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Chapter 2
Penalized Splines

2.1 Introduction

In this chapter, we study nonparametric regression with a single continuous
predictor. This problem is often called scatterplot smoothing. Our emphasis is on
the use of penalized splines. We also show that a penalized spline model can be
represented as a linear mixed model, which allows us to fit penalized splines using
linear mixed model software. In R the most relevant packages are mgcv (Wood
2017), which supports a wide range of semiparametric regression models, nlme
(Pinheiro et al. 2017) which supports the mixed model approach and rstan (Guo
et al. 2017) which supports the Bayesian approach. Detailed R scripts for the
examples presented in this book are in the HRW package (see semiparametric-
regression-with-r.net).

2.2 Penalized Spline Basics

Penalized spline smoothing is a simple way of fitting a curve to a scatterplot and
is a major building block for semiparametric regression. For now we focus on the
nonparametric regression model

yi = f (xi)+ εi , 1 ≤ i ≤ n, (2.1)

for predictor/response pairs (xi, yi). Here f is a smooth but otherwise arbitrary
function and the errors, εi , are independent random variables such that E(εi ) = 0.
A simple penalized spline model for f is

f (x) = β0 + β1 x +
K∑

k=1

uk (x − κk)+ (2.2)
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where x+ ≡ max(x, 0) for any x ∈ R and the κks, 1 ≤ k ≤ K , are pre-set values,
usually taken to be approximately equally spaced with respect to the quantiles of the
xis. We will discuss choice ofK in Sect. 2.4 but it is usually set to a number between
about 10 and 50. Functions of the form (2.2) are piecewise lines “tied together” at
the κks and, for this reason, the κks are called knots. The coefficients β0, β1 and uk ,
1 ≤ k ≤ K , are chosen according to the constrained optimization problem

minimize
n∑

i=1

{yi − f (xi)}2 subject to
K∑

k=1

u2k ≤ C (2.3)

for some C > 0. An equivalent optimization problem is

minimize

[
n∑

i=1

{yi − f (xi)}2 + λ

K∑

k=1

u2k

]

(2.4)

which is known as penalized least-squares, with λ ≥ 0 labeled the smoothing
parameter. The fitted function is

f̂ (x; λ) = β̂0 + β̂1 x +
K∑

k=1

ûk (x − κk)+

where the hatted coefficients are obtained from (2.4). The effect of λ on f̂ (·; λ) and
strategies for choosing its value are described in Sect. 2.3.

The upper panel of Fig. 2.1 shows the penalized spline fit to

xi = year of construction of ith apartment

and yi = area (square meters) per million złoty of the ith apartment

for 1 ≤ i ≤ 409 from the Warsaw apartment data introduced in Sect. 1.3.1, stored
as WarsawApts in the R package HRW. The smoothing parameter is λ = 100 and the
knots are placed at

κk =
(
k + 1
K + 2

)
th sample quantile of the unique xis

with K = 20. The corresponding spline basis functions (x − κk)+, 1 ≤ k ≤ 20, are
shown in the lower panel.

Even though the truncated line basis is simple and intuitive, it has some
disadvantages: (a) regression function fits have artificial kinks due to the restriction
that f is piecewise linear, and (b) the basis functions are unbounded and far from
orthogonal, which can lead to numerical problems. These shortcomings have been
long recognized in numerical analysis and have resulted in the development of
smoother and more stable spline bases. Increased smoothness can be achieved quite
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Fig. 2.1 Upper panel: Penalized spline fit to the Warsaw apartments running example regression
dataset based on (2.2) with λ = 100 and K = 20. The locations of the knots, κk , are shown by the
purple diamonds. Lower panel: the truncated line spline basis functions (x − κk)+, 1 ≤ k ≤ 20.

easily—by working with {(x − κk)+}p instead of (x − κk)+ for integers p > 1.
The basis functions, and hence the fits, are such that their (p − 1)th derivatives
are continuous. The most popular choice is p = 3, which leads to piecewise cubic
fits with continuous second derivatives. Numerical stability is achieved via linear
transformation of truncated polynomial bases with B-splines (e.g. de Boor 2001)
being the standard choice (Exercise 1). As explained in the Chap. 5 appendix of
Hastie et al. (2009), additional modifications can be made near the boundaries to
achieve good linear extrapolation properties. Further linear transformation, detailed
in Sect. 4 of Wand and Ormerod (2008), is required to ensure that the simple
penalized least-squares form (2.4) is appropriate for the spline basis coefficients.
The upshot of all of this is replacement of (2.2) by

f (x) = β0 + β1 x +
K∑

k=1

uk zk(x) (2.5)

where the zk , 1 ≤ k ≤ K , are new and improved spline basis functions. For reasons
given later in this section, we call the zk cubic O’Sullivan splines. Figure 2.2 is
analogous to Fig. 2.1 but with the (x−κk)+ replaced by zk(x)with knots at the same
locations. The bottom panel is a vertically zoomed version of the middle panel.

18 2 Penalized Splines

1940 1960 1980 2000

60
80

12
0

16
0

construction date (year)

ar
ea

 (m
2 )

 p
er

 m
illi

on
 z

lo
ty

1940 1960 1980 2000

−6
0

−2
0

0
20

40

construction date (year)

sp
lin

e 
ba

si
s 

fu
nc

tio
n

1940 1960 1980 2000

−2
−1

0
1

2

construction date (year)

sp
lin

e 
ba

si
s 

fu
nc

tio
n

Fig. 2.2 Top panel: Penalized spline fit to the Warsaw apartments running example regression
dataset based on (2.5) with λ = 100 and K = 20. The locations of the knots, κk , are shown by the
purple diamonds. Middle panel: the cubic O’Sullivan spline basis functions zk(x), 1 ≤ k ≤ 22.
Bottom panel: A zoomed view of the middle panel plot with the vertical range restricted to −2
to 2.

Unlike truncated lines, the zk functions do not have simple mathematical
expressions. The function ZOSull() in the R package HRW supports the evaluation
of zk(x) for arbitrary arguments x within a prespecified range. Specifically, the zk ,
1 ≤ k ≤ K , are defined with respect to range values a and b and interior knots
ξ1, . . . , ξK−2 for some positive integer K such that

a < ξ1 < · · · < ξK−2 < b.

Once these are specified, then zk(x) is defined for all a ≤ x ≤ b, but not for x
outside of the interval [a, b]. Usage of ZOSull() is illustrated by the following
code, which produces the middle panel of Fig. 2.2:
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> library(HRW); data(WarsawApts)
> x <- WarsawApts$construction.date
> a <- 1.01*min(x) - 0.01*max(x)
> b <- 1.01*max(x) - 0.01*min(x) ; numIntKnots <- 20
> intKnots <- quantile(unique(x),seq(0,1,length =
+ (numIntKnots+2))[-c(1,(numIntKnots+2))])
> xg <- seq(a,b,length = 1001)
> Zg <- ZOSull(xg,range.x = c(a,b),intKnots = intKnots)
> plot(0,type = "n",xlim = range(xg),ylim = range(Zg),
+ bty = "l",xlab = "construction date (year)",
+ ylab = "spline basis function")
> for (k in 1:ncol(Zg)) lines(xg,Zg[,k],col = k,lwd = 2)
> lines(c(min(xg),max(xg)),rep(0,2),col = "darkmagenta")
> for (k in 1:numIntKnots)
+ points(intKnots[k],0,pch = 18,cex = 2,col = "darkmagenta")

The object Zg is a 1001 × 22 matrix with kth column containing zk evaluated over
an equally spaced grid of length 1001 between a = 1929.22 and b = 2008.78.

O’Sullivan penalized splines also have the attraction of being a natural general-
ization of smoothing splines (e.g. Green and Silverman 1994). Smoothing splines,
parameterized by λ > 0, arise as the solution to the optimization problems

minimize

[
n∑

i=1

{yi − f (xi)}2 + λ

∫ ∞

−∞
f (m)(x)2 dx

]

(2.6)

over all functions f . The integral in (2.6) is known as a roughness penalty. For
m = 2, the solution to (2.6) is a linear combination of approximately n cubic basis
functions with knots at the xis. O’Sullivan (1986) provides a representation of the
solution in terms of cubic B-splines. Since the number of basis functions grows
with the sample size, so does the computational overhead of fitting a smoothing
spline. On the other hand, penalized splines with an O’Sullivan spline basis are
barely affected by high sample sizes and, for reasonable choices of K , are very
good approximations to smoothing splines. Because of the several attractive features
of O’Sullivan penalized splines, we will use them as the default for the remainder
of this book. From now on, a penalized spline estimate is assumed to use a cubic
O’Sullivan spline basis unless we say otherwise.

The R function smooth.spline() is so-named because it fits a smoothing
spline to the input data. However, its default is to use the O’Sullivan penalized spline
approximation when the sample size exceeds 50. The R code

> library(HRW); data(WarsawApts)
> x <- WarsawApts$construction.date
> y <- WarsawApts$areaPerMzloty
> fitSS <- smooth.spline(x,y,spar = 0.56)
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leads to a fit that is similar to that shown in the top panel of Fig. 2.2. The spar
in smooth.spline() is a monotonically increasing transformation of λ that is
described in this function’s help pages.

The choice of K and positioning of the interior knots have a relatively minor
effect on the fit. For most signals that arise in practice, including all examples in
this book, K = 35 O’Sullivan spline basis functions is sufficient. In keeping with
smoothing splines, a good default for the interior knots is

ξk =
(

k

K − 1

)
th sample quantile of the unique xis, 1 ≤ k ≤ K − 2.

An in-depth discussion on choosing K and formally checking whether a particular
K is adequate is given in Sect. 2.4.

In contrast to K , the value of λ has a very big influence on the penalized spline
fit. This is illustrated in Fig. 2.3 which shows four fits to the same data as in Figs. 2.1
and 2.2 with different values of λ.

The upper left panel of Fig. 2.3 has a very small λ and is close to an ordinary least-
squares fit. Since the basis functions are so numerous and wiggly, a high degree of
overfitting is observed. Setting λ = 100 leads to a more pleasing fit. If λ is made
very large, as in the lower two panels of Fig. 2.3, then the spline basis functions have
too little an influence and the fit becomes close to the ordinary least-squares line.
We next explain how a good λ value can be selected using the data.
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Fig. 2.3 Four penalized spline fits to Warsaw apartments running example regression dataset
based on (2.5) with the smoothing parameter λ set to a different value in each panel. The number
of spline basis functions is K = 35.
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2.3 Choosing the Smoothing Parameter

Figure 2.3 shows that λ has a profound impact on the resultant penalized spline.
Choosing λ by eye is one possibility and, as discussed in the previous section,
λ = 100 looks about right. However, an objective means of choosing the smoothing
parameter is desirable for a number of reasons. These include reproducibility, users
with varying degrees of experience and high throughput settings where very many
nonparametric regressions need to be performed and human involvement is not
feasible. There now exist several data-based algorithms that aim to select λ so that
the fit is optimal in some sense. We will not get into the technicalities of what it
means for a nonparametric regression estimate to be optimal here. Chapter 5 of
Ruppert et al. (2003), for example, provides details on this issue.

Two of the main penalized spline functions in R, smooth.spline() and gam()
in the mgcv package, select λ from the data using a method known as generalized
cross-validation (GCV) (Craven and Wahba 1979). The mathematical details of
GCV are given in Sect. 2.6 but the salient feature to note here is that it produces
an estimate of a theoretically optimal λ that depends only on the regression data
(xi, yi), 1 ≤ i ≤ n. We denote this estimate by λ̂GCV.

The following code illustrates penalized spline smoothing with λ chosen auto-
matically via GCV:

> library(HRW); data(WarsawApts)
> x <- WarsawApts$construction.date
> y <- WarsawApts$areaPerMzloty
> fitSSauto <- smooth.spline(x,y) ; print(fitSSauto)

This leads to the output:

Call:
smooth.spline(x = x, y = y)

Smoothing Parameter spar= 0.4977603 lambda= 8.835914e-05
(11 iterations)
Equivalent Degrees of Freedom (Df): 15.56644
Penalized Criterion (RSS): 18509.75
GCV: 322.2859

showing that the amount of smoothing has been chosen automatically via GCV.
The spar= 0.4977603 and lambda= 8.835914e-05 represent monotone trans-
formations of the λ parameter used in Sect. 2.2 and explanations are produced by
help(smooth.spline). The line GCV: 322.2859 indicates the minimum of the
GCV criterion function, which is given by (2.9) in Sect. 2.6.

