ←− Gamma
(

1
2 (Kj+1), buj+

1
2

∥∥ (

u
[s]
j

∥∥2) ; buj ←− Gamma
(
1, (σ−2

uj )
[s]+s−2

u

)
η ←−

(

X

(

β
[s]

+

d•∑
j=1

(

Zj

(

u
[s]
j

If responseType is Gaussian then

(σ−2
ε )[s] ←− Gamma

(
1
2 (n+ 1), bε +

1
2∥y − η∥

2) ; bε ←− Gamma
(
1, (σ−2

ε )[s] + s−2
ε

)
If responseType is Bernoulli then

(σ−2
ε )[s] ←− 1 ; ζ ∼ Truncated-Normal+

(
(2yi − 1)ηi, 1

)
; αi ←− (2yi − 1)ζ

(

XTyadj ←−

(

XTα ;

(

ZTyadj ←−

(

ZTα

continued on a subsequent page . . .

Algorithm 4: An orthogonalized design matrices Gibbs sampling scheme for the Bayesian generalized
additive models (11) and (12).

for smooth functions f and gi, 1 ≤ i ≤ m. The function f models the global mean response,
whereas gi models the deviation from the global mean response for group i.

As in this article’s previous sections, mixed model-based penalized splines can be used to
formulate a hierarchical Bayesian model for (14). For 1 ≤ i ≤ m define

xi ≡ [xij ]1≤j≤ni , yi ≡ [yij ]1≤j≤ni , Xi ≡ [1ni xi],
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(

Xg ←−XgVX ; For j = 1, . . . , d• :

(

Zj,g ←− Zj,gVZj

For s = 1, . . . , Nkept:

(

βtemp ←− entries 2 to (1 + d◦) of

(

β
[s+Nburn]

;
◦
β[s] ←− VX

(

βtemp

For j = 1, . . . , d•:

xcurr
g ←− (1 + d◦ + j)th column of

(

Xg ;

(

β
curr
←− (1 + d◦ + j)th entry of

(

β
[s+Nburn]

f̂
[s]

jg ←− xcurr
g

(

β
curr

+

(

Zj,g

(

u
[s+Nburn]
j

Outputs:
{ ◦
β[s], f̂

[s]

jg, (σ
−2
uj )

[s] : 1 ≤ s ≤ Nkept, 1 ≤ j ≤ d•
}

If responseType is Gaussian then also output
{
(σ−2

ε )[s] : 1 ≤ s ≤ Nkept

}

Algorithm 4: continued. This is a continuation of the description of this algorithm that commences
on a preceding page.

Zgbl,i ≡
[
zgbl,1(xi) · · · zgbl,Kgbl

(xi)
]

and Zgrp,i ≡
[
zgrp,1(xi) · · · zgrp,Kgrp(xi)

]
where {zgbl,k(·) : 1 ≤ k ≤ Kgbl} and {zgrp,k(·) : 1 ≤ k ≤ Kgrp} are spline basis functions for
the global f and group-specific gi functions, respectively. The full Gaussian response Bayesian
group-specific curves model that we consider here is

yi|β,ugbl,ulin,i,ugrp,i, σ
2
ε

ind.∼ N
(
Xiβ +Zgbl,iugbl +Xiulin,i +Zgrp,iugrp,i, σ

2
εIni

)
, 1 ≤ i ≤ m,

ugbl|σ2
gbl ∼ N(0, σ2

gblIKgbl), ulin,i|Σ
ind.∼ N(0,Σ), ugrp,i|σ2

grp
ind.∼ N(0, σ2

grpIKgrp), 1 ≤ i ≤ m,

β ∼ N(0, σ2
βI2), σ2

ε |bε ∼ Gamma(12 , bε), bε ∼ Gamma(12 , s
−2
ε ),

σ−2
gbl |bgbl ∼ Gamma(12 , bgbl), bgbl ∼ Gamma(12 , s

−2
gbl ),

σ−2
grp |bgrp ∼ Gamma(12 , bgrp), bgrp ∼ Gamma(12 , s

−2
grp ),

Σ−1|blin,1, blin,2 ∼Wishart
(
3, 4

[
blin,1 0
0 blin,2

])
, blin,1, blin,2

ind.∼ Gamma(12 , s
−2
lin )

(15)

for hyperparameters σβ, sε, sgbl, sgrp, slin > 0. The notation X ∼ Wishart(κ,Λ) signifies that X
has a Wishart distribution with shape parameter κ and rate matrix Λ and is such that the corre-
sponding density function satisfies p(X) ∝ |X|(κ−3)/2 exp{−1

2 tr(ΛX)} for X symmetric and
positive definite. The last line of (15) corresponds to Σ having a marginally non-informative
prior distribution, for sufficiently large slin, as described in Huang & Wand (2013).

