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() Whip Model The truncated line spline basis functions for
these knots are shown in the next graphic.
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Consider the nonparametric regression setting

yi = fx;) + &

where the z; € [0, 1].

To keep discussion simple, we work with 5
knots

K1, Ko, K3, K4, K5 1N [0, 1]

K1 Ko K3 Kq K5



Note: All spline functions in this lecture are
defined over [0, 1].

They equal zero in regions apart from where
the functions are shown as non-zero.

The model is:
5
yi::50*-51$¢*-j£:/%ﬁk($¢—-Kk)%‘F€i
k=1
where

r—K, T>RK

(x_"’)+:{0, r <K

More generally, z, =z if x > 0
while z, =0 if x <0.

eqg. 7. =1, (—3). = 0.

Ordinary least squares minimises

n

s 2
RSS = Z {yi — Bo— Brx; — ZBH—k(xi - Hk)+}
k=1

1=1

= |y - X8|

1z (z1—k1)y (zr—ko)y (w1—#m3)y (21— Ke)r (21— ks)t ]

1 zn (n— K1)+ (Ll_."{?)-*- (mn_.’{3)+ (In_."54)+ (In_.HS)-F
But to avoid overfitting we use penalized least
squares:

Minimise RSS subjectto >°,_, 8., < C

for some C > 0.



This is mathematically equivalent to minimising:
(for some A > 0):

5
RSS+ ) 81,

k=1

Note that we only penalise the coefficients of
the spline functions.

We end up with

B\=(X"X +AD)"'X"y where
(000000 O]
0000000
0010000

D=10001000 :[O%“IO ]
0000100 535
0000010
0000001

For A = 0 we get ordinary least squares.

A > 0 is often referred to as ridge regression.

Alternative Spline Bases

The graphic on the following page shows the
original basis functions

T, Ty, ..., T

and an alternative set of basis functions:

By, Bs,..., B



{T1,...,T%} is a basis for the vector space

VY = {continuous piecewise lines on [0, 1]
with knots at k1, ko, k3, k4 and /ﬂ35}.

Two typical members of V are as shown in the
next graphic:

Ky Ko K3 Ka Ks

One can show that
{Bh B?a oo 7B7}
IS an invertible linear transformation of

{1, T, ..., T:}.

i.e. {B1,Bo,...,Bz} is an alternative basis for
Y, known as the B-spline basis.



B-splines are:
Tl(fﬂl) TQ((El) T3($1) T4(.’L'1) T5(.’L‘1) TG(.’L'l) T7(.’L'1)

XT = . . . . . . .
e bounded, TI@) To(wy) Ta(zn) Tu(zn) Ts(zn) To(zn) Tr(z,)
e have compact support, From earlier
e closer to being orthogonal. B, = (X'Xr+ D) ' Xy,

= better numerical properties.

Recall the X matrix from earlier:

— the vector of fitted values is

Loz (m1—k)y (z1—k2)y (w1—nm3)y (o1 —ke)r (21— Ks)y

X =

L ozn (zn—k1)y (@0 —hK2)4 (@0 —Ks3)4 (Tn —kKa)y (Tn —Ks)t

U, = X108,
Let T(x;) be the (¢, 7) entry of X.

Also, give X the new name X, to emphasise
its use of Truncated line basis functions.

Uy = Xr( X7 X7+ D) ' X1y.



Let

Bl(éﬂl) Bg(ﬁl) Bg(xl) B4($1) B5(£L’1)
XB: . : : : :

Bi(z) Balwn) Ba(ww) Ba(wn) Bs(wn)

Then
Xp=X7L

where L is a7 x 7 invertible matrix.

Bs(xz1) By

Bg(x,) Bz

(z1)

(zn)

With some algebra we can show that
U= Xp(XtXp+A\L"DL) 'X 1Ly

Changing from one basis to another involves
an adjustment to the penalty term.

ie. \D - \L"DL.

Cubic B-splines

In practice it is more common to use cubic
rather than linear splines.

The cubic B-spline basis for this set of knots is
shown in the next graphic:



The R function smooth.spline() uses penalized
cubic B-splines.

The mathematics for cubic penalized splines
is similar to that given in this lecture for linear
penalized splines.

Even though cubic penalized splines are more
common in practice, linear penalized splines
allow us to explain the basic ideas fairly simply.

Bayesian Penalized Splines

In earlier slides ps,...,0k.o are the spline
coefficients.

If we treat these coefficients as random with

€.9. 83, ..., Brr2lon ~ N(0,07)
o, ~ Half-Cauchy(100000)

then Bayesian inference automatically takes
care of choosing a (hopefully) good smoothing
parameter.

If we re-label as follows:

up = B3, Ug = PB4, ..., Ug = Bri2

then we have a Bayesian model analogous to
the linear mixed model for grouped data:

2
O-l«

s



One could write an entire book on the uses of
penalized splines, such as:

Jaroslaw Harezlak
David Ruppert
Matt Wand

Semiparametric
Regression with
R