GCV is also used for default smoothing parameter choice by the function gam()
in the R package mgcv (Wood 2017). Even though the primary aim of gam() is to
support sophisticated multi-predictor models, as discussed in Chap. 3, it supports
nonparametric regression via penalized splines as a special case. The code:

22 2 Penalized Splines

> library(mgcv) ; fitGAMauto <- gam(y~s(x,bs = "cr",k = 52))
> print(fitGAMauto)

mimics the default call to smooth.spline() given above by using a similar type of
basis (bs = "cr") and number of basis functions (k = 52). Note that the argument
k in the function s() corresponds to K + 2 in our notation since k is the total
number of basis functions including those for the linear component. The resultant
output is:

Family: gaussian
Link function: identity

Formula:
y ~ s(x, bs = "cr", k = 52)

Estimated degrees of freedom:
14.6 total = 15.58

GCV score: 322.2575

Notice that GCV score: 322.2575 is relatively close to that obtained from
smooth.spline() above. The total Estimated degrees of freedom is 15.58
which is also close to the Equivalent Degrees of Freedom value of 15.56644
in the smooth.spline() output. These are λ-dependent measures of the model
complexity that this book calls effective degrees of freedom and are explained in
Sect. 2.6.

The two GCV-based penalized spline fits are plotted in Fig. 2.4. As one might
expect, the curves are virtually indistinguishable.

Choosing λ equal to λ̂GCV leads to a pleasing nonparametric regression fit in this
example. Note, however, that λ̂GCV is an estimator of the theoretically optimal λ and,
hence, is susceptible to estimation error. Therefore, λ̂GCV may not always lead to such
a good fit, especially in high noise situations (e.g. Härdle et al. 1988).

2.4 Choosing the Basis Size

The number of spline basis functions, K , is not as crucial as the smoothing
parameter. However, a choice still has to be made. Assuming uniqueness of the
predictor values, smoothing splines defined by (2.6) choose K ≈ n. This has the
advantage of catering for arbitrarily wiggly signals and, for this reason, much of the
classical smoothing spline literature (e.g. Wahba 1990) is confined to this K ≈ n

situation. In R the call:

> fitClassicSS <- smooth.spline(x,y,all.knots = TRUE)

achieves such a regression fit with GCV smoothing parameter selection. However,
what has become known as the low-rank alternative (e.g. Hastie 1996) where K )
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Fig. 2.4 Penalized spline fit to the Warsaw apartments running example regression dataset
obtained from the default calls to the function smooth.spline() and gam(). In each case, the
smoothing parameter is chosen according to generalized cross-validation.

n for large n, has a number of practical advantages: (a) the computations do not
become too burdensome with very large sample sizes, (b) it is more amenable to
mixed model and Bayesian representations, and (c) extension to complicated models
such as those involving multiple predictors is more straightforward. In addition, if
the signal is not overly wiggly, then low-rank O’Sullivan penalized splines are very
close to classical smoothing splines for values of K that are much smaller than n

(e.g. Li and Ruppert 2008; Wand and Ormerod 2008; Kauermann et al. 2009). For
signals that typically arise in applications K ≈ 35 will often be more than enough.
The R commands:

> library(mgcv) ; help(choose.k)

give more discussion on this topic (Wood 2017).
There is a small literature on automatic choice of K from the data for penalized

spline regression and includes, for example, Ruppert (2002) and Kauermann and
Opsomer (2011). While such procedures are reasonably simple to implement in R,
they are not part of any of the main semiparametric regression packages. Instead
we will describe choice of K via the function gam.check() in the mgcv package
(Wood 2017), which performs a hypothesis test for the adequacy of the number of
spline basis functions in a gam() fit. The test, based on the so-called k-index, is
explained in the gam.check() help page. A fuller description is in Pya and Wood
(2016). For example, if we obtain the default gam() fit with cubic O’Sullivan splines
using:

2.4 Choosing the Basis Size 25

We see that K = 50 passes the k-index test with flying colors. Finally, a check that
K = 25 is also sufficient:

> fitGAM25splines <- gam(y~s(x,bs = "cr",k = 27))
> gam.check(fitGAM25splines)

Method: GCV Optimizer: magic
Smoothing parameter selection converged after 4 iterations.
The RMS GCV score gradient at convergence was 0.005054014.
The Hessian was positive definite.
Model rank = 27 / 27

Basis dimension (k) checking results. Low p-value (k-index<1)
may indicate that k is too low, especially if edf is close
to k'.

k' edf k-index p-value
s(x) 26 14 1.01 0.53

shows a similar k-index score and p-value.
Figure 2.5 shows each of the three fits. The lessons are: (a) the default K = 8

for gam() is too low and does not allow for the finer structure in the signal to be
recovered, (b) K = 25 is a much better choice and passes the k-index test, and (c)
for this particular signal there is no advantage in having more than 25 O’Sullivan
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Fig. 2.5 Illustration of the effect of K (the number of spline basis functions) on penalized splines
to the Warsaw apartments running example regression dataset.
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spline basis functions since the K = 25 low-rank approximation to the classical
smoothing spline is excellent and has less computational baggage than penalized
splines having many more basis functions.

2.5 Checking the Residuals

The examination of residuals is an important part of any regression analysis.
Residuals are used to check model assumptions and to locate outliers and other
potential problems with the data. Assuming model (2.1), the residual for the ith
case is yi − f̂ (xi).

In the previous two sections we have established that the choice

(K, λ) = (25, λ̂GCV)

is a good one for penalized spline fitting of the Warsaw apartments running
example regression dataset. As with ordinary least-squares regression, checks of the
residuals are in order for reasonableness of assumptions such as homoscedasticity
and normality. If a penalized spline fit is performed using the gam() function in the
mgcv package, then the gam.check() function applied to the gam() fit object (used
in the previous section to guide choice ofK) also provides residual plots. The code:

> print(gam.check(fitGAM25splines))

leads to the plot shown in Fig. 2.6. The top left panel is a Normal quantile-quantile
plot and the bottom left panel is a histogram of the residuals. Both plots show a
mild departure from normality, specifically right skewness, but not enough to be
of a serious concern. The top right panel is a plot of residuals against fitted values
and indicates that the homoscedasticity assumption is reasonable. The bottom right
plot is of the response and the fitted values. The squared correlation between these
variables is known as R2.

Two additional residual plots are shown in Fig. 2.7 and generated by the R code:

> stdResids <- (residuals(fitGAM25splines)
+ /sqrt(summary(fitGAM25splines)$scale))
> par(mfrow = c(1,2),mai = c(1,1,0.1,0.1))
> plot(x,stdResids,col="dodgerblue",cex = 1.5,
+ xlab = "construction date (year)",
+ ylab = "standardized residuals",
+ cex.lab = 2,cex.axis = 2,bty="l",
+ ylim=c(-3,max(stdResids)))
> abline(h = 0,col = "slateblue")
> for (hVal in c(-3,-2,2,3))
+ abline(h=hVal,lty = 2,col = "slateblue")
> acf(stdResids[order(x)],col="darkgreen",cex.lab = 2,
+ cex.axis = 2,main="")
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Fig. 2.6 Residual plots for the gam(y ~ s(x,bs = "cr",k = 27)) penalized spline fit to the
Warsaw apartments running example regression dataset. These plots are obtained from the call to
the function gam.check() applied to the gam() fit object.
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Fig. 2.7 Left panel: standardized residuals versus predictor values for the gam(y ~ s(x,bs
= "cr",k = 27)) penalized spline fit to the Warsaw apartments running example regression
dataset. The dashed horizontal lines at −3,−2, 2, and 3 aid assessment of the standard normality.
Right panel: estimated autocorrelation function of the standardized residuals with ordering with
respect to the predictor values.
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The standardized residuals are obtained by dividing the ordinary residuals by
an estimate of their standard deviation. This is extracted from the fit object
fitGAM25splines via sqrt(summary(fitGAM25splines)$scale). The left
panel of Fig. 2.7 shows an approximately equal-width band with most of the resid-
uals between −3 and 3 and all between −4 and 4. The right panel is the estimated
autocorrelation function of the residuals, ordered according to construction date,
and has only one borderline significant spike. Taken together, Fig. 2.7 and the upper
left panel of Fig. 2.6 are indicative of good compatibility with the homoscedasticity,
independence, and normality assumption on the errors:

εi
ind.∼ N(0, σ 2

ε )

for the (K, λ) = (25, λ̂GCV) penalized spline fit obtained from the gam() function in
mgcv.

The generalized linear models and generalized additive models discussed in
Chap. 3 use a generalization of residuals called deviance residuals; see Sect. 3.2.
With model (2.1) assumed in this chapter, residuals and deviance residuals coincide.
The mgcv package uses the term “deviance residuals” for both ordinary residuals
and their generalization. In the same vein, the sum of the squared residuals, or
residual sum of squares, is a standard statistic used to assess the goodness-of-fit of
linear models as well as the penalized spline models in this chapter. As discussed in
Chap. 3, for generalized linear models and generalized additive models, the deviance
is the generalization of residual sum of squares. Note that the mgcv package uses
the term “deviance” for both residual sum of squares and its generalization.

2.6 Effective Degrees of Freedom

The smoothing parameter λ associated with penalized spline smoothing depends on
the units of measurement of the regression data. Therefore λ is not a meaningful
parameter in terms of the effect that it has on the penalized spline fit. For a given
fit, λ can be made as small or big as one pleases simply by changing the units
of measurement of the data. The effective degrees of freedom (e.g. Hastie and
Tibshirani 1990) is a monotone transformation of λ that overcomes this drawback.
Denoted by EDF(λ), it is a meaningful and scale-free measure of the complexity of
a penalized spline fit.

We need some algebra to derive the appropriate form of EDF(λ). First, define the
matrices

C ≡




1 x1 z1(x1) · · · zK(x1)
...

...
...

. . .
...

1 xn z1(xn) · · · zK(xn)



 and D ≡
[
02×2 02×K

0K×2 IK

]
(2.7)
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where, for example, 02×2 is the 2×2 matrix of zeroes and IK is theK ×K identity
matrix. Straightforward algebra (Exercise 3) can be used to show that the vector of
fitted values of a penalized spline fit is




f̂ (x1; λ)

...

f̂ (xn; λ)



 = C(CTC + λD)−1CT y.

Under the nonparametric regression model (2.1) with the homoscedasticity condi-
tion Var(εi ) = σ 2

ε , 1 ≤ i ≤ n, one can show that

n∑

i=1

Cov
(
f̂ (xi; λ), yi

)
= σ 2

ε tr{(CTC + λD)−1CTC}.

This suggests the definition

EDF(λ) ≡ 1
σ 2

ε

n∑

i=1

Cov
(
f̂ (xi; λ), yi

)
= tr{(CTC + λD)−1CTC} (2.8)

as a scale-invariant measure of the effective degrees of freedom possessed by
f̂ (·; λ). Note that

EDF(0) = number of columns in C

which shows that the effective degrees of freedom reduces to the number of
parameters being fit when there is no penalization.

Definition (2.8) is a widely used standard in semiparametric regression, including
R software. For example, the fit object from a call to smooth.spline() includes
the effective degrees of freedom as the $df list component. An illustration is:

> library(HRW); data(WarsawApts)
> x <- WarsawApts$construction.date
> y <- WarsawApts$areaPerMzloty
> fitSS <- smooth.spline(x,y,spar = 0.56)
> print(fitSS$df)

[1] 12.42063

showing that EDF(λ) is about 12.4 for this fit. A rough interpretation is that the
fit has the same complexity as an 11th degree polynomial ordinary least-squares
fit—the latter having exactly 12 (effective) degrees of freedom.

Figure 2.8 is a reproduction of Fig. 2.3 with λ replaced by EDF(λ). The fit in the
top left panel is close to the ordinary least-squares fit with 37 basis functions (since
K = 35) and this is reflected in an EDF value being close to this maximal value. At
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Fig. 2.8 The four penalized spline fits of Fig. 2.3 but with effective degrees of freedom (EDF)
values instead of smoothing parameter values.

the other end of the spectrum, the bottom right panel is close to the minimum EDF
value of 2, corresponding to the least-squares line.

Common automatic smoothing parameter selectors are simple functions of
EDF(λ) and the residual sum of squares (RSS):

RSS(λ) ≡
n∑

i=1

{yi − f̂ (xi; λ)}2.

For example, λ̂GCV discussed in Sect. 2.3 is the minimizer of

GCV(λ) ≡ RSS(λ)
{1 − EDF(λ)/n}2 . (2.9)

The denominator on the right-hand side of (2.9) guards against the RSS-minimizing
choice of λ = 0. Details are given in, for example, Sect. 5.3 of Ruppert et al. (2003).

There are several other ways by which EDF(λ) and RSS(λ) can be combined to
produce sensible smoothing parameter selection criteria. For example,

AIC(λ) ≡ log{RSS(λ)} + 2EDF(λ)/n (2.10)
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is known as Akaike’s information criterion (AIC) (Akaike 1973). Yet another
criterion is corrected AIC (Hurvich et al. 1998) given by

AICC(λ) ≡ log{RSS(λ)} + 2{EDF(λ)+ 1}
n − EDF(λ) − 2

.