For the second case of (14), for which the yijs are binary, the Albert & Chib (1993) approach
involves the introduction of the auxiliary variables, αij , 1 ≤ i ≤ m, 1 ≤ j ≤ ni, such that

yij ≡ I(αij > 0) and the vectors αi ≡ [αij ]1≤j≤ni , 1 ≤ i ≤ m. (16)

With (16) in place, the full binary response Bayesian group-specific curves model is the same
as (15) but with the first line replaced by

αi|β,ugbl,ulin,i,ugrp,i
ind.∼ N

(
Xiβ +Zgbl,iugbl +Xiulin,i +Zgrp,iugrp,i, Ini

)
, 1 ≤ i ≤ m,

We now present Algorithm 5 for Gibbs sampling with orthogonalized design matrices
speed-ups, and let the matrices

(

Xi and

(

Zgbl,i, 1 ≤ i ≤ m, be defined according to

(

X =



(

X1
...

(

Xm

 and

(

Zgbl =



(

Zgbl,1

...

(

Zgbl,m


12
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Figure 2: Side-by-side boxplots of the effective sample size per second ratios for the computer experiment
involving Bayesian generalized additive models described in the text. Each ratio corresponds to the
effective sample size per second for the orthogonalized design matrices approach divided by the same
quantity for the direct approach. The thick horizontal lines correspond to a ratio of 1.

with the number of rows in

(

Xi and

(

Zgbl,i being the same as the number of rows in yi. The
grid-wise design matricesXg, Zgbl,g and Zgrp,g are also inputted to Algorithm 5.

Figure 3 shows the results of a computer experiment in which synthetic data were gener-
ated according to the binary response version of (14) with the number of groups ranging over
m ∈ {250, 500, 1000} and the number of observations within the ith group fixed to be ni = n
with n ∈ {30, 60}. The spline basis sizes were fixed at Kgbl = 25 and Kgrp = 15 and the Gibbs
sample sizes were Nburn = Nkept = 5, 000. The quantities of interest are f evaluated at each
of the population quantiles, f(Qk), k = 1, 2, 3, and the diagonal entries of Σ, Σkk, k = 1, 2.
The side-by-side boxplots in Figure 3 show that the orthogonalized design matrices approach
improves upon the direct approach by factors of around 5–15.

4.1 Application to Adolescent Somatic Growth Data

We applied the Gaussian response version of Algorithm 5 and its direct counterpart to data on
adolescent somatic growth from the study described in Pratt et al. (1989). The data are part of
the R package HRW (Harezlak et al. 2021) and stored in the data frame growthIndiana. It
consists of 9 or more longitudinal height measurements taken approximately every six months
for each of 216 adolescents from Indiana, U.S.A.,

Figure 4 shows the Bayesian group-specific curve model fits. The basis sizes are Kgbl = 25
and Kgrp = 9 and the hyperparameters values were set to σβ = sε = sgbl = slin = sgrp = 105 after
global standardisation of the age and height data before input into Algorithm 5. The Gibbs
sample size values are Nburn = Nkept = 10, 000. In each panel of Figure 4 the curve corresponds
to the posterior mean of f(age) + gi(age), 1 ≤ i ≤ 216, (in the notation of (14)) and the
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Inputs: yi (ni × 1),Xi (ni × 2), Zgbl,i (ni ×Kgbl), Zgrp,i (ni ×Kgrp), 1 ≤ i ≤ m,
Xg (Ngrid × 2), Zgbl,g (Ngrid ×Kgbl), Zgrp,g (Ngrid ×Kgrp),
σβ , sε, sgbl, slin, sgrp > 0, Nburn, Nkept ∈ N, responseType ∈ {Gaussian,Bernoulli}.

DecomposeX = UXdiag
(
dX

)
V T

X where UT
XUX = V T

X VX = VXV
T
X = I2.

