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Preface 

K e r n e l smoothing refers to a general class of techniques for non-
parametric estimation of functions. Suppose that you have a uni-
variate set of data which you want to display graphically. Then 
kernel smoothing provides an attractive procedure for achieving 
this goal, known as kernel density estimation. Another funda-
mental example is the simple nonparametric regression or scat-
terplot smoothing problem where kernel smoothing offers a way of 
est imating the regression function without the specification of a 
parametric model . The same principles can be extended to more 
complicated problems, leading to many applications in fields as 
diverse as medicine, engineering and economics. The simplicity of 
kernel estimators entails mathematical tractability, so one can delve 
deeply into the properties of these estimators without highly so-
phist icated mathematics. In summary, kernel smoothing provides 
simple, reliable and useful answers to a wide range of important 
problems. 

T h e main goals of this book are to develop the reader's intuit ion 
and mathematical skills required for a comprehensive understand-
ing of kernel smoothing, and hence smoothing problems in general. 
Exercises designed for achieving this goal have been included at 
the end of each chapter. We have aimed this book at newcomers 
to the field. These may include students and researchers from 
bo th the stat ist ical sciences and interface disciplines. Our feeling 
is that this book would be appropriate for most first or second 
year statistics graduate students in the Nor th American system, 
honours level students in the Commonwealth system and students 
at s imilar stages in other systems. In its role as an introductory 
text this book does make some sacrifices. It does not completely 
cover the vast amount of research in the field of kernel smoothing, 
and v i r tua l ly ignores important work on non-kernel approaches to 
smoothing problems. It is hoped that the bibliographical notes 
near the end of each chapter w i l l provide sufficient access to the 
wider field. 
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C H A P T E R 1 

Introduction 

1.1 Introduction 

Kerne l smoothing provides a simple way of finding structure in data 
sets without the imposi t ion of a parametric model. One of the most 
fundamental settings where kernel smoothing ideas can be applied 
is the simple regression problem, where paired observations for each 
of two variables are available and one is interested i n determining 
an appropriate functional relationship between the two variables. 
One of the variables, usually denoted by X , is thought of as being 
a predictor for the other variable Y , usually called the response 
variable. 

CVJ 
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Figure 1.1. Scatterplot of age/log (income) data. The ordinary 
least squares line is also shown. 

Figure 1.1 is a scatterplot wi th each cross representing the age 

l 



2 I N T R O D U C T I O N 

(the X variable) and log (income) (the Y variable) of 205 Canad ian 
workers (source: U l l a h , 1985). There is interest i n model l ing 
log(income) as a function of age. A first at tempt might be to 
fit a straight line to the data. The line shown i n Figure 1.1 is the 
ordinary least squares straight line fit to the observations. W h a t 
are we assuming when modelling Y as a linear function of X? 
T h e usual assumption is that the sample Y i ) , . . . , (Xn, Yn) of 
age/ log (income) pairs satisfies the relationship 

Yi = Po + l3iXi + eu i = l , . . . , n , (1.1) 

where the errors Si are symmetric random variables having zero 
mean. However, this assumption, which entails that the observa-
tions are randomly scattered about a straight line, appears to be 
far from val id for this scatterplot. 

T h e linear model (1.1) is an example of a parametric regression 
model . Le t us clarify this terminology. A well known result from 
elementary statistics is that the function m for which E{Y — 
m(X)}2 is minimised is the conditional mean of Y given X , that 
is 

m(X) = E(Y\X). 

T h i s function, the best mean squared predictor of Y given X , is 
often called the regression of Y on X. It follows from the definition 
of m that 

Yi — m(Xi) + £i, i = 1 , . . . , n 

where E{ei) — 0 for each i. In model (1.1) we are therefore making 
the assumption that the functional form of the regression function 
m is known except for the values of the two parameters (3o and 
Pi. T h i s is the reason for the term parametric since the family 
of functions i n the model can be specified by a finite number of 
parameters. 