The semiparametric regression literature is not in total agreement regarding the
definition of AIC for Gaussian response models. For example, Hastie et al. (2009)
use a definition of AIC that differs from (2.10). However, note that (2.10) matches
Akaike (1973) and the majority of the literature.

Finally, we note that criteria such as AIC and GCV have wider usage outside of
smoothing parameter selection for penalized splines. They are commonly used to
choose between competing models regardless of whether nonparametric regression
is involved. Hence, they are known as model selection criteria.

2.7 Mixed Model-Based Penalized Splines

An alternative penalized spline model is

yi = β0 + β1 xi +
K∑

k=1

uk zk(xi)+ εi

where the spline coefficients, uk , 1 ≤ k ≤ K , are independent zero mean random
variables distributed independently of the εis. This is a special case of the linear
mixed model (e.g. Robinson 1991). If it is also assumed that

Var(uk) = σ 2
u , 1 ≤ k ≤ K, and Var(εi ) = σ 2

ε , 1 ≤ i ≤ n, (2.11)

then the best linear unbiased predictor of f (x) exactly matches the penalized spline
estimator with smoothing parameter

λ = σ 2
ε /σ

2
u .

Details of this equivalence are given in Sect. 4.9 of Ruppert et al. (2003). We call
this construction mixed model-based penalized splines. As we will see throughout
this book, this representation of penalized splines is extremely useful.

If (2.11) is strengthened to

uk
ind.∼ N(0, σ 2

u ) and εi
ind.∼ N(0, σ 2

ε ) (2.12)

then restricted maximum likelihood (REML) estimation of the variance parameters,
σ 2
u and σ 2

ε , is supported by contemporary mixed model software and yields an
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alternative approach to automatic penalized spline smoothing (e.g., Sect. 4.5.4 of
Ruppert et al. 2003). Let

λ̂REML ≡ σ̂ 2
ε /σ̂

2
u

denote the estimator of the optimal λ based on the REML estimators σ̂ 2
ε and σ̂ 2

u .
A matrix representation of the mixed model-based penalized spline with Gaus-

sian assumptions (2.12) is

y|u ∼ N(Xβ + Zu, σ 2
ε I ), u ∼ N(0, σ 2

u I ) (2.13)

where y is the n × 1 vector containing the yis,

X ≡




1 x1
...

...

1 xn



 and Z ≡




z1(x1) · · · zK(x1)

...
. . .

...

z1(xn) · · · zK(xn)



 (2.14)

are design matrices containing, respectively, the linear and spline basis functions of
the predictors, and

β ≡
[

β0

β1

]
and u ≡




u1
...

uK





are the corresponding coefficient vectors. In mixed model parlance, the entries of β
are called fixed effects and those of u are called random effects.

The R function lme() in the package nlme (Pinheiro et al. 2017) supports mixed
model-based penalized splines with restricted maximum likelihood smoothing
parameter selection. The following code provides illustration:

> library(HRW); data(WarsawApts)
> x <- WarsawApts$construction.date
> y <- WarsawApts$areaPerMzloty
> numIntKnots <- 23
> intKnots <- quantile(unique(x),seq(0,1,length=
+ (numIntKnots+2))[-c(1,(numIntKnots+2))])
> a <- 1.01*min(x) - 0.01*max(x)
> b <- 1.01*max(x) - 0.01*min(x)
> Z <- ZOSull(x,range.x = c(a,b),intKnots = intKnots)
> library(nlme)
> dummyID <- factor(rep(1,length(x)))
> fit <- lme(y ~ x,random = list(dummyID = pdIdent(~-1+Z)))
> betaHat <- fit$coef$fixed ; uHat <- unlist(fit$coef$random)
> sigsqepsHat <- fit$sigma^2
> sigsquHat <- as.numeric(VarCorr(fit)[1,1])
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The key command in this code chunk is the call to lme(). This function supports
best linear unbiased prediction and restricted maximum likelihood estimation
for a variety of linear mixed models, but geared towards grouped data settings.
To fit (2.13) for a general random effects design matrix as in (2.14) requires
some coercion. The object dummyID contains the full index set and random =
list(dummyID = pdIdent(~-1+Z)) forces all of the data to be in a single group
with a multiple of the identity matrix covariance matrix imposed the random effects.
The specification -1+Z ensures that a column of ones is not added to Z matrix—
which happens by default. Also, unlist(fit$coef$random) converts the object
fit$coef$random from an R list to an R array.

Note that the function gam() in the package mgcv uses lme() in this way when
method is set to "REML". Nevertheless it useful to know how lme() can be used
for fitting penalized splines since such knowledge aids extension to more elaborate
models, such as those described in Sect. 4.3, with user-specified design matrices.

The estimated variance parameters and their ratio are obtained as follows:

> outVec <- c(sigsqepsHat,sigsquHat,sigsqepsHat/sigsquHat)
> print(round(as.numeric(outVec),2))

[1] 317.09 1.46 217.75

The last of these numbers is the smoothing parameter selected by REML.
Given the best linear unbiased predictors of β and u, which we denote by β̂ and

û, the estimate of f (x) for any x ∈ R is

f̂ (x) = Xx β̂ + Zx û

where

Xx ≡ [1 x] and Zx ≡ [z1(x) · · · zK(x)].

Plotting an estimate over a grid simply involves stacking versions of Xx and Zx ,
with x taking the value of each grid-point, into matrices. The following code does
this for an array, xg, of ng grid-points. The R matrices Xg and Zg are the grid-wise
versions of X and Z:

> ng <- 1001 ; xg <- seq(a,b,length=ng)
> Xg <- cbind(rep(1,ng),xg)
> Zg <- ZOSull(xg,range.x = c(a,b),intKnots = intKnots)
> fHatg <- as.vector(Xg%*%betaHat + Zg%*%uHat)
> plot(x,y,bty = "l",xlab = "construction date (year)",
+ ylab = "area (square meters) per million zloty",
+ col = "dodgerblue",cex.lab = 1.5,cex.axis = 1.5)
> lines(xg,fHatg,col = "darkgreen",lwd = 2)
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Fig. 2.9 Mixed model-based penalized spline fit to the Warsaw apartments running example
regression dataset obtained using the function lme(). The smoothing parameter is chosen
according to restricted maximum likelihood.

The fit shown in Fig. 2.9 results.
Further calculations lead to

λ̂REML = 217.8 and EDF(̂λREML) = 10.72.

This second value can be compared with

EDF(̂λGCV) = 15.05,

indicating that the REML fits a penalized spline with less fine structure than GCV.
This is in keeping with the simulation study in Sect. 5.4 of Ruppert et al. (2003)
and, in particular, Fig. 5.7 given there. Theoretical insight on the behavior of λ̂REML

compared with more traditional smoothing parameter selectors is given in Kou and
Efron (2002), Reiss and Ogden (2009) and Krivobokova (2013). Exercise 8 explores
this issue further.

Mixed model-based splines have profound implications for semiparametric
regression. As we will see in upcoming chapters, they allow flexible function
estimation to be incorporated into sophisticated models that deal with complications
such as grouping and missingness using software for mixed models and hierarchical
Bayesian models. The latter requires Bayesian mixed model representations of
penalized splines, which is discussed in Sect. 2.10.
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2.8 Variability Bands

Figure 2.10 is an embellishment of Fig. 2.9 that has a variability band added to the
penalized spline fit. Valid inferential statements concerning the variability band is
a delicate topic and is discussed in detail in Sects. 6.2–6.4 of Ruppert et al. (2003).
An approximate interpretation is one of pointwise 95% confidence intervals for the
mean response. For example, the dashed vertical line at 1980 on the horizontal axis
cuts the variability band at 124.2 and 136.6. Therefore, 124.2m2/(million złoty) to
136.6 m2/(million złoty) is an approximate 95% confidence interval for the mean
area per million złoty of Warsaw apartments constructed in 1980. Simultaneous
confidence statements require a wider band (e.g., Sect. 6.5 of Ruppert et al. 2003).
Most R packages produce only pointwise confidence intervals. An exception is the
locfit() function in the locfit package (Loader 2013). This package uses local
polynomial regression (Loader 1999; Wand and Jones 1995) rather than penalized
splines.
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Fig. 2.10 The mixed model-based penalized spline fit of Fig. 2.9 with a variability band added
according to (2.15) and (2.16). The dashed vertical line passes through 1980 on the horizontal axis
and the points at which it crosses the boundaries of the variability band, 124.2 and 136.6 square
meters per million złoty, are the limits of an approximate 95% confidence interval for mean area
per million złoty for apartments constructed in 1980. Analogous pointwise confidence interval
statements apply to the points where other vertical lines cross the boundaries of the variability
band.
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The formulae for the lower and upper limits of the variability band shown in
Fig. 2.10 are

f̂ (x)± 2 ŝt.dev.{f̂ (x) − f (x)} (2.15)

where

ŝt.dev.{f̂ (x) − f (x)} = σ̂ε Cx

(
CTC + σ̂ 2

ε

σ̂ 2
u

D

)−1

CT
x (2.16)

with C and D as defined by (2.7) and Cx ≡ [Xx Zx]. The following R code
produces the variability band shown in Fig. 2.10 by computing (2.16) over a grid:

> Cg <- cbind(rep(1,ng),xg,Zg)
> C <- cbind(rep(1,length(y)),x,Z)
> D <- diag(c(0,0,rep(1,ncol(Z))))
> sdg <- sqrt(sigsqepsHat)*sqrt(diag(Cg%*%solve(crossprod(C)
+ + (sigsqepsHat/sigsquHat)*D,t(Cg))))
> CIlowg <- fHatg - 2*sdg ; CIuppg <- fHatg + 2*sdg
> plot(x,y,bty = "l",xlab = "construction date (year)",
+ ylab = "area (square meters) per million zloty",
+ type = "n",cex.lab = 1.5,cex.axis = 1.5)
> polygon(c(xg,rev(xg)),c(CIlowg,rev(CIuppg)),col = "palegreen",
+ border = FALSE)
> lines(xg,fHatg,col = "darkgreen",lwd = 2)
> points(x,y,col = "dodgerblue")
> abline(v = 1980,lty=2,col = "darkorange")

Although variability bands are useful for assessing the uncertainty of f̂ , hypoth-
esis testing is needed to address questions such as whether f is linear or nonlinear.
Testing will be discussed in Sect. 2.9.

2.9 Hypothesis Testing

In many applications, it is of interest to test whether a simple model is satisfactory
or instead a more complex model is needed to describe the data adequately.

In a parametric setting, when the models are nested a likelihood ratio test is often
used. The approximate distribution of twice the logarithm of the likelihood ratio
(LR) is

2 log(LR) ∼ χ2
DF1−DF0

(2.17)
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where DF1 and DF0 are the degrees of freedom of the fit for the full and reduced
(or null) models, respectively. For an F-test, DF1 −DF0 is the numerator degrees of
freedom.

For non-nested models, no approximate null distribution is readily available, but
a comparison can be made between the values of a model selection criterion such
as AIC.

Although we have stressed a certain algebraic equivalence between penalized
least-squares estimation and mixed models, they have led to rather different types
of tests. This difference is due to a fundamental difference between the likelihood
functions for fixed effects models and for mixed effects models. Let y be the
response vector, let β be a vector of coefficients that we will always treat as fixed
effects, and let u be another vector of coefficients. Assume that we wish to test that
u = 0.

If we treat the elements of u as fixed effects, then the likelihood is based on

p(y;β,u, σ 2
ε ), (2.18)

the density of y as a function of (β,u, σ 2
ε ). Here σ 2

ε is the variance of the εi . On the
other hand, if we treat u as a vector of random effects, then u must have a density
which we will denote by p(u; σ 2

u ). Let p(y|u;β, σ 2
ε ) be the conditional density

function of y given u as a function of (β, σ 2
ε ). Then the likelihood is

p(y;β, σ 2
ε , σ

2
u ) =

∫

RK
p(y|u;β, σ 2

ε )p(u; σ 2
u ) du, (2.19)

the density of y as a function of (β, σ 2
ε , σ

2
u ). Note that u has been integrated out and

so does not appear on the left-hand side of (2.19).
One approach to testing is to use (2.18) as the likelihood with u estimated using

a penalty. For Gaussian responses, this leads to approximate F-tests. This approach
is used extensively in Hastie and Tibshirani (1990) and is implemented in the mgcv
package. With this approach, an approximation to the null distribution of twice the
logarithm of the LR is

2 log(LR) ∼ χ2
EDF1−EDF0

.

For the approximate F-test, EDF1 − EDF0 is the numerator effective degrees of
freedom, in analogy to (2.17).