Decompose Zgbl =UZgbl
diag

(
dZgbl

)
V T

Zgbl
where

UT
Zgbl
UZgbl = V

T
Zgbl
V Zgbl = V ZgblV

T
Zgbl

= IKgbl .
(

X ←− UXdiag(dX) ;

(

Zgbl ←− UZgbl diag
(
dZgbl

)
; d2X ←− dX ⊙ dX ; d2Zgbl

←−dZgbl
⊙dZgbl

(XTyi)adj ←−XT
i yi ; XTXi ←−XT

i Xi ; XT

(

Xi ←−XT
i

(

Xi ; XT

(

Zgbl,i ←−XT
i

(

Zgbl,i

SUM

(

XTyadj ←−
m∑
i=1

(

X
T

i yi ; SUM

(

Z gblTyadj ←−
m∑
i=1

(

Z
T

gbl,iyi ; SUM

(

XT

(

Zgbl ←−
m∑
i=1

(

X
T

i

(

Zgbl,i

For i = 1, . . . ,m:

Decompose Zgrp,i =UZgrp,i
diag

(
dZgrp,i

)
V T

Zgrp,i
where UT

Zgrp,i
UZgrp,i = IKgrp

and V T
Zgrp,i

V Zgrp,i = V Zgrp,iV
T
Zgrp,i

= IKgrp

(

Zgrp,i ←− UZgrp,idiag
(
dZgrp,i

)
; d2Zgrp,i

←− dZgrp,i ⊙ dZgrp,i

(

(

Z grpTyi)adj ←−

(

Z
T

grp,iyi ;

(

XT

(

Zgrp,i ←−
(

X
T

i
(

Zgrp,i ;

(

ZgblT

(

Zgrp,i ←−

(

Z
T

gbl,i

(

Zgrp,i

Initialize: (

u
[0]
gbl (Kgbl × 1), u[0]

lin,i (2×m), (

u
[0]
grp,i (Kgrp × 1),

(σ−2
ε )[0], (σ−2

gbl )
[0], (Σ−1)

[0]
11 , (Σ

−1)
[0]
22 , (σ

−2
grp )

[0], bε, bgbl, blin,1, blin,2, bgrp > 0,

(XTyi)adj (2×1) , SUM

(

XTyadj (2×1) , SUM
(

Z gblTyadj (Kgbl×1) , (

(

Z grpTyi)adj (Kgrp×1).
For s = 1, . . . , Nburn +Nkept:

r (

β
←−SUM

(

XTyadj−SUM

(

XT

(

Zgbl

(

u
[s−1]
gbl −

m∑
i=1

(XT

(

Xi)
Tu

[s−1]
lin,i −

m∑
i=1

(

XT

(

Zgrp,i

(

u
[s−1]
grp,i

ψ (

β
←− (σ−2

ε )[s−1]d2X + σ−2
β 12

z (

β
∼ N(0, I2) ;

(

β
[s]
←−

z (

β√
ψ (

β

+
(σ−2

ε )[s−1]r (

β

ψ (

β

r (

ugbl
←−SUM

(

Z gblTyadj − (SUM

(

XT

(

Zgbl)
T

(

β
[s]
−

m∑
i=1

(XT

(

Zgbl,i)
Tu

[s−1]
lin,i −

m∑
i=1

(

ZgblT
(

Zgrp,i

(

u
[s−1]
grp,i

ψ (

ugbl
←− (σ−2

ε )[s−1]d2Zgbl
+ (σ−2

gbl )
[s−1]1Kgbl

z (

ugbl
∼ N(0, IKgbl) ; (

u
[s]
gbl ←−

z (

ugbl√
ψ (

ugbl

+
(σ−2

ε )[s−1]r (

ugbl

ψ (

ugbl

For i = 1, . . . ,m:

rulin,i ←− (XTyi)adj − XT

(

Xi

(

β
[s]
− XT

(

Zgbl,i

(

u
[s]
gbl − XT

(

Zgrp,i

(

u
[s]
grp,i

Ψulin,i ←− (σ−2
ε )[s−1]XTXi + (Σ−1)[s−1]

Decompose Ψulin,i = Uulin,idiag(dulin,i)U
T
ulin,i

whereUT
ulin,i

Uulin,i = Uulin,iU
T
ulin,i

= I2

zulin,i ∼ N(0, I2) ; u[s]
lin,i ←− Uulin,i

UT
ulin,i

zulin,i√
dulin,i

+
(σ−2

ε )[s−1]UT
ulin,i

rulin,i

dulin,i


continued on a subsequent page . . .