There are several other parametric regression models wh ich one 
could use. Some examples are 

Yi = p0 + p1Xi + p2X? + ei, 

Yi = /?i sm(p2Xi) + Si 

and Y i = + + 

T h e choice of parametric model depends very much on the sit-
uat ion. Sometimes there are scientific reasons for model l ing Y 
as a part icular function of X , while at other times the model is 
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based on experience gained through analysis of previous data sets 
of the same type. There is, however, a drawback to parametric 
model l ing that needs to be considered. The restriction of m be-
longing to a parametric family means that m can sometimes be 
too r ig id . For example, the models above respectively require that 
m be parabolic, periodic or monotone, each of which might be too 
restrictive for adequate estimation of the true regression function. 
If one chooses a parametric family that is not of appropriate form, 
at least approximately, then there is a danger of reaching incorrect 
conclusions i n the regression analysis. 

T h e r ig idi ty of parametric regression can be overcome by re-
moving the restriction that m belong to a parametric family. This 
approach leads to what is commonly referred to as nonparamet-
ric regression. The philosophical motivation for a nonparametric 
approach to regression is straightforward: when confronted wi th a 
scatterplot showing no discernible simple functional form then one 
would want to let the data decide which function fits them best 
wi thout the restrictions imposed by a parametric model (this is 
sometimes referred to as "letting the data speak for themselves"). 
However, nonparametric and parametric regression should not be 
viewed as mutua l ly exclusive competitors. In many cases a non-
parametr ic regression estimate w i l l suggest a simple parametric 
model , while i n other cases it w i l l be clear that the underlying 
regression function is sufficiently complicated that no reasonable 
parametric model would be adequate. 

There now exist many methods for obtaining a nonparametric 
regression estimate of m. Some of these are based on fairly simple 
ideas while others are mathematically more sophisticated. For 
reasons given i n Section 1.3 we w i l l study the kernel approach to 
nonparametric regression. 

F igure 1.2 shows an estimate of m for the age/log(income) data, 
us ing what is often called a local linear kernel estimator. The 
function shown at the bo t tom of the plot is a kernel function which 
is usual ly taken to be a symmetric probabili ty density such as a 
no rma l density. The value of the estimate at the first point u is 
obtained by fitting a straight line to the data using weighted least 
squares, where the weights are chosen according to the height of the 
kernel function. T h i s means that the data points closer to u have 
more influence on the linear fit than those far from u. This local 
straight line fit is shown by the dotted curve and the regression 
estimate at u is the height of the line at u. The estimate at a 
different point v is found the same way, but wi th the weights chosen 
according to the heights of the kernel when centred around v. This 
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estimator fits into the class of local polynomial regression estimates 
(Cleveland, 1979). Nonparametr ic regression estimators are often 
called regression smoothers or scatterplot smoothers, while those 
based on kernel functions are often called kernel smoothers. 

in. 

20 30 40 50 60 
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Figure 1.2. Local linear kernel regression estimate based on the 
age/log (income) data. The solid curve is the estimate. The 
dotted curves are the kernel weights and straight line fits at points 
u and v. 

W h i l e the kernel-based nonparametric regression estimator de-
scribed here means that we have a much more flexible family of 
curves to choose from, this increased flexibility has its costs and 
leads to several new questions. Some examples are 
• W h a t are the stat ist ical properties of kernel regression estima-

tors? 
• W h a t influence does the shape of the kernel function have on 

the estimator? 
• W h a t influence does the scaling of the kernel function have on 

the estimator? 
• H o w can this scaling be chosen i n practice? 
• H o w can kernel smoothing ideas be used to make confidence 

statements rather than just g iv ing point estimates? 
• H o w do dependencies in the da ta affect the kernel regression 

estimator? 
• H o w does one best deal w i t h mul t ip le predictor variables? 

W h i l e some of these questions have reasonably straightforward 
solutions, others are the subject of ongoing research and may not 
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be completely resolved for many years. Some can be answered 
by relatively simple mathematical arguments, while others require 
deeper analyses that are beyond the scope of this book. 

W e chose to introduce the motivation and ideas of kernel smooth-
ing by nonparametric regression because of the familiarity of the 
regression problem to most readers. However, as we wi l l see, kernel 
smoothing can be applied to many other important curve esti-
mat ion problems such as estimating probability density functions, 
spectral densities and hazard rate functions. The first of these is 
discussed i n the next section. 