Crainiceanu et al. (2005a) take a mixed model approach based on using (2.19)
as the likelihood function. As described in Sect. 2.7, testing that u = 0 reduces
to the restricted likelihood ratio test (RLRT) that σ 2

u = 0. (It is assumed that
E(u) = 0 so σ 2

u = 0 implies that u = 0.) Crainiceanu et al. (2005b) found that in
this setting, approximation (2.17) can be very inaccurate and is not recommended.
The problem is that the assumptions made by this approximation are violated in
two ways: (a) the null value of the variance component being tested is 0 which
is on the boundary of the parameter space, whereas the approximation assumes
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that it is in the interior; and (b) the random effects imply that all of the yis are
correlated under the alternative hypothesis, whereas the approximation assumes that
they are independent, or at least can be divided into a large number of independent
clusters. The approximation (2.17) would be asymptotically correct if the number of
independent clusters is increased to infinity, provided the parameter is in the interior
of the parameter space. However, typically all yis are correlated.

In contrast, the penalized least-squares approach to testing uses the null hypoth-
esis that u = 0 where u is a nonrandom parameter. The null value of u is clearly
in the interior of the parameter space since both positive and negative values of the
components of u are possible. Moreover, in the penalized least-squares approach u
cannot induce dependencies between the yi since u is nonrandom. Therefore, the
assumptions behind approximation (2.17) are not violated in the penalized least-
squares approach to testing.

The mixed model approach to testing that the variance component σ 2
u is 0 is

implemented by the function exactRLRT() in the RLRsim package (Scheipl and
Bolker 2016). In the case of testing that a single variance component is 0, the exact
null distribution of the restricted likelihood ratio test statistic has been derived in
Crainiceanu and Ruppert (2004). However, it does not have a simple form and its
quantiles are not available in closed form. Instead, exactRLRT() simulates of the
null distribution. The default number nsim of simulated draws is 10,000 giving a
good approximation to the exact null distribution. Moreover, the computation is
very fast so much larger values of nsim are feasible.

When treating u as nonrandom, that is, using likelihood (2.18), the F-test’s type
I error rate can be far from the nominal value when testing the null hypothesis
of a parametric model versus a smooth regression. This problem occurs when the
difference in EDF between the parametric and smooth fits is very close to zero
because smooth fit is nearly the same as the parametric fit; this is likely when the
null hypothesis holds. If this difference in EDF values is large, at least greater than 1,
then there is less concern about a possibly erroneous p-value. A possible solution to
this problem is to select the smoothing parameter so that the EDF of the smooth fit is,
say, 3 more than the parametric fit. An easy way to do this is by letting the smoothing
parameter be zero and fixing the dimension of the spline basis appropriately, e.g., 3
more than the dimension of the parametric model. See Exercise 6.

We now return to the running example involving the Warsaw apartments dataset.
If we want to test existence of a relationship between the mean area/price ratio and
the construction date, then the null hypothesis is β1 = 0 and u = 0, and then we
can use the following code that implements an approximate F-test:

> library(HRW) ; data(WarsawApts) ; library(mgcv)
> fitPenSpl <- gam(areaPerMzloty ~
+ s(construction.date,bs = "cr",k = 27),
+ data = WarsawApts,method = "REML")
> anova(fitPenSpl)

and gives output:
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Family: gaussian
Link function: identity

Formula:
areaPerMzloty ~ s(construction.date, bs = "cr", k = 27)

Approximate significance of smooth terms:
edf Ref.df F p-value

s(construction.date) 9.703 11.878 18.58 <2e-16

Note that method = "REML" in the call to gam() leads to employment of mixed
model-based penalized splines with REML smoothing parameter selection, instead
of the default GCV smoothing parameter selection. Nonetheless, the F-test is based
on (2.18).

The value of the F-statistic is 18.58 with the associated p-value less than
2 × 10−16, so we strongly reject the null model of no relationship between mean
area/price ratio and construction date. The EDF of the fit is 9.7, so there is little
concern about an approximation error in the calculation of the p-value.

We might instead wish to test the null hypothesis of a parametric model versus a
nonparametric fit. If the parametric model is a linear, quadratic, or cubic polynomial,
then the F-test is performed with the following code:

> WarsawApts$const.date.sq <- WarsawApts$construction.date^2
> WarsawApts$const.date.cu <- WarsawApts$construction.date^3
> fitLinear <- lm(areaPerMzloty ~ construction.date,
+ data = WarsawApts)
> fitQuadratic <- update(fitLinear, .~. + const.date.sq)
> fitCubic <- update(fitQuadratic, .~. + const.date.cu)
> anova(fitLinear,fitQuadratic,fitCubic,fitPenSpl,test = "F")

which gives:

Analysis of Variance Table

Model 1: areaPerMzloty ~ construction.date
Model 2: areaPerMzloty ~ construction.date + const.date.sq
Model 3: areaPerMzloty ~ construction.date + const.date.sq

+ const.date.cu
Model 4: areaPerMzloty ~ s(construction.date, bs = "cr", k = 27)

Res.Df RSS Df Sum of Sq F Pr(>F)
1 407.0 197242
2 406.0 151979 1.0000 45262 142.6687 < 2.2e-16 ***
3 405.0 140195 1.0000 11784 37.1444 2.592e-09 ***
4 398.3 126362 6.7026 13833 6.5052 4.568e-07 ***
---
Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
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The small p-values lead to rejection of all three parametric models. Moreover,
fitPenSpl uses 9.7 effective degrees of freedom compared to 4 or fewer (effective)
degrees of freedom for the polynomial fits which is in keeping with these low p-
values.

We now use the exactRLRT in the RLRsim package to apply the mixed model
approach to the WarsawApts dataset and test for no effect for construction date.
Here we use 50,000 simulations. The computation is very fast, even with this many
simulations.

> library(RLRsim) ; library(mgcv)
> fitVIAgamm <- gamm(areaPerMzloty ~
+ s(construction.date,bs = "cr",k = 27),
+ data = WarsawApts,method = "REML")
> print(exactRLRT(fitVIAgamm$lme,nsim = 50000))

simulated finite sample distribution of RLRT.

(p-value based on 50000 simulated values)

data:
RLRT = 144.87, p-value < 2.2e-16

The test results are similar to those obtained earlier in this section (see the output on
page 38) using the approximate F-test in the package mgcv. Note that, although both
gam() and gamm() can fit a mixed model-based penalized spline, only the output of
gamm() is compatible with exactRLRT().

2.10 Bayesian Penalized Splines

Mixed model-based penalized splines can also be fit by adopting a Bayesian
approach. We call these Bayesian penalized splines. The advantages of a Bayesian
approach compared to the frequentist mixed model approach include taking into
account uncertainty associated with the variance components and the ability to deal
with complications, such as heteroscedasticity and missing data, which cannot be
handled using standard mixed model software. Such complications are tackled in
Chap. 6.

We assume that the reader has some familiarity with Bayesian statistical analysis.
Practical Bayesian inference for semiparametric regression, including that using R,
usually involves Markov chain Monte Carlo (MCMC) samples, or chains, from
the posterior distributions of parameters of interest. In the 1990s the Bayesian
inference Using Gibbs Sampling (BUGS) project (Lunn et al. 2013) established
itself as the most prominent software suite for MCMC-based Bayesian analyses.
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The packages BRugs (Ligges et al. 2017) and R2WinBUGS (Gelman et al. 2015)
provide access to BUGS from R. In the early 2010s the Stan project (Carpenter
et al. 2017) emerged. It uses versions of MCMC known as Hamiltonian Monte
Carlo (e.g., Sect. 12.4, (Gelman et al. 2014)) and the no U-turn sampler (Hoffman
and Gelman 2014). Stan is accessible from R via the package rstan (Guo et al.
2017). For the majority of Bayesian semiparametric regression models that appear
in this book we have found Stan to be the superior MCMC software platform. It
is usually faster, supports more distributions, has a richer programming language,
and runs on each of the operating systems supported by R. Therefore, rstan is the
main package used in this book for Bayesian semiparametric regression. However,
note that Stan is a long-term project that is still in a state of intense development
at the time of publication of this book. It is likely that future modifications of
Stan will impact some of the examples that we present here. The website for
this book semiparametric-regression-with-r.net should be consulted for
updates. Section 2.13 suggests further readings on Bayesian inference, MCMC,
BUGS and Stan.

A Bayesian version of the penalized spline nonparametric regression model is:

yi |β,u, σ 2
ε

ind.∼ N
(
β0 + β1 xi +

K∑

k=1

ukzk(xi), σ
2
ε

)
, 1 ≤ i ≤ n,

u|σu ∼ N(0, σ 2
u I ), β0,β1

ind.∼ N(0, σ 2
β ),

σu ∼ Half-Cauchy(Au), σε ∼ Half-Cauchy(Aε)

(2.20)

where u is the K × 1 vector containing the uk . The notation x ∼ Half-Cauchy(A)
means that x has density function

p(x) = 2/[Aπ{1+ (x/A)2}], x > 0

where A > 0 is a scale parameter. As explained in Gelman (2006), Half-Cauchy
priors possess attractive noninformativity properties.

It should be noted that (2.20) is the same as (2.13) except that now β0, β1, σu, and
σε are treated as random variables, and have prior distributions imposed on them.

The hyperparameters in (2.20) are σβ > 0, Au > 0, and Aε > 0. These need
to be specified by the user. For some Bayesian analyses the analyst may be able
to make an informed choice of the hyperparameters. However, this is usually not
the case for model (2.20) and its various semiparametric regression extensions.
Therefore noninformative priors are recommended in general. Throughout this book
we will enforce noninformativity by setting hyperparameters such as σβ , Au, and
Aε to very high positive numbers, but only after first standardizing the data to avoid
scale issues. We then transform the results back to the original units for presentation
of final results.
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MCMC is a computer-intensive methodology and semiparametric regression
analyses typically take minutes, and sometimes hours or days, to run—depending on
the complexity of the model. Therefore, we do not recommend doing MCMC-based
analyses in R from the command line. Instead we recommend working with scripts.
The R script WarsawAptsBayes.R uses the rstan function stan() to fit (2.20) to
the following variables in the data frame WarsawApts:

xi = standardized construction date of ith apartment,

yi = standardized area/price ratio of ith apartment

for 1 ≤ i ≤ 409 and with hyperparameters set to σβ = Au = Aε = 105. Thus, the
data for input into stan() are created as follows:

> xOrig <- WarsawApts$construction.date
> yOrig <- WarsawApts$areaPerMzloty
> mean.x <- mean(xOrig) ; sd.x <- sd(xOrig)
> mean.y <- mean(yOrig) ; sd.y <- sd(yOrig)
> x <- (xOrig - mean.x)/sd.x ; y <- (yOrig - mean.y)/sd.y
> sigmaBeta <- 1e5 ; Au <- 1e5 ; Aeps <- 1e5

The design matrices (2.14) are then obtained and stored in X and Z. The number
of columns in Z is coded as ncZ. Specification of (2.20) in Stan is done via the R
object npRegModel as follows:

> npRegModel <-
+ 'data
+ {
+ int<lower=1> n; int<lower=1> ncZ;
+ vector[n] y; matrix[n,2] X;
+ matrix[n,ncZ] Z; real<lower=0> sigmaBeta;
+ real<lower=0> Au; real<lower=0> Aeps;
+ }
+ parameters
+ {
+ vector[2] beta; vector[ncZ] u;
+ real<lower=0> sigmaeps; real<lower=0> sigmau;
+ }
+ model
+ {
+ y ~ normal(X*beta + Z*u,sigmaeps);
+ u ~ normal(0,sigmau); beta ~ normal(0,sigmaBeta);
+ sigmaeps ~ cauchy(0,Aeps); sigmau ~ cauchy(0,Au);
+ }'
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The code under the data heading declares each of the required dimension and
data variables. These are to be inputted, as described below. The model parameters,
for which inference is sought, are under the heading parameters. Finally, under
the model heading is the Stan coding of the Bayesian nonparametric regression
model (2.20). The code

y ~ normal(X*beta + Z*u,sigmaeps);

specifies the likelihood by giving the conditional distribution of the response vector
y given the parameters and the predictor data. Observe that the second argument
of the Stan function normal() specifies the standard deviation, not the variance.
Also, even though y and X*beta + Z*u are vectors of length n, Stan sets the
distributions in an element-wise fashion and independently. The code

u ~ normal(0,sigmau);

then specifies u|σu ∼ N(0, σ 2
u I ). Finally, the priors are specified via the code

beta ~ normal(0,sigmaBeta);
sigmaeps ~ cauchy(0,Aeps); sigmau ~ cauchy(0,Au);

A Stan trick is being used here to specify the priors σε ∼ Half-Cauchy(Aε)

and σu ∼ Half-Cauchy(Au). The declarations real<lower=0> sigmaeps and
real<lower=0> sigmau force these parameters to be confined to the positive
half-line. Since Half-Cauchy density functions are proportional to Cauchy density
functions on the positive half-line the sigmaeps ~ cauchy(0,Aeps) and sigmau
~ cauchy(0,Au) specifications achieve the desired effect.