Algorithm 5: An orthogonalized design matrices Gibbs sampling scheme for the group-specific curves
models (15) and (16).
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For i = 1, . . . ,m:

r (

ugrp,i
←− (

(

Z grpTyi)adj − (

(

XT

(

Zgrp,i)
T

(

β
[s]
− (

(

ZgblT

(

Zgrp,i)
T (

u
[s]
gbl − (XT

(

Zgrp,i)
Tu

[s]
lin,i

ψ (

ugrp,i
←− (σ−2

ε )[s−1]d2Zgrp,i
+ (σ−2

grp )
[s−1]1Kgrp

z (

ugrp,i
∼ N(0, IKgrp) ; (

u
[s]
grp,i ←−

z (

ugrp,i√
ψ (

ugrp,i

+
(σ−2

ε )[s−1]r (

ugrp,i

ψ (

ugrp,i

ηi ←−

(

Xi

(

β
[s]

+

(

Zgbl,i

(

u
[s]
gbl +Xiu

[s]
lin,i +

(

Zgrp,i

(

u
[s]
grp,i, i = 1, . . . ,m

If responseType is Gaussian then

(σ−2
ε )[s] ←− Gamma

(
1
2

( m∑
i=1

ni + 1
)
, bε +

1
2

m∑
i=1

∥yi − ηi∥2
)

bε ←− Gamma
(
1, (σ−2

ε )[s] + s−2
ε

)
If responseType is Bernoulli then

(σ−2
ε )[s] ←− 1

For 1 ≤ i ≤ m:
For 1 ≤ j ≤ ni:

ζ ∼ Truncated-Normal+
(
(2yij − 1)(ηi)j , 1

)
; αij ←− (2yij − 1)ζ

(XTyi)adj ←−XT
i αi ; SUM

(

XTyadj ←−
m∑
i=1

(

X
T

i αi

SUM

(

Z gblTyadj ←−
m∑
i=1

(

Z
T

gbl,iαi ; (

(

Z grpTyi)adj ←−

(

Z
T

grp,iαi

(σ−2
gbl )

[s] ←− Gamma
(

1
2 (Kgbl + 1), bgbl +

1
2

∥∥ (

u
[s]
gbl

∥∥2) ; bgbl ←− Gamma
(
1, (σ−2

gbl )
[s] + s−2

gbl

)
(Σ−1)[s] ←−Wishart

(
m+ 3, 4diag(blin,1, blin,2) +

m∑
i=1

u
[s]
lin,iu

[s]T
lin,i

)
blin,1 ←− Gamma

(
2, 2(Σ−1)

[s]
11 + s−2

lin

)
; blin,2 ←− Gamma

(
2, 2(Σ−1)

[s]
22 + s−2

lin

)
(σ−2

grp )
[s] ←− Gamma

(
1
2 (mKgrp + 1), bgrp +

1
2

m∑
i=1

∥∥ (

u
[s]
grp,i

∥∥2)
bgrp ←− Gamma

(
1, (σ−2

grp )
[s] + s−2

grp

)

(

Xg ←−XgVX ;

(

Zgbl,g ←− Zgbl,gVZ ; For i = 1, . . . ,m:

(

Zgrp,i,g←−−Zgrp,gV Zgrp,i

For s = 1, . . . , Nkept:

η̂[s]
g ←−

(

Xg

(

β
[s+Nburn]

+

(

Zgbl,g

(

u
[s+Nburn]
gbl

For i = 1, . . . ,m:

η̂
[s]
ig ←− η̂

[s]
g +Xgu

[s+Nburn]
lin,i +

(

Zgrp,i,g

(

u
[s+Nburn]
grp,i

(σ−2
gbl )

[s] ←− (σ−2
gbl )

[s+Nburn] ; (Σ−1)[s] ←− (Σ−1)[s+Nburn] ; (σ−2
grp )

[s] ←− (σ−2
grp )

[s+Nburn]

If responseType is Gaussian then (σ−2
ε )[s] ←− (σ−2

ε )[s+Nburn]

Outputs:
{
η̂[s]
g , η̂

[s]
ig , (σ

−2
gbl )

[s], (Σ−1)[s], (σ−2
grp )

[s] : 1 ≤ s ≤ Nkept, 1 ≤ i ≤ m
}

.