1.2 Density estimation and histograms 

Perhaps an even more fundamental problem than the regression 
problem is the estimation of the common probabili ty density func-
t ion , or density for short, of a univariate random sample. Suppose 
that X\,..., Xn is a set of continuous random variables having 
common density / . The parametric approach to estimation of / 
involves assuming that / belongs to a parametric family of distri-
butions, such as the normal or gamma family, and then estimating 
the unknown parameters using, for example, maximum likelihood 
est imation. O n the other hand, a nonparametric density estimator 
assumes no pre-specified functional form for / . 

T h e oldest and most widely used nonparametric density estima-
tor is the histogram. Th i s is usually formed by dividing the real 
l ine into equally sized intervals, often called bins. The histogram 
is then a step function w i t h heights being the proportion of the 
sample contained in that b in divided by the width of the bin . If 
we let b denote the wid th of the bins, usually called the binwidth, 
then the histogram estimate at a point x is given by 

- . number of observations in b in containing x 

T w o choices have to be made when constructing a histogram: 
the b inwid th and the posit ioning of the bin edges. Each of these 
choices can have a significant effect on the resulting histogram. 
F igure 1.3 show four histograms based on the same set of data. 
These data represent 50 birthweights of children having severe 
idiopathic respiratory syndrome (source: van Vl ie t and Gupta , 
1973). T h e first two histograms are based on a small and a large 
b inwid th (6 = 0.2 and b — 0.8) respectively. The bottom two are 
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based on the same medium sized b inwidth (b = 0.4), but w i t h b i n 
edges shifted by half a b inwid th . 
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Figure 1.3. Histograms of birthweight data. Figures (a) and (b) 
are based on binwidths of 0.2 and 0.8 respectively. Figures (c) 
and (d) are each based on a binwidth of 0.4 but with left bin edge 
at 0.7 and 0.9 respectively. 

Notice that each histogram gives a different impression of the shape 
of the density of the data. A smaller b inwidth leads to a relatively 
jagged histogram, while a larger b inwidth results i n a smoother 
looking histogram as shown i n Figures 1.3 (a) and (b). Figures 1.3 
(c) and (d) show that the placement of the b in edges also has an 
effect since the density shapes suggested by these histograms are 
quite different from each other, despite the equal binwidths. 

T h e b inwid th b is usually cal led a smoothing parameter since it 
controls the amount of "smoothing" being applied to the data. 

A l l nonparametric curve estimates have an associated smoothing 
parameter. W e w i l l see i n the following chapters that, for kernel 
estimators, the scale of the kernel plays a role analogous to that 
of the b inwid th . In parametric po lynomia l regression the degree of 
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the polynomial can be thought of as being a smoothing parameter. 
The sensitivity of the histogram to the placement of the bin 

edges is a problem not shared by other density estimators such as 
the kernel density estimator introduced in Chapter 2. The b in edge 
problem is one of the histogram's main disadvantages. The logical 
remedy to this problem is the average shifted histogram (Scott, 
1985), which averages several histograms based on shifts of the 
bin edges, but this can be shown to approximate a kernel density 
estimator, and thus provide an appealing motivat ion for kernel 
methods. The histogram has several other problems not shared by 
kernel density estimators. Most densities are not step functions, 
yet the histogram has the unattractive feature of estimating all 
densities by a step function. A further problem is the extension of 
the histogram to the multivariate setting, especially the graphical 
display of a multivariate histogram. Final ly , the histogram can 
be shown not to use the data as efficiently as the kernel estimator. 
Th i s deficiency is discussed at the end of Section 2.5. Despite these 
drawbacks, the s implici ty of histograms ensures their continuing 
popularity. 

1.3 A b o u t this book 

A s the title and the previous two sections suggest, this book is 
about kernel smoothing as a means of obtaining nonparametric 
curve estimators. Ke rne l estimators have the advantage of being 
very intuitive and relatively simple to analyse mathematically. 
Even i f one prefers to use other nonparametric smoothing methods, 
such as those based on spline functions, an understanding of the 
main issues involved can best be gained through studying kernel 
estimators. 