The next step is to set up a list containing the data to be inputted into Stan:

allData <- list(n = length(x),ncZ = ncZ,y = y,X = X,Z = Z,
sigmaBeta = sigmaBeta,Au = Au,Aeps = Aeps)

We then compile the code via the command:

stanCompilObj <- stan(model_code = npRegModel,data = allData,
iter = 1,chains = 1)

although this only needs to be done once within the same R session if npRegModel
remains unchanged. Now that the model has been compiled, we run 3000 iterations
using:

nWarm <- 1000 ; nKept <- 2000 ; nThin <- 2
stanObj <- stan(model_code = npRegModel,data = allData,

warmup = nWarm,iter = (nWarm + nKept),
chains = 1,thin = nThin,refresh = 100,
fit = stanCompilObj)

The command nWarm <- 1000 and the setting warmup = nWarm inside stan()
means that the first 1000 iterations are used to “warm-up” the sampling scheme.
The specifications:

nKept <- 2000, nThin <- 2, iter = (nWarm+nKept) and thin = nThin
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mean that the samples from 2000 iterations following the warm-up period are kept
temporarily, but then thinned in such a way that only every second sample value
is ultimately kept. Thinning a MCMC sample results in some loss of information.
However, it aids visualization of MCMC output since, for unthinned output, the
number of points and lines may be too high to assess chain behavior.

The resultant MCMC samples of size 1000 are extracted via:

MCMCsamples <- extract(stanObj,permuted = FALSE)

The object MCMCsamples is a three-dimensional array containing MCMC samples
corresponding to each of the parameters specified in npRegModel, and a log-
probability quantity. The first dimension corresponds to the sample indices, the
second dimension corresponds to the chain indices, and the third dimension
corresponds to the different parameters. For the current example MCMCsamples is a

1000 × 1 × 32 array

since the final MCMC sample size is 1000, there is only one chain (chains =
1) and, with ncZ= 27, the number of parameters, including the log-probability
quantity, is 32.

The MCMC sample for σε is extracted using:

sigmaepsMCMC <- MCMCsamples[,1,
dimnames(MCMCsamples)$parameters == "sigmaeps"]

A more direct command that has the same effect is:

sigmaepsMCMC <- extract(stanObj,"sigmaeps",permuted = FALSE)

The command

sigmaepsOrigMCMC <- sd.y*sigmaepsMCMC

then puts the sample on the same scale as the original data. Figure 2.11 plots
pertinent aspects of the MCMC sample stored in sigmaepsOrigMCMC:

1. a time series or trace plot,
2. a lag-1 plot,
3. an autocorrelation function (acf) plot, and
4. a kernel density estimate of the posterior density function of σε in the original

units of the data.

The code and rationale behind Fig. 2.11 is now described. First the 4 × 1 layout
and the trace plot in the upper panel are produced using:

> par(mfrow=c(4,1),mai=c(0.7,0.6,0.15,0))
> plot(sigmaepsOrigMCMC,type = "l",col = "tomato",bty = "l",
+ ylab=expression(sigma[epsilon]),cex.lab = 1.5,
+ cex.axis = 1.5)
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Fig. 2.11 Four plots based on the MCMC sample for the parameter σε for rstan fitting of
the Bayesian nonparametric regression model (2.20) to the Warsaw apartments running example
regression dataset. The MCMC sample has been converted to the original units. First panel: trace
plot. Second panel: lag 1 plot. Third panel: autocorrelation function plot. Fourth panel: approximate
posterior density function based on kernel density estimation applied to the MCMC sample.

The horizontal axis variable is understood to be the indices 1 up to 1000 and
the vertical axis variable are the entries of sigmaepsOrigMCMC. The specification
type="l" means that the coordinate points are joined with line segments. This
allows better appreciation of the time ordering in the MCMC sample.

In the second panel we plot the entries of sigmaepsOrigMCMC, with the
exception of the first entry, against each entry’s preceding value:

> plot(sigmaepsOrigMCMC[-1000],sigmaepsOrigMCMC[-1],
+ xlab = "corresponding preceding value in sample",
+ ylab = "value in sample",col = "mediumblue",
+ bty = "l",cex.lab = 1.8,cex.axis = 1.8)
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This permits visual assessment of lag 1 autocorrelation in the sample. In this case no
relationship is apparent, suggesting negligible lag 1 autocorrelation in the thinned
chain.

The third panel of Fig. 2.11 is obtained via

> acf(sigmaepsOrigMCMC,bty="l",col = "olivedrab4",
+ ci.col = "blue",lwd = 2,main = "",cex.lab = 2,
+ cex.axis = 1.5)

and displays the estimated autocorrelations at the first 30 lags. The dashed blue
lines are 95% confidence interval limits under the assumption of independence.
The fact that the spikes are quite low and mostly within these limits is in keeping
with this MCMC sample being close to an independent sample from the posterior
distribution of σε. In forthcoming autocorrelation plots, including the first one in
Fig. 2.13, we will see examples of autocorrelation function plots with significantly
high spikes and, therefore, MCMC samples with some dependence. For the purpose
of approximate Bayes estimates and credible sets such dependence is usually
innocuous because laws of large numbers, on which these approximations are based,
also hold for dependent samples. However, as discussed below, autocorrelation may
necessitate having a larger MCMC sample size.

The code that produces the fourth panel of Fig. 2.11 is

> library(KernSmooth)
> dest <- bkde(sigmaepsOrigMCMC,
+ bandwidth=dpik(sigmaepsOrigMCMC))
> plot(dest,type = "l",col = "darkred",
+ xlab = expression(sigma[epsilon]),
+ ylab = "post. dens. f'n",bty = "l",
+ lwd = 2,cex.lab = 1.9,cex.axis = 1.5)
> abline(0,0)

The kernel density estimate object dest is obtained using the function bkde() from
the package KernSmooth (Wand and Ripley 2015) with the bandwidth selected
using the direct plug-in method (e.g. Wand and Jones 1995) via the function
dpik(). This is an MCMC-based approximation of the posterior density function
p(σε|y) on the original scale of the data.

When examining the trace plots, one should check that the initial behavior of the
plot is similar to the plot’s overall appearance—this indicates an adequate warm-up
period. In contrast, an initial increase or decrease of the plot indicates that a longer
warm-up is needed. The trace, lag 1, and autocorrelation function plots all serve to
show how well the chain is converging. Ideally, the trace plot should show rapid
changes, not slow undulations, the lag 1 plot should show little correlation between
each iterate and the previous one, and the autocorrelation function plot should show
a rapid decay to zero. If, instead, these plots show signs of slow convergence, then
a larger Monte Carlo sample size might be warranted.
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The MCMC-approximate Bayes estimate, with respect to squared-error loss, of
σε is

> print(mean(sigmaepsOrigMCMC))

[1] 17.86439

and a corresponding 95% credible interval is

> print(quantile(sigmaepsOrigMCMC,c(0.025,0.975)))

2.5% 97.5%
16.58944 19.21266

This is the Bayesian analog of the frequentist 95% confidence interval. There is a
0.95 posterior probability that a parameter is in its 95% credible interval. From here
onwards, all Bayes estimates are with respect to squared-error loss—corresponding
to the mean of the posterior density function.

Of central interest, however, is Bayesian inference of the regression function f

in (2.20) which is shown in Fig. 2.12. The curve in this figure is the Bayes estimate
of f but after conversion to the original units. The shaded region signifies pointwise
95% credible intervals. The Bayes estimate of f shows a similar nonlinear form to
the frequentist mixed model-based spline fit shown in Figs. 2.9 and 2.10. The dashed
vertical lines in Fig. 2.12 pass through the quartiles of the construction date sample.
The MCMC samples corresponding to these three vertical slices are assessed later
in Fig. 2.13.

The coding for Fig. 2.12 is given in the R script WarsawAptsBayes.R. Fig-
ure 2.13 summarizes the MCMC output for the effective degrees of freedom, the
error standard deviation, and the regression function at the first, second, and third
quartiles of the predictor. This figure was created by the function summMCMC(),
which is a generic function in the HRW package for producing chain diagnosis and
summary plots such as those given in Fig. 2.11, but for several parameters. Note
that the MCMC sample for the effective degrees of freedom shows some significant
autocorrelation. As explained in the discussion concerning Fig. 2.11, this level of
dependence is acceptable for approximate Bayesian inference.

The initial segments of the trace plots in Fig. 2.13 appear similar to the rest of
the trace plots. This suggests that the Markov chain was already in its steady state
by the end of the warm-up, so the warm-up period of 1000 iterations is adequate.

Numerical summaries can be formed for any chain of interest using the mon-
itor() function. The following code provides illustration for the parameters
summarized in Fig. 2.13:

> myMCMCarray <- array(0, dim = c(length(sigmaepsMCMC),1,5))
> myMCMCarray[,1,1] <- EDFMCMC
> myMCMCarray[,1,2] <- sigmaepsOrigMCMC
> myMCMCarray[,1,3] <- fhatOrigQ1MCMC
> myMCMCarray[,1,4] <- fhatOrigQ2MCMC
> myMCMCarray[,1,5] <- fhatOrigQ3MCMC
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Fig. 2.12 The Bayes estimate of the mean area per million złoty conditional on construction date
according to the Bayesian penalized spline model (2.20) fit to the Warsaw apartments running
example regression dataset. The shaded region corresponds to pointwise 95% credible sets. The
dashed vertical lines pass through the quartiles of the construction date sample.
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Fig. 2.13 Summary of the MCMC sample, thinned to every second iteration, from the posterior
distribution of the parameters in the Bayesian nonparametric regression model fit to the Warsaw
apartments running example regression dataset. The columns are: parameter, trace plot of MCMC
sample, plot of sample against sample lagged by one iteration, sample autocorrelation function,
kernel estimates of posterior density, and basic numerical summaries.
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> monitorAnswer <- monitor(myMCMCarray,warmup=0,print=FALSE)
> dimnames(monitorAnswer)[[1]] <- c("EDF","err.st. dev.",
+ "f(Q1)","f(Q2)","f(Q3)")
> print(signif(monitorAnswer,4))

which produces:

mean se_mean sd 2.5% 25% 50%
EDF 11.43 0.16220 2.0020 7.34 10.00 11.38
err. st. dev. 17.86 0.02588 0.6531 16.64 17.35 17.79
f(Q_1) 111.00 0.09281 2.5960 105.60 109.30 111.00
f(Q_2) 118.20 0.08245 2.2270 113.60 116.70 118.40
f(Q_3) 122.70 0.18850 5.1140 112.80 119.30 122.80

75% 97.5% n_eff Rhat
EDF 12.84 15.09 152.3 0.9990
err. st. dev. 18.26 19.19 637.0 1.0000
f(Q_1) 112.70 116.10 782.2 1.0020
f(Q_2) 119.70 122.80 729.5 0.9992
f(Q_3) 125.90 133.00 735.9 1.0010

For each parameter, mean is the mean of the MCMC sample and, hence, the
approximate Bayes estimate. Also, sd is the standard deviation of the MCMC
sample and estimates the posterior standard deviation. The second column lists
values of the se_mean is theMonte Carlo standard error, defined to be

se_mean ≡ sd/
√
n_eff

where sd is the sample standard deviation and n_eff is the effective sample
size of the MCMC sample and takes into account loss of information due to
autocorrelation. The Stan User’s Guide and Reference Manual provides full details
on the calculation of the effective sample size for a given MCMC sample. For
the EDF parameter (the effective degrees of freedom of the penalized spline) the
effective sample size is only about 152 even though the actual sample size is
1000. As a rule-of-thumb, we like to have effective Monte Carlo sample sizes of
at least 100 for all parameters. For a correlated sample, the Monte Carlo sample size
required might be much larger. That is why we used a Monte Carlo sample size of
1000. We see here that the rule-of-thumb criterion has been met for all parameters,
so we can conclude that the Monte Carlo sample size of 1000 is sufficiently large.
As the number of iterations increases, se_mean converges to zero and sd converges
to the posterior standard deviation, so se_mean will eventually become negligible
relative to sd.
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The summary statistics for the posterior sample also include the 2.5 and 97.5%
sample quantiles. The 2.5 and 97.5% sample quantiles are the endpoints of a 95%
credible interval.

The Rhat column is superfluous in this single chain example, but is a meaningful
statistic in the case of multiple chains, which is treated next in Sect. 2.10.1.

The full WarsawAptsBayes.R script can be run via the following commands:

> library(HRW) ; demo(WarsawAptsBayes,package = "HRW")

To access and, possibly, copy and edit WarsawAptsBayes.R note the following
code provides its location on the computer on which HRW is installed:

> system.file("demo","WarsawAptsBayes.R",package = "HRW")

2.10.1 Multiple Chains Extension

A common recommendation in MCMC-based analyses is to run more than one
Monte Carlo chain from different starting values and use the combined chains to
assess convergence (e.g., Sect. 11.4 of Gelman et al. 2014). The stan() function in
rstan has a default of four chains per parameter. These can be run in parallel on
multiple cores. When multiple chains are available, formal convergence diagnostics
such as those based on Brooks–Gelman–Rubin statistics (Gelman and Rubin 1992;
Brooks and Gelman 1998), can be employed. One such convergence statistic is
denoted by R̂interval (Brooks and Gelman 1998) and is a ratio of credible interval
lengths based on the combined chains and the mean of such intervals based on
individual chains.