If responseType is Gaussian then also output
{
(σ−2

ε )[s] : 1 ≤ s ≤ Nkept

}
.

Algorithm 5: continued. This is a continuation of the description of this algorithm that commences
on a preceding page.

shaded region corresponds to pointwise 95% credible intervals after back-transformation to
the original units. Simple enhancements of model (15) and Algorithm 5 could be used to
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Figure 3: Side-by-side boxplots of the effective sample size per second ratios for the computer experi-
ment involving Bayesian group-specific curves models described in the text. Each ratio corresponds to
the effective sample size per second for the orthogonalized design matrices approach divided by the same
quantity for the direct approach. The thick horizontal lines correspond to a ratio of 1.

make inferences concerning ethnicity and gender contrasts. Of interest here is the speed-ups
afforded by use of orthogonalized design matrices.

When run on the first author’s MacBook Air computer, with specifications given in Section
2.5, the direct approach took 51.8 seconds whereas Algorithm 5 only took 10.8 seconds. This
approximately 5-fold speed-up exemplifies the advantages of orthogonalized design matrices
in applications.

5 Variational Inference

Orthogonalized design matrices speed-ups also apply to other iterative Bayesian fitting and
inference procedures. Here we provide a flavor of how the principle used in the previous few
sections for Gibbs sampling also applies to variational inference.

Consider again the Bayesian nonparametric regression model (2). Suppose that we approx-
imate the joint posterior density function of the model parameters:

p(β,u, bu, bε, σ
2
u, σ

2
ε |y) by the product density form q(β,u, bu, bε)q(σ

2
u, σ

2
ε). (17)

Using results laid out in, for example, Chapter 10 of Bishop (2006) the optimal q-densities in
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Figure 4: Somatic growth data for each of 216 adolescents from Indiana, U.S.A., from the study de-
scribed in Pratt et al. (1989). The curves are posterior means and the shading indicates pointwise 95%
credible intervals for the Bayesian group-specific curves model described in Section 4 and obtained using
Algorithm 5.

terms of minimizing the Kullback-Leibler divergence of the first density function in (17) from
the second are

q∗(β,u, bu, bε) = q∗(β,u)q∗(bu)q
∗(bε) and q∗(σ2

u)q
∗(σ2

ε)

where the q∗-densities have forms

q∗(β,u) : N(µq(β,u),Σq(β,u)), q
∗(bu) : Gamma(κq(bu), λq(bu)), q

∗(bε) : Gamma(κq(bε), λq(bε)),

q∗(σ2
u) : Inverse-Gamma(κq(σ2

u)
, λq(σ2

u)
) and q∗(σ2

ε) : Inverse-Gamma(κq(σ2
ε)
, λq(σ2

ε)
).

The optimal parameters of the q∗-densities can be obtained using the coordinate ascent iter-
ative algorithm listed in Algorithm 6. The stopping criterion depends on the approximate
marginal log-likelihood under product restriction (17), which we denote by log{p(y; q)}. Its
explicit form is given later in this section. The approximate posterior density function, of
the grid-wise fit values vector f̂g ≡ Xgβ + Zgu is Multivariate Normal with mean vector
Eq

(
f̂g

)
= Cgµq(β,u) and covariance matrix Covq

(
f̂g

)
= CgΣq(β,u)C

T
g . Each of these matrices

is outputted by Algorithm 6 to facilitate approximate Bayesian inference for f .
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Inputs: y (n× 1),X (n× 2), Z (n×K), Xg (Ngrid × 2), Zg (Ngrid ×K) σβ , su, sε, εtoler. > 0

Initialize: µq(σ−2
u ), µq(bu), µq(σ−2

ε ), µq(bε) > 0 ; κq(σ2
u)
←− 1

2 (K + 1), ; κq(σ2
ε)
←− 1

2 (n+ 1)

C ←− [X Z] ; Cg ←− [Xg Zg] ; CTy←− CTy ; CTC←− CTC

Cycle:

Ωq(β,u) ←− µq(σ−2
ε )CTC + diag

([
σ−2
β 1T

2 µq(σ−2
u )1

T
K

]T )
Decompose Ωq(β,u) = Uq(β,u)diag(dq(β,u))U

T
q(β,u) where

UT
q(β,u)Uq(β,u) = Uq(β,u)U

T
q(β,u) = IK+2

Σq(β,u) ←− Uq(β,u)diag(1/dq(β,u))U
T
q(β,u) ; µq(β,u) ←− µq(σ−2

ε )Σq(β,u)CTy

µq(u) ←− lower K × 1 block of µq(β,u) ; Σq(u) ←− lower right K ×K block of Σq(β,u)

λq(σ2
u)
←− µq(bu) +

1
2∥µq(u)∥2 + 1

2 tr
(
Σq(u)

)
; µq(σ−2

u ) ←− κq(σ2
u)

/
λq(σ2

u)

λq(bu) ←− µq(σ−2
u ) + s−2

u ; µq(bu) ←− 1
/
λq(bu)

λq(σ2
ε)
←− µq(bε) +

1
2

∥∥y −Cµq(β,u)

∥∥2 + 1
2 tr
(
CTCΣq(β,u)

)
; µq(σ−2

ε ) ←− κq(σ2
ε)

/
λq(σ2

ε)

λq(bε) ←− µq(σ−2
ε ) + s−2

ε ; µq(bε) ←− 1
/
λq(bε)

until the relative change in log{p(y; q)} is less than εtoler..

Eq

(
f̂g

)
←− Cgµq(β,u) ; Covq

(
f̂g

)
←− CgΣq(β,u)C

T
g

Outputs:
{
Eq

(
f̂g

)
,Covq

(
f̂g

)
, κq(σ2

u)
, λq(σ2

u)
κq(σ2

ε)
, λq(σ2

ε)

}

Algorithm 6: A direct mean field variational Bayes algorithm for fitting and inference for the Bayesian
nonparametric regression model (2).

In Algorithm 6 note that an O(nK2) singular value decomposition, for inversion of Ωq(β,u),
is carried out within each iteration. Algorithm 7 avoids this computational cost by working
with an orthogonalized version of C ≡ [X Z]. The approximate marginal log-likelihood with
respect to the (

(

β,

(

u) parameterization is denoted by log{ (

p(y; q)}. An explicit expression is
given later in this section.
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Inputs: y (n× 1),X (n× 2), Z (n×K), Xg (Ngrid × 2), Zg (Ngrid ×K), σβ , su, sε, εtoler. > 0

Initialize: µq(σ−2
u ), µq(bu), µq(σ−2

ε ), µq(bε) > 0 ; κq(σ2
u)
←− 1

2 (K + 1), ; κq(σ2
ε)
←− 1

2 (n+ 1)

C ←− [X Z] ; Cg ←− [Xg Zg]

Decompose C = UCdiag(dC)V
T
C where UT

CUC = V T
C V C = V CV

T
C = IK+2

(
C ←− UCdiag(dC) ;

(

CTy←−

(

CTy ; d2C ←− dC ⊙ dC

Cycle:

σ2
q(

(
β,

(
u)
←− 1K+2

/(
µq(σ−2

ε )d
2
C +

[
σ−2
β 1T

2 µq(σ−2
u )1

T
K

]T) ; µ
q(

(

β,

(

u)
←− µq(σ−2

ε )σ
2
q(

(

β,

(

u)

(

CTy

µq(

(

u) ←− lower K × 1 block of µ
q(

(

β,

(

u)
; σ2

q(

(

u)
←− lower K × 1 block of σ2

q(

(

β,

(

u)

λq(σ2
u)
←− µq(bu) +

1
2∥µq(

(

u)∥2 + 1
21

T
Kσ

2
q(

(

u)
; µq(σ−2

u ) ←− κq(σ2
u)

/
λq(σ2

u)

λq(bu) ←− µq(σ−2
u ) + s−2

u ; µq(bu) ←− 1
/
λq(bu)

λq(σ2
ε)
←− µq(bε) +

1
2

∥∥∥y − (

Cµ
q(

(

β,

(

u)

∥∥∥2 + 1
2 (d

2
C)

Tσ2
q(

(

β,

(

u)
; µq(σ−2

ε ) ←− κq(σ2
ε)

/
λq(σ2

ε)

λq(bε) ←− µq(σ−2
ε ) + s−2

ε ; µq(bε) ←− 1
/
λq(bε)

until the relative change in log{ (

p(y; q)} is less than εtoler..