Kerne l estimators have been around since the seminal papers of 
Rosenblatt (1956) and Parzen (1962), although the basic principles 
were independently introduced by F i x and Hodges (1951) and 
Akaike (1954). Since then articles wri t ten about kernel estimators 
number in the thousands, and there w i l l be many more written 
in the future. It follows that there are s t i l l many unresolved and 
controversial issues. Th i s book makes no endeavour to survey the 
field of kernel estimation, nor does it t ry to provide an answer 
for every question concerning the pract ical implementation of 
kernel estimators. Instead our goal is to present the reader with 
the aspects of kernel smoothing which we see as being most 
fundamental and practical ly most relevant at the t ime of wri t ing. 
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T h e choice of topics i n the pursuit of this goal is necessarily a 
personal one. Moreover, because of ongoing research into the 
pract ical implementation of kernel estimators we w i l l , i n the main , 
avoid the more unsettled issues i n the field. T h e ma in purpose of 
this book is to enhance the reader's in tui t ion and mathemat ica l 
skil ls required for understanding kernel smoothing, and hence 
smoothing problems in general. 

W e believe that the readability of the book is improved by 
postponing detailed referencing to bibliographical notes, which are 
provided near the end of each chapter. These are followed by a 
set of exercises which a im to familiarise the reader w i t h the above-
mentioned mathematical skills. 

W e begin our study of kernel smoothing w i t h the univariate 
kernel density estimator in Chapter 2. Th i s is because kernel 
density est imation provides a very simple and convenient way of 
developing an understanding of the main ideas and issues involved 
i n kernel smoothing i n general. 

A s we show i n Chapter 2, one of the central issues i n kernel 
smoothing is the choice of the smoothing parameter, often called 
the bandwidth for kernel estimators. The choice of the bandwidth 
from the data has become an important topic i n its own right i n 
recent years and is s t i l l a burgeoning area of research. In Chapter 
3 we discuss some of the more popular approaches to bandwid th 
selection, again i n the simple density estimation context. W h i l e 
our coverage of this topic is far from complete, our a im is to give 
the reader a flavour for the types of approaches and problems faced 
when selecting a bandwidth from the data. 

Chapte r 4 is devoted to the extension of the kernel density esti-
mator to mult ivariate data. W h i l e this extension is fair ly obvious i n 
pr inciple , the mathematical analyses and pract ical implementat ion 
are non- t r iv ia l , as Chapter 4 shows. 

In Chapter 5 we return to the important problem of nonpara-
metr ic regression. The notions of kernel smoothing learnt from 
s tudying the kernel density estimator prove to be useful for under-
s tanding the more complicated kernel regression problem. 

Chapter 6 is a collection of extra topics from the kernel smooth-
ing l i terature which portray various extensions of the mater ia l from 
the previous chapters, and indicate the wide appl icabi l i ty of the 
general ideas. 

There are four appendices. Append ix A lists notat ion used 
throughout this book. Tables in Append ix B contain useful results 
for several common densities. Facts about the normal density, 
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relevant to kernel smoothing, are given in Appendix C . Appendix 
D describes computat ion of kernel estimates. 

1.4 Options for reading this book 

T h i s book may be read in several different ways. To gain a basic 
understanding of the main ideas of univariate kernel estimation for 
impor tant settings one should consult Chapters 2 and 5. Chapter 
4 could be added for an understanding of multivariate kernel 
smoothing. Chapter 3 stands out as the only chapter concerned 
w i t h full data-driven implementation of kernel estimators, but is 
also the least settled topic in this book, and could be omitted 
wi thout loss of continuity. Chapter 6 is a selection of extra topics 
which could be covered depending on time and interest. We have 
ordered the chapters i n what we see as being the most natural 
sequence i f this book is to be completely covered. 

1.5 Bibl iographical notes 

For a detai led s tudy of the histogram we refer the reader to Scott 
(1992). 

Important references for kernel smoothing wi l l be given at the 
end of the appropriate chapter. A t this point we wi l l just mention 
some recent books on the subject. A very readable introduction 
to kernel density estimation is given by Silverman (1986). Kernel 
density est imation is also treated in books by Devroye and Gyorfi 
(1985), Hard le (1990a) and Scott (1992). Recent books that treat 
nonparametric kernel regression to varying extents are Eubank 
(1988), M i i l l e r (1988), Hardle (1990b) and Hastie and Tibshirani 
(1990). W a h b a (1990) and Green and Silverman (1994) are recent 
monographs on spline approaches to nonparametric regression, and 
Tarter and L o c k (1993) treats orthogonal series density estimation. 
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