Figure 2.14 provides illustration. The top panel shows the traces of three chains
for the parameter σε with distinctly different initial values. The middle panel shows
the trace plots of the numerator and denominator of the R̂interval statistic and the
bottom panel shows the statistic itself. As the three chains come together we see
that the numerator and denominator traces get closer to each other and the ratio
approaches unity. The upper dashed horizontal line in the bottom panel corresponds
to R̂interval = 1.2 and is a reasonable threshold for convergence being attained.

Figure 2.15 is an embellishment of Fig. 2.13 in that a column for Brooks–
Gelman–Rubin R̂interval trace plots has been added; the column headedBGR. This plot
is produced by the functions summMCMC() and BGRinterval() in the HRW package.
The BGR column is included in the plot produced by summMCMC() whenever
multiple chains are inputted. For this example we see that, for all chains, the R̂interval

statistic stays close to 1 after the first few kept iterations—indicative of very good
convergence.

MCMC analyses in the remainder of this book will involve single chains
and the less formal convergence diagnosis basedon examining trace, lag 1, and
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Fig. 2.14 Brooks–Gelman–Rubin convergence diagnosis for σε in rstan fitting of the Bayesian
nonparametric regression model (2.20) fit to the Warsaw apartments running example regression
dataset. Top panel: trace plots of three MCMC samples (chains) with different starting values.
Middle panel: trace plots of the numerator and denominator of the R̂interval statistic. Bottom panel:
trace plot of the R̂interval statistic. The horizontal dashed lines pass through R̂interval = 1 and R̂interval =
1.2.

autocorrelation function plots. This means that the examples can be tried out
without the additional effort required to run multiple chains. The extension of these
examples to multiple chains and BGR plots is straightforward if a formal diagnosis
is desired.

2.11 Choosing Between Different Penalized Spline
Approaches

So far in this chapter we have presented three different approaches to penalized
spline fitting:
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Fig. 2.15 A multiple chain extension of the MCMC summary plot shown in Fig. 2.13, produced
using summMCMC() in the HRW package. Six of the columns are the same as in Fig. 2.13, although
for different MCMC samples. There is an additional column labeled BGR that shows the Brooks–
Gelman–Rubin R̂interval statistic based on three chains for each parameter with random starting
values.

(A) penalized least-squares with smoothing parameter chosen by a model
selection criterion such as GCV,

(B) couching the problem within the frequentist mixed models framework and
estimating the coefficients via best linear unbiased prediction, with the
smoothing parameter chosen via REML,

(C) couching the problem within the Bayesian mixed models framework and
estimating all parameters via posterior means, made practical using MCMC.

How should one choose between these different approaches?
In the case of models with complete data satisfying the standard model assump-

tions (independence, normality, and homoscedasticity) reasonably, then (A) is the
preferred approach since it is very quick and simple to perform in R. However, (B)
and (C) come into their own when wemove away from this utopia and complications
such as grouping, non-normality, heteroscedasticity, missingness, and measurement
error rear their ugly heads. R packages such as mgcv can handle some of these
problems, but not all of them. In Chap. 4 we show how the mixed model approach is
very useful for handling correlations arising from grouping, such as in longitudinal
studies. In Chap. 6 we will see that the Bayesian mixed model approach withMCMC
packages such as rstan allows arbitrarily complicated situations to be handled.
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2.12 Penalized Splines with Factor Effects

Semiparametric regression combines the ideas of nonparametric and parametric
regression. We now introduce what is perhaps the simplest semiparametric regres-
sion model where the nonparametrically modeled effect of a continuous predictor is
combined with the parametrically modeled effect of a factor, which is a categorical
predictor.

2.12.1 A Simple Semiparametric Additive Model

The WarsawApts data frame includes a categorical variable named district that
indicates whether the apartment is in one of four districts of Warsaw: Mokotow,
Srodmiescie, Wola, and Zoliborz. A question that can be raised is whether the rela-
tionship between the area/price ratio and construction date varies between districts.
This can be explored by extending the nonparametric regression model (2.1) to allow
each district to have its own intercept:

(area/price)i = β1 I (Srodmiesciei )+ β2 I (Wolai )

+β3 I (Zoliborzi )+ f (construction.datei )+ εi .
(2.21)

Here

I (Srodmiesciei ) =
{
1 if the ith apartment is in Srodmiescie,
0 otherwise

and similar definitions apply to I (Wolai ) and I (Zoliborzi ). Model (2.21) is a
combination of a nonparametric effect for construction.date and parametric
model for the factor district, and is called a simple semiparametric regression
model by Ruppert et al. (2003). It is also additive since the effects of district
and construction date are added together. The Mokotow district is used here as
the reference level of the factor district, so that β1 is the difference between
the expected area/price ratio for apartments in the Srodmiescie and Mokotow
districts constructed in the same year, and β2 and β3 have analogous interpretation.
Model (2.21) can be fit in R using the following code:

> fitSimpSemi <- gam(areaPerMzloty ~ factor(district) +
+ s(construction.date,bs = "cr",k = 27),
+ data = WarsawApts)
> summary(fitSimpSemi)
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which leads to the output:

Family: gaussian
Link function: identity

Formula:
areaPerMzloty ~ factor(district) + s(construction.date,

bs = "cr",k = 27)

Parametric coefficients:
Estimate Std. Error t value Pr(>|t|)

(Intercept) 113.7319 1.2804 88.826 < 2e-16
***

factor(district)Srodmiescie -12.1574 2.1580 -5.634 3.38e-08
***

factor(district)Wola 0.7244 2.5419 0.285 0.776
factor(district)Zoliborz -1.2114 3.2364 -0.374 0.708
---
Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

Approximate significance of smooth terms:
edf Ref.df F p-value

s(construction.date) 13.77 16.66 13.84 <2e-16 ***
---
Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

R-sq.(adj) = 0.416 Deviance explained = 44%
GCV = 298.7 Scale est. = 285.73 n = 409

From this output we see that only Srodmiescie appears to be significantly
different from Mokotow. It is reasonable to conclude that mean area per million
złoty is about 12 square meters lower in the Srodmiescie district compared to the
Mokotow district. The area/price ratio in the Wola and Zoliborz are similar to that
in the Mokotow district. The negative effect of Srodmiescie on the mean area/price
ratio can be explained by noting that Srodmiescie is the central business district, or
“downtown” area, of Warsaw.

The script WarsawAptsSimpSemi.R in the HRW package contains the code that
produced Fig. 2.16 and it can be run by issuing:

> library(HRW) ; demo(WarsawAptsSimpSemi,package = "HRW")

The address of WarsawAptsSimpSemi.R on the computer on which HRW is installed
is determined from:

> system.file("demo","WarsawAptsSimpSemi.R",package = "HRW")
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Fig. 2.16 Left panel: scatterplot of area/price ratio versus construction date with color-coding
according to district for the Warsaw apartments running example. The curves are the estimated
mean response for each district based on the mgcv package gam() fit of the simple semiparametric
additive model (2.21). Right panel: R lattice graphics plot of the same data and curves as in the
left panel. Each panel within the lattice plot shows the scatterplot and estimated mean response
for each of the four districts of Warsaw. The left panel facilities comparisons between the districts
whereas the right panel presents separate, unobstructed views of each district. The four curves are
parallel because they come from a model without interactions. A model with interactions will be
considered in the next section.

2.12.2 A Simple Semiparametric Interaction Model

Next we consider a more complex model that allows each district to have its
own linear form and still keep the semiparametric relationship to be the same
between area/price ratio and construction data, so that the variables district
and construction.date interact in a parametric way. This model can be
written as

(area/price)i = f (construction.datei )+ β1 I (Srodmiesciei )

+ β2 I (Wolai )+ β3I (Zoliborzi )

+ β4 I (Srodmiesciei ) × construction.datei (2.22)

+ β5 I (Wolai ) × construction.datei

+ β6 I (Zoliborzi ) × construction.datei + εi .

(2.23)
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Fig. 2.17 Left panel: scatterplot of area/price ratio versus construction date with color-coding
according to district for the Warsaw apartments running example. The curves are the estimated
mean response for each district based on the mgcv package gam() fit of the interaction factor
effect model (2.23). Right panel: R lattice graphics plot of the same data and curves as in the
left panel. Each panel within the lattice plot shows the scatterplot and estimated mean response
for each of the four districts of Warsaw. Notice that because the model includes interactions, the
four curves are not parallel.

To fit model (2.23), we use the following code (contained in the script War-
sawAptsSimpSemiInt.R):

> fitSimpSemiInt <- gam(areaPerMzloty ~
+ factor(district)*construction.date +
+ s(construction.date,bs = "cr",k = 27),
+ data = WarsawApts)

The fits are shown in Fig. 2.17. We see that the linear differences between the
districts are not enormous. For example, the area/price ratios in the Srodmiescie
district are uniformly lower than in the other three districts. However, the area/price
ratios in the Zoliborz and Mokotow districts are predicted to be smaller than in
the Wola district for the buildings built between 1930 and 1980, but greater for the
buildings erected after 1980.

Next, we compare the nonparametric regression model, the simple semipara-
metric additive model of Sect. 2.12.1, and the simple semiparametric interaction
model. In the additive model, the effect of the factor district was added to
the nonparametric curve for the effect of construction.date. In the interaction
model, each district had its own linear component. We can compare all three models
using an F-test as follows:
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> fitNonParRegn <- gam(areaPerMzloty ~ s(construction.date,
+ k = 20),method = "REML",
+ data = WarsawApts)
> fitSimpSemiAdd <- gam(areaPerMzloty ~ s(construction.date,
+ k = 20) + district,method = "REML",
+ data = WarsawApts)
> fitSimpSemiInt <- gam(areaPerMzloty ~ s(construction.date,
+ k = 20) + construction.date*district,
+ method = "REML",data = WarsawApts)
> anova(fitNonParRegn,fitSimpSemiAdd,fitSimpSemiInt,test = "F")

Analysis of Deviance Table

Model 1: areaPerMzloty ~ s(construction.date, k = 20)
Model 2: areaPerMzloty ~ s(construction.date, k = 20)

+ district
Model 3: areaPerMzloty ~ s(construction.date, k = 20)

+ construction.date * district
Resid. Df Resid. Dev Df Deviance F Pr(>F)

1 394.20 126223
2 391.64 115501 2.5625 10722.2 14.3372 5.937e-08 ***
3 389.02 114686 2.6236 815.6 1.0651 0.3584
---
Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1

The small p-value (5.9 × 10−8) suggests that the additive model is an improve-
ment over the nonparametric regression model. However, the linear interaction
model does not provide improvement over the additive model (p-value= 0.3584).

The code that produced Fig. 2.17 is in the script WarsawAptsSimpSemiInt.R in
the HRW package. To run the code type:

> library(HRW) ; demo(WarsawAptsSimpSemiInt,package = "HRW")

To access WarsawAptsSimpSemiInt.R issue the following code to determine its
location on the computer on which HRW is stored:

> system.file("demo","WarsawAptsSimpSemiInt.R",package = "HRW")

2.12.3 A Simple Factor-by-Curve Model

Another simple model that allows for an interaction between the district and
construction date effects is

(area/price)i = f1−I (Srodmiesciei )(construction.datei )+ εi
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where

f0(x) ≡ β0 + β1 x +
K∑

k=1

u0kzk(x),

f1(x) ≡ β0 + β contrast
0 + (β1 + β contrast

1 ) x +
K∑

k=1

u1kzk(x),

u0k
ind.∼ N(0, σ 2

u0), u1k
ind.∼ N(0, σ 2

u1), and εi
ind.∼ N(0, σ 2

ε ), 1 ≤ i ≤ n. (2.24)

which allows for two unconstrained penalized splines—one for Srodmiescie and
one for the other three districts. The contrast function:

c(x) ≡ f1(x) − f0(x) = β contrast
0 + β contrast

1 x +
K∑

k=1

(u1k − u0k) zk(x)

represents the difference between mean area/price ratios outside of Srodmiescie and
in Srodmiescie. Note that Srodmiescie is the central business district of Warsaw.