(

Cg ←− CgV C ; Eq

(
f̂g

)
←−

(

Cgµq(

(

β,

(

u)
; Covq

(
f̂g

)
←−

(

Cgdiag
(
σ2

q(

(

β,

(

u)

) (

C T
g

Outputs:
{
Eq

(
f̂g

)
,Covq

(
f̂g

)
, κq(σ2

u)
, λq(σ2

u)
κq(σ2

ε)
, λq(σ2

ε)

}

Algorithm 7: An orthogonalized design matrices speed-up of Algorithm 6 for the Bayesian nonpara-
metric regression model (2).

For the stopping criteria in each of Algorithm 6 and Algorithm 7 first define

Tq(σ2
u,bu,σ

2
ε ,bε)
≡ µq(bu)

(
µq(1/σ2

u)
+ s−2

u

)
+ 1

2(K + 1) log
(
λq(σ2

u)

)
+ log

(
λq(bu)

)
+µq(bε)

(
µq(1/σ2

ε)
+ s−2

ε

)
+ 1

2(n+ 1) log
(
λq(σ2

ε)

)
+ log

(
λq(bε)

)
and let ‘const’ denote constant terms such as −1

2 n log(2π). Then expressions for the q-density
dependent components of log{p(y; q)} and log{ (

p(y; q)} are:

log{p(y; q)}= 1
2 log |Σq(β,u)| − 1

2σ
−2
β

{
∥µq(β)∥2 + tr(Σq(β))

}
−1

2µq(σ−2
u )

{
∥µq(u)∥2 + tr(Σq(u))

}
− Tq(σ2

u,bu,σ
2
ε ,bε)

+ const

and

log{ (

p(y; q)}= 1
21

T
K+2 log

(
σ2
q(

(

β,

(

u)

)
− 1

2σ
−2
β

(∥∥µ
q(

(

β)

∥∥2 + 1T2 σ
2

q(

(

β)

)
−1

2µq(σ−2
u )

(
∥µq(

(

u)∥
2 + 1TKσ

2
q(

(

u)

)
− Tq(σ2

u,bu,σ
2
ε ,bε)

+ const

where, for example, Σq(β) is the upper left 2× 2 block of Σq(β,u).
There are numerous extensions of Gaussian response nonparametric regression for which

the principles illustrated in this section apply. Some of these are the extensions described in
Sections 3 and 4. Others include streamlined variational inference for higher level random ef-
fects as described in Nolan et al. (2020) and multiply nested group-specific curves as described
in Menictas et al. (2021).

6 Conclusions

The orthogonalized design matrices approach to Bayesian semiparametric regression is a small-
cost adjustment that yields significant speed-ups. Bayesian computing algorithms such as
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Gibbs sampling and coordinate ascent variational inference require two orders of magnitude
fewer operations. Our computer experiments show practical speed-ups as high as factors ex-
ceeding 60 and almost always by factors of 5 to 10. In conclusion, of orthogonalized design
matrices has clear benefits in semiparametric regression applications where speed is impor-
tant.

A Result 1 and Derivation

Throughout this article we use a singular value decomposition approach to obtain draws from
Multivariate Normal distributions. These are underpinned by Result 1, which we now state
and prove.

Result 1: Suppose that ψ (d × 1) and Ψ (d × d) are two matrices such Ψ is symmetric and positive
definite. Next, suppose Ψ = Udiag(d)UT is a decomposition such that UTU = UUT = Id. If

z ∼ N(0, Id) and x ≡ U
(
UTz√
d

+
UTψ

d

)
then x ∼ N(Ψ−1ψ,Ψ−1).

Proof of Result 1.

First note that the mean of x is

E(x) = U

(
UTψ

d

)
= Udiag(1/d)UTψ = {Udiag(d)UT }−1ψ = Ψ−1ψ.

The covariance matrix of x is

Cov(x) = Cov
(
U

(
UTz√
d

))
=Cov

(
Udiag(1/

√
d)UTz

)
=Udiag(1/

√
d)UTCov(z)Udiag(1/

√
d)UT

=Udiag(1/d)UT =
{
Udiag(d)UT

}−1
= Ψ−1.

Since x is a linear transformation of z, it also has a Multivariate Normal distribution and
Result 1 holds.
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