The R script WarsawAptsSimpFacByCurv.R fits a Bayesian version of (2.24)
using rstan. The left-hand panel of Fig. 2.18 shows the Bayes estimates of f0
and f1, together with pointwise 95% credible sets. The right-handpanel shows the
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Fig. 2.18 Left panel: Scatterplot of area/price ratio versus construction date for the Warsaw
apartments running example with color-coding according to whether or not the apartment is
located in the Srodmiescie district. The curves are penalized spline fits according to the Bayesian
simple factor-by-curve interaction model (2.24). The solid curves are Bayes estimates and the
dashed curves are pointwise 95% credible sets. The fits are based on Markov chain Monte
Carlo sampling using the R package rstan. Right panel: The estimated contrast function and
corresponding pointwise 95% credible sets. The contrast function corresponds to non-Srodmiescie
minus Srodmiescie.
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same for the contrast function c. As one might expect, the mean area/price ratio is
significantly higher outside of central Warsaw over much of the construction date
axis and especially so for particular periods such as construction dates between 1960
and 1975.

The code that produced Fig. 2.18 is in the script WarsawAptsSimpFacBy
Curv.R in the HRW package and can be run by issuing:

> library(HRW) ; demo(WarsawAptsSimpFacByCurv,package = "HRW")

To view, copy, and edit WarsawAptsSimpFacByCurv.R note the location informa-
tion provided by:

> system.file("demo","WarsawAptsSimpFacByCurv.R",
+ package = "HRW")

More general factor-by-curve interaction models are treated later in Sect. 3.6.

2.13 Further Reading

Semiparametric regression is a major area of research with hundreds of journal
articles and several books on the topic published since the 1990s. Summaries
and pointers to the wider literature are provided by Gurrin et al. (2005), Ruppert
et al. (2003, 2009), Wood (2006a), and Hodges (2014). Key articles on low-rank
penalized splines are Parker and Rice (1985), O’Sullivan (1986), Eilers and Marx
(1996), Hastie (1996), and Wood (2003).

Pinheiro and Bates (2000) and McCulloch et al. (2008) are standard references
on mixed models. Gałecki and Burzykowski (2013) provide detailed discussion of
the nlme and lme4 packages.

There are many excellent introductions to Bayesian analysis and MCMC includ-
ing Carlin and Louis (2009), Gelman et al. (2014), Hoff (2010), and Lee (2012).
Lunn et al. (2013) is strongly recommended for learning more about BUGS. Albert
(2007) discusses Bayesian computations usingR and mentions BUGS briefly. Stan
is still in its early years and its main reference is Stan Development Team (2017).
Semiparametric regression via BUGS is illustrated by Crainiceanu et al. (2005b)
and Marley and Wand (2010). The R packages BayesX (Kneib et al. 2014) and
R2BayesX (Umlauf et al. 2016) also provide support for Bayesian semiparametric
regression. Illustrations are given in Umlauf et al. (2015).

As of this writing the main websites for BUGS and Stan are www.mrc-bsu.cam.
ac.uk/bugs/ and mc-stan.org.
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2.14 Exercises

1. Let T1, T2, and T3 be three functions on [0, 1] given by

T1(x) = 1, T2(x) = x, T3(x) = (x − 1
2 )+.

Recall that x+ ≡ max(x, 0) for x ∈ R. Also, let B1, B2, and B3 be three
functions on [0, 1] given by

B1(x) = (1 − 2x)+, B2(x) = 1 − |2x − 1|, B3(x) = (2x − 1)+.

a. Obtain plots of the Ti and Bi , i = 1, 2, 3, by running the following R code:
> ng <- 101 ; xg <- seq(0,1,length = ng)
> T1g <- rep(1,ng) ; T2g <- xg ;
> T3g <- (xg - 0.5)*(xg - 0.5>0)
> B1g <- (1 - 2*xg)*(1 - 2*xg>0)
> B2g <- 1 - abs(2*xg - 1) ; B3g <- 2*T3g
> par(mfrow = c(2,1))
> plot(0,type = "n",xlim = c(0,1),ylim = c(0,1),
+ xlab = "x",ylab = "",bty = "l")
> lines(xg,T1g,col = 1) ; lines(xg,T2g,col = 2)
> lines(xg,T3g,col = 3)
> text(0.1,0.8,expression(T[1]),col = 1)
> text(0.4,0.5,expression(T[2]),col = 2)
> text(0.8,0.2,expression(T[3]),col = 3)
> plot(0,type = "n",xlim = c(0,1),ylim = c(0,1),
+ xlab = "x",ylab = "",bty = "l")
> lines(xg,B1g,col = 4) ; lines(xg,B2g,col = 5)
> lines(xg,B3g,col = 6)
> text(0.1,0.9,expression(B[1]),col = 4)
> text(0.4,0.9,expression(B[2]),col = 5)
> text(0.9,0.6,expression(B[3]),col = 6)

b. Find expressions for B1, B2, and B3 in terms of T1, T2, and T3.
Hints: The R plots, rather than algebraic expressions, may be useful. Also,
what is B1 + B2 + B3?

c. Obtain the 3 × 3 matrix LTB such that

[B1(x) B2(x) B3(x)] = [T1(x) T2(x) T3(x)]LTB

for any x ∈ [0, 1].
d. Find the determinant of LTB and establish that LTB is invertible. In linear

algebra language, this implies that {B1, B2, B3} is an alternative basis for
the vector space of functions spanned by {T1, T2, T3}. It is known as the
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linear B-spline basis, and has better numerical properties that the truncated
line basis {T1, T2, T3}.

e. Based on a set of predictor values x1, . . . , xn let

XT ≡




T1(x1) T2(x1) T3(x1)

...
...

...

T1(xn) T2(xn) T3(xn)



 and XB ≡




B1(x1) B2(x1) B3(x1)

...
...

...

B1(xn) B2(xn) B3(xn)





be design matrices for the two bases in part d. Run the following code to
confirm that ordinary least-squares regression with design matrixXT leads
to same fit as that with design matrix XB .
> par(mfrow=c(1,1))

> set.seed(1) ; n <- 100 ; x <- sort(runif(100))

> y <- cos(2*pi*x) + 0.2*rnorm(n)

> plot(x,y,col = "dodgerblue",bty = "l")

> XT <- cbind(rep(1,n),x,(2*x - 1)*(2*x - 1>0))

> XB <- cbind((1 - 2*x)*(1 - 2*x>0),1 - abs(2*x - 1),

+ (2*x - 1)*(2*x - 1>0))

> fitT <- lm(y~-1+XT) ; fitB <- lm(y~-1+XB)

> lines(x,fitted(fitT),col = "orange",lwd = 6)

> lines(x,fitted(fitB),col = "darkgreen",lwd = 2)

2. a. Issue the following commands in R to fit the following cubic regression
model

yi = β0 + β1 xi + β2 x
2
i + α3 x

3
i + εi ,

to the running nonparametric regression example data, plot the fit, and
examine the residuals:
> library(HRW); data(WarsawApts)
> x <- WarsawApts$construction.date
> y <- WarsawApts$areaPerMzloty
> fitCubic <- lm(y ~ poly(x,3,raw = TRUE))
> ng <- 101 ; xg <- seq(1.01*min(x) - 0.01*max(x),
> 1.01*max(x) - 0.01*min(x),length = ng)
> fHatCubicg <- as.vector(cbind(rep(1,ng),xg,xg^2,xg^3)
+ %*%fitCubic$coef)
> plot(x,y,col = "dodgerblue")
> lines(xg,fHatCubicg,col = "darkgreen",lwd = 2)
> plot(fitted(fitCubic),residuals(fitCubic),
+ col = "dodgerblue")
> abline(0,0,col = "slateblue",lwd = 2)
Comment on the adequacy of this model.
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b. Issue the command:

trLin <- function(x,kappa) return((x-kappa)*(x>kappa))

to create the truncated line function with a knot at kappa (κ):

(x − κ)+ =
{
0, x ≤ κ

x − κ, x ≥ κ.

c. Now consider the spline regression model

yi = β0 + β1 xi + u1 (xi − κ1)+ + u2 (xi − κ2)+ + u3 (xi − κ3)+ + εi

where κ1, κ2, and κ3 are equally spaced knots over the range of the xis. Issue
the following R commands to fit the model to the data from part a. and plot
the fit:
> knots <- seq(min(x),max(x),length = 5)[-c(1,5)]
> X <- cbind(1,x)
> for (k in 1:3) X <- cbind(X,trLin(x,knots[k]))
> fitTLQ <- lm(y ~ -1 + X)
> Xg <- cbind(1,xg)
> for (k in 1:3) Xg <- cbind(Xg,trLin(xg,knots[k]))
> fHatTLQg <- as.vector(Xg%*%fitTLQ$coef)
> plot(x,y,col = "dodgerblue")
> lines(xg,fHatTLQg,col = "darkgreen",lwd = 2)
> plot(fitted(fitTLQ),residuals(fitTLQ),col = "dodgerblue")
> abline(0,0,col = "slateblue",lwd = 2)

Comment on the adequacy of this model.
d. Write an R script that uses ordinary least-squares via lm() to fit the spline

regression model

yi = β0 + β1 xi +
20∑

K=1

uk (xi − κk)+ + εi

where κ1, . . . , κ20 are equally spaced knots over the range of the data. The
script should then produce a scatterplot of the data, with the fitted curve
added and then a plot of the residuals against the fitted values.

e. Re-do part d., but using penalized least-squares, given by (2.4), with λ =
100.
Hint: See the explicit form of penalized least-squares given in Sect. 2.6.

3. a. Issue the following commands in R to plot truncated line and B-spline basis
functions with K = 15 knots:
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> library(splines) ; par(mfrow = c(2,1))
> K <- 15 ; ng <- 1001
> knots <- seq(0,1,length = (K+2))[-c(1,(K+2))]
> xg <- seq(0,1,length = ng)
> ZTg <- outer(xg,knots,"-") ; ZTg <- ZTg*(ZTg>0)
> CTg <- cbind(1,xg,ZTg)
> plot(0,type = "n",xlim = range(xg),ylim = range(CTg),
+ xlab = "x",ylab = "basis function")
> for (j in 1:(2+K)) lines(xg,CTg[,j],col = j)
> points(knots,rep(0,K),col = "darkmagenta",pch = 18)
> allKnots <- c(rep(0,2),knots,rep(1,2))
> CBg <- spline.des(allKnots,xg,ord = 2,
+ outer.ok = TRUE)$design
> plot(0,type = "n",xlim = range(xg),ylim = range(CBg),
+ xlab = "x",ylab = "basis function")
> for (j in 1:(2+K)) lines(xg,CBg[,j],col = j)
> points(knots,rep(0,K),col = "darkmagenta",pch = 18)

b. Re-issue the commands from part a. with higher values of K such as 25 and
35 to display larger bases of the same type.

c. For general K the matrix that transforms truncated line design matrices to
B-spline basis design matrices is the (K + 2) × (K + 2) matrix:

LTB = (K + 1)





1
K+1 0 0 0 · · · 0 0 0 0
−1 1 0 0 · · · 0 0 0 0
1 −2 1 0 · · · 0 0 0 0
0 1 −2 1 · · · 0 0 0 0
...

...
...

...
...
...
. . .

...
...

0 0 0 0 · · · 1 −2 1 0
0 0 0 0 · · · 0 1 −2 1





.

Issue the following commands inR to verify thatLTB has the aforementioned
transformation property:
> K <- 15 ; ng <- 1001
> knots <- seq(0,1,length = (K+2))[-c(1,(K+2))]
> xg <- seq(0,1,length = ng)
> ZTg <- outer(xg,knots,"-") ; ZTg <- ZTg*(ZTg>0)
> CTg <- cbind(1,xg,ZTg) ; LTB <- matrix(0,(K+2),(K+2))
> LTB[1,1] <- 1 ; LTB[2,1:2] <- (K+1)*c(-1,1)
> for (k in 3:(K+2)) LTB[k,((k-2):k)] <- (K+1)*c(1,-2,1)
> CBviaLTBg <- CTg%*%LTB
> plot(0,type = "n",xlim = range(xg),
+ ylim = range(CBviaLTBg),xlab = "x",
+ ylab = "basis function")
> for (j in 1:(2+K)) lines(xg,CBviaLTBg[,j],col = j)
> points(knots,rep(0,K),col = "darkmagenta",pch = 18)
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d. Show that |LTB| = (K + 1)K+1. Since |LTB| ,= 0, the two bases span the
same vector space for any K .

e. Let (xi, yi), 1 ≤ i ≤ n, be a set of regression data and define the matrices

CT ≡




T1(x1) · · · TK+2(x1)

...
. . .

...

T1(xn) · · · TK+2(xn)



 , D ≡
[
02×2 02×K

0K×2 IK

]
and y ≡




y1
...

yn



 .

Show that the vector of fitted values for the penalized least-squares prob-
lem (2.4), with f given by (2.2), is




f̂ (x1; λ)

...

f̂ (xn; λ)



 = CT (C
T
TCT + λD)−1CT y.

f. If CB is defined analogously to CT , but containing Bj (xi) values, then show
that the vector of fitted values also equals

CB(C
T
BCB + λLT

TBDLTB)
−1CBy.

g. Issue the commands:
> set.seed(1) ; n <- 500 ; x <- sort(runif(n))
> y <- (6*x + sin(4*pi*x^2))/(5*x+1) + 0.1*rnorm(n)
> plot(x,y,bty = "l",col = "dodgerblue")
to generate and plot some test nonparametric regression data. Add the
(K, λ) = (35, 0.01) fitted values based on both the truncated line basis
expression from part e. and the B-spline basis expression from part f. and
verify their equality for this example. The B-spline basis is preferable due to
its better numerical stability.

4. Ensure that the package Ecdat (Croissant 2016) is installed in your R environ-
ment and issue the following R commands to obtain a scatterplot of data on
inflation rate against logarithm of gross domestic product for Canada based on
quarterly observations between 1950 and 1996:

> library(Ecdat) ; data(Tbrate) ;
> x <- as.data.frame(Tbrate)$y
> y <- as.data.frame(Tbrate)$pi
> plot(x,y,bty = "l",col = "dodgerblue",
+ xlab = "inflation rate (percentage)",
+ ylab = "logarithm(gross domestic product)")

a. Use the function gam() in the package mgcv to fit and plot a penalized
spline to these data with GCV choice of the smoothing parameter. Use
gam.check() to ensure that the number of spline basis functions in your
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final answer is sufficient. An autocorrelation function plot of the residuals
shows a small amount of serial correlation. For the purpose of this exercise
we ignore this and assume independence of the errors.

b. Use the function lme() in the package nlme to fit and plot a mixed model-
based penalized spline to these data with REML choice of smoothing
parameter. Also add a variability band to the plot, corresponding to approx-
imate pointwise 95% confidence interval coverage.

c. Use the function stan() in the package rstan to fit and plot a Bayesian
mixed model-based penalized spline to these data. Also add a variability
band to the plot, corresponding to approximate pointwise 95% credible
interval coverage. Your answer should include some diagnostic plots of
MCMC samples for key parameters. The script WarsawAptsBayes.R in the
HRW package contains some relevant code.

5. Issue the R commands:

> library(HRW) ; library(mgcv) ; data(WarsawApts)
> x <- WarsawApts$construction.date
> y <- WarsawApts$areaPerMzloty
> plot(x,y,bty = "l",col = "dodgerblue")
> fitGAMcr <- gam(y ~ s(x,bs = "cr",k = 30))
> xg <- seq(min(x),max(x),length = 1001)
> fHatgGAMcr <- predict(fitGAMcr,newdata = data.frame(x = xg))
> lines(xg,fHatgGAMcr,col = "darkgreen")

to fit and plot a penalized spline fit to the running nonparametric regression
example data with 30 cubic regression spline basis functions and GCV-based
smoothing parameter selection.

a. Obtain fits with other types of penalized bases specified in the call to s()
within the gam() function. Specifically, instead of bs = "cr" use:

i. bs = "gp" (Gaussian process basis functions),
ii. bs = "ps" (P-splines),
iii. bs = "tp" (thin plate regression splines).

Produce a plot that compares all four fits.
b. Obtain fits with other numbers of basis functions specified in the call to s()

within the gam() function. Specifically, retain bs = "cr" but instead of
k = 30 use:

i. k = 40 (40 basis functions),
ii. k = 50 (50 basis functions),
iii. k = 60 (60 basis functions).

Produce a plot that compares all four fits.
c. Obtain the fit with REML smoothing parameter selection, but with bs =

"cr" and k = 30 retained, via the call:
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> fitGAMcrREML <- gam(y ~ s(x,bs = "cr",k = 30),
+ method = "REML")
Produce a plot that compares the GCV-based and REML-based fits.

d. Based on the plots in parts a., b., and c., what can be said about the relative
influence of the type of basis, number of basis functions, and method of
smoothing parameter selection for this example?

6. Consider the nonparametric regression model

yi = f (xi)+ εi , εi
ind.∼ N(0, σ 2

ε ), 1 ≤ i ≤ n (2.25)

and the hypothesis testing problem

H0 : f is linear versus H1 : f is a smooth nonlinear function. (2.26)

a. Ensure that the package RLRsim (Scheipl and Bolker 2016) is installed in
your R environment.

b. Start an R session and issue the commands:
> set.seed(1)
> x <- seq(0,1,length = 200) ; y <- x + rnorm(200)
to generate a dataset from (2.25) with f (x) = x, σε = 1, and n = 200.

c. Issue the following commands to obtain p-values for three different tests
of (2.26):
> library(mgcv) ; library(RLRsim)
> fitLine <- gam(y ~ x) ; fitDfltPenSpl <- gam(y ~ s(x))
> print(anova(fitLine,fitDfltPenSpl,
+ test = "F")$"Pr(>F)"[2])
> fitOLSspl <- gam(y ~ s(x,k = 5,sp = 0))
> print(anova(fitLine,fitOLSspl,test = "F")$"Pr(>F)"[2])
> fitGAMM <- gamm(y ~ s(x),method = "REML")
> print(exactRLRT(fitGAMM$lme)[2])
The three tests are (1) an F-test using the gam() default penalized spline
fit, (2) an F-test using an ordinary least-squares fit with two linear and three
spline basis functions, and (3) the exact restricted likelihood ratio test using
the function exactRLRT() in RLRsim. Given that H0 is true, comment on
the results.

d. Replicate 1000 random datasets of according to the code in part b. For each
replication perform the three tests from part c. and store the p-values. Plot
histograms of the p-values for all three tests. Comment on the histograms.

e. Suppose that the significance level of the tests is set at 0.05. Using the p-
values from d. tabulate the proportions of tests that reject H0 for each of
the three tests. Which tests have rejection probabilities that are close to the
advertised significance level?
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7. As in Exercise 6 we consider the nonparametric regression model (2.25) and
hypothesis testing problem (2.26) but work data generated from with the family
of regression functions

f (x; θ) = x + θφ(x; 1/2, 1/4), 0 ≤ θ ≤ 1

where φ(·;µ, σ ) is the Normal density function with mean µ and standard
deviation σ . Note that f (x; 0) is linear but f (x; θ) is nonlinear for 0 < θ ≤
1.

a. Enter the following commands in R to obtain a plot of f (·; θ) for θ ∈
{0, 0.05, . . . , 1}:
> theta <- seq(0,1,by = 0.05)
> xg <- seq(0,1,length = 1001)
> plot(xg,xg,type="l",ylim = c(0,2.15),bty = "l",
+ xlab = "x",ylab = expression(paste("f(x;",theta,")")))
> for (j in 2:length(theta))
+ lines(xg,xg + theta[j]*dnorm(xg,0.5,0.25),col = j)

b. Consider the three tests from part c. of Exercise 6 and set the significance
level of the tests to be 0.05. For each θ ∈ {0, 0.05, . . . , 1} simulate 1000
random datasets according to the model

yi = f (xi; θ)+ εi , εi
ind.∼ N(0, σ 2

ε ), 1 ≤ i ≤ n,

with n = 200, σε = 1 and the xis equally spaced between 0 and 1 and apply
all three tests to each dataset. Use the rejection proportions to approximate
the power functions of each test. Plot the approximate power functions on
the same set of axes.

c. Based on the plot in part b., which test performs best in terms of achieving
the advertised significance and being the most powerful?

8. As discussed in Sect. 2.7 GCV and REML are two methods for selecting
the smoothing parameter of a penalized spline. Consider the nonparametric
regression setting from Exercise 7:

yi = f (xi; θ)+ εi , εi
ind.∼ N(0, σ 2

ε ), 1 ≤ i ≤ n (2.27)

where the xis are equally spaced between 0 and 1.

a. Fix (n, θ, σε) = (800, 0.5, 0.2) and generate a sample of (xi, yi) observa-
tions via the code:
> n <- 800 ; theta <- 0.5 ; sigmaEps <- 0.2
> set.seed(1) ; x <- seq(0,1,length = n);
> y <- x + theta*dnorm(x,0.5,0.25) + sigmaEps*rnorm(n)
Next obtain GCV-based and REML-based penalized spline fits via the calls:
> library(mgcv) ; fitGCV <- gam(y ~ s(x,k = 27))
> fitREML <- gam(y ~ s(x,k = 27),method = "REML")
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For a generic estimator f̂ of f (·; θ), the average squared error (ASE)
performance measure is

ASE ≡ 1
n

n∑

i=1

{f̂ (xi) − f (xi; θ)}2.

Implement the following code to compare the ASE values for the GCV-based
and REML-based penalized spline estimates:
> fhatGCV <- fitted(fitGCV) ; fhatREML <- fitted(fitREML)
> fTrue <- x + theta*dnorm(x,0.5,0.25)
> ASEforGCV <- sum((fhatGCV - fTrue)^2)/n
> ASEforREML <- sum((fhatREML - fTrue)^2)/n
> print(c(ASEforGCV,ASEforREML))
If the value of ASEforGCV is lower than ASEforREML, then GCV is better
than REML for this particular dataset and vice versa.

b. Fix (θ, σε) = (0.5, 0.2) and allow the sample size to vary over the set
n ∈ {25, 50, 100, 200, 400, 800, 1600, 3200}. For each value of n in this
set generate 100 random datasets according to (2.27), obtain the GCV-based
and REML-based penalized spline estimates of f (·; θ) using the code from
part a. and record the ASE performance measures for each fit.

c. Do the same as in part b. but fixing (n, σε) = (800, 0.2) and allowing θ to
vary over the set θ ∈ {0, 0.1, . . . , 1}.

d. Do the same as in part b. but fixing (n, θ) = (800, 0.5) and allowing σε to
vary over the set σε ∈ {0.1, 0.2, . . . , 1}.

e. Obtain comparative graphical and statistical summaries of the ASE perfor-
mance values and make some conclusions about the relative performance of
GCV and REML.

9. The simple factor-by-curve interaction model for the Warsaw apartment data
given by (2.24) has one curve for the Srodmiescie district and one curve for
each of the remaining districts.

a. Extend the model so that there is a separate curve for each of the four
districts.

b. Modify the code in the R script WarsawAptsSimpFacByCurv.R to fit the
model formulated in part a. and obtain a color-coded plot showing fitted
mean curves for each district and corresponding 95% pointwise credible sets.

c. Obtain and plot contrast function estimates for all six pairs of districts.
Include 95% pointwise credible sets with each contrast function estimate.

10. The dataset TreasuryRate in the HRW package contains two variables, date
and rate. The latter is the daily one-month maturity U.S. Treasury rate from
July 31, 2001 until July 10, 2013. There are occasional missing values due to
holidays.
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a. Issue the following commands in R to remove the missing values and obtain
a time series plot of the rates:
> library(HRW) ; data(TreasuryRate)
> date <- (as.Date(TreasuryRate$date,"%m/%d/%Y")
+ [!is.na(TreasuryRate$rate)])
> r <- TreasuryRate$rate[!is.na(TreasuryRate$rate)]
> plot(date,r,type = "l",bty = "l",col = "darkgreen",
+ xlab = "date",ylab="U.S. Treasury rate")
Let rt be the t th value of the variable plotted on the vertical axis, 1 ≤ t ≤
2987.

b. Define ∆rt ≡ rt − rt−1 and consider the nonparametric mean and variance
regression model

∆rt = f (rt−1)+
√
g(rt−1) εt ,

where f and g are smooth functions and, as a working assumption, assume
first that the εt are independent and identically distributed. Mixed-model
based penalized spline models for the mean and variance functions are

f (r) = β0 + β1 r +
Kf∑

k=1

uk z
f
k (r), uk ∼ N(0, σ 2

u )

and

g(r) = exp




γ0 + γ1 r +
Kg∑

k=1

vk z
g
k (r)




 , vk ∼ N(0, σ 2
v )

where the zfk and z
g
k are O’Sullivan cubic spline bases of sizes Kf and Kg

respectively. By modifying the code in WarsawAptsBayes.R fit a Bayesian
penalized model with Kf = 10 and Kg = 100. Use hyperparameter values
similar to those used in WarsawAptsBayes.R. Make the additional working
assumption that the εt are normally distributed. Plot the estimates of the
mean function f and the standard deviation function

√
g.

c. The t th standardized residual is

ε̂t ≡ {∆rt − f̂ (rt−1)}/
√
ĝ(rt−1)

and estimates εt . Plot ε̂2t against t . If the assumption that the εt are
independent and identically distributed holds, then the ε̂2t should have
a constant mean and be uncorrelated. Do you see evidence against this
assumption?
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d. The plot in part c. shows that there is a period of high volatility during
the financial crisis of 2008–2009. The model for g does not account for
extra variance due to this volatility. This extra variance could be modeled
by assuming that εt follows a generalized autoregressive conditional het-
eroscedasticity (GARCH) process rather than being an independent process.
See Ruppert and Matteson (2015) for details on GARCH processes and R
code for fitting them.


