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L.1. | Relevant page(s) in the notes: 79

The integral of interest is
[:/ exp(—7z") dz.
0

Consider the substitution

4

u="Tx — g =74V
Then »
dr /4, —3/4 _u M du
@—17 U — dx——4(71/4) .
Also

=0 = u=0 and T =00 = U= 00.

These results lead to

. 1 > —-3/4 —u .
[_WA u e du =

/Ooul/41€udu: FGD
0

A(71/4) ATy

Note that, due to the Gamma function property I'(z + 1) = 2I'(z), other equivalent
answers exist. An example is I = I'(5/4)/7"/4.

L.2. | Relevant page(s) in the notes: 79, 80

Using the definition of the Beta function and equation (6.10) that expresses the Beta
function in terms of the Gamma function we have

1 1
/ x’l/g(l — :L’)’7/8 dx:/ x7/8’1(1 — x)1/8’1 dx
0 0

= B(7/8,1/8)
_ I(7/8)I'(1/8)
a I'(1)

~ I(7/8)I'(1/8)
N 0!
=T(7/8)T'(1/8).

'This document is less than a few months old which makes errors more likely. Updated versions with later
dates may be released during the semester. Notifications will be sent via e-mail whenever an updated version
is released.



L.3. | Relevant page(s) in the notes: 62

For each R > 0 define

L
I = d
O
Let
9 du
u=x"+1 - d—:2x - du = 2z dz.
x
Also
r=-2R — u=R*+1 and z=R = u=R?>+1.
Hence
R2+1 R2+1
I(R) = %/ utdu = %[ln(u)] =0.
R241 R241
Then, trivially,
lim I(R)=0
R—o0
which leads to

=0.

o [

L.4. | Relevant page(s) in the notes: 17, 93

For all z > 1 we have

Go {ﬁ} - %f]—l/w?)’“-

k=0
Since z > 1 = | — 1/2?| < 1, this series converges for all z > 1. Therefore,
i - _ Inla i (—1/2*)* i( DfIn(x)z?*2 = lim i(—l)kln(x)x%?_
-0 h=0 k=0
Hence

n

/loo In(z) dr = /10O lim S (=1)*In(z)z %2 dr = /100 lim £, () dz

1 2 n—00 n—00
T k=0

where

n

falz) =) (=1)*In(z)z~*> forall n€ N and z > 1.
k=0
From the interchange of integration and limits result in the exercise

/00 lim f,(x)dz= lim Oofn(x) dx
1

n—oo n—oo 1
= lim Z(—l)k In(z)z~ %2 dx
n—oo 1
k=0

n

1 Y —2k—2
—ILHSOZ( 1)/1 In(x)x dx.

2



Let

u=1In(zr) = z=¢" = —=€' = dr=ec"du

Noting that

we then have

Using integration by parts

00 —(2k+1Du 00
/ we— kDU gy, — [ e (2k+1) } N 1 / o @k)u g,
0 0 0

{-(2k+1)} 2k +1
1 —(2k+1)u
__(2k;+1)2[€( )]0
1
2k +1)2

Therefore,

< In(x) ) n (_1)k 00 (_1)k
/1 1+m2dx:7}££lozm22m:G.

k=0 k=0
L.5. | Relevant page(s) in the notes: 17,69, 70
The goal is to obtain
1 1 3
/ zIn®(z) J
o 1—uat
Consider the substitution
d
rz=e " & @ —e ¢ = dr = —e “du.
du
This substitution is also such that
In(z)=—-u, =0 = wu=o00 and z=1 = u=0.
We then have
1 xlng(x) 0 €7u(—U)3 [e'e) 672uu3
dx = — " (—e ") du = — — du.
/0 1 —a24 . /001—6_4u(6 ) du /0 1—6_4uu
Since

—4u

I<u<ow — —-o<-4u<0 = 0<e <1

we have the geometric series result

1 [e's) n
I E :e—4ku — lim § €—4ku'
1— e—4u n—00

k=0 k=0

(1)



Substitution of this series into (1) then gives

1 1 3 00
/ 2l (2) dx :/ lim f,(u)du
o 1—ua4 g N0

where )
falu) = —e72u®y et
k=0
Since
n+1
for1(u) = fulu) = —e™2 326_4’““ —2u 326 _ Bttt u <

for all u € (0, 00), we have
frr1(u) < fo(u) forallu € (0,00) and n € N.
So by an extension of Theorem 5.9 to functions on (0, o),
fn converges uniformly to f on (0,00).

where f is the function such that lim f,(u) = f(u) for each u > 0. Therefore, by an

extension of Theorem 5.10 to functions on (0, o),

/OO lim f,(u)du = lim Oofn(u) du
0

n—o0 n—oo 0

Hence

1 1 3 co N
/ zn(2) dr= lim Z(—1)6_2“u36_4k“ du
0

4
— X n—oo Jq

ki ~ 3 ,—(4k+2)u
nh_}rgOZ/o (—1u’e “ du.

Now consider the substitution

v=4k+2)u = —=“k+2) = dv=4k+2)du



L.6.

This u to v substitution leads to

Lz ln®(2) tLoee v 5
=1 —1 v 4 2
A 1—x4d”7£&2;l ( )Qm+2)e dv/(4k +2)

00 n 1

= hm <—1)’U471670 dUZW
k=0

1424 34 44 B

1 1 1

11 1 1 1
ottt

6 B&-1 90 o
167 164kt 2567 90 256
In summary,
y / L zln®(2) m
o l—a4 " 256

Relevant page(s) in the notes: 17

The geometric series result implies that for all 0 < < 1 we have

k=0
Therefore,
/1 () g /lilnf’(x)(—m)kdx = /1 lim anlnf’(x)(—a:)’“das = /1 lim f,(z)dx
0o r+1 0 k=0 0" 0
where

folz) = I’ (2)(—2)" da.
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The interchange of integral and limit result (an assumption in the exercise):

/1 lim f,(z)dz = lim 1fn(az:) dx
0 0

n—oo n—oo
then leads to
11 5 1
[ =t [ @ =i [0S wtar fm 3 [
Now let y .
uw=—In(z) = Lo 2 = du=-—2"lda

dx x

Therefore,
In(z) =—u, x=e" and dr= —e “du.

Also

r=0 = wu=o00 and z=1 = u=0.
Therefore, the substitution from x to u leads to
11,5 n 0
In”(z) . k 5 —ku k+1 o~ (k+1)u
/0 x—ﬂdx:JL%;(_l) /Oo(—u) e Fu(—e du_ggoz du.

Next let

dv
v=(k+1u = du—k+1 =  dv=(k+1)du.

Noting that u = v/(k + 1) and du = dv/(k + 1) we then have

ln v >
dr =1 ’f+1/ dv/(k+1
/Ox+1 v HLH;OZ (55 /)

— I 1)k+1 6—1 —ud

Therefore

1 5

In®(x) 11 1 1 1 1
dr=—5(— -~ f——— 4= ——

/0:1:+1 . (16 2% T3 T g )

111 11
——120{(16+%+§+—+§+ )
7 (RS )}
2646 g6 g6 108

1 1 1 1 1
:—120{ GtmtmtEtmt
2 (1 1 1 1
wlwtytyreto))

(- L)y
B 32 ) &= nS’



L.7.

As stated in equation (1.2)

sO we now have

X — X — .
r+1 1 32 945 252

/1 In°(z) 120 31 7S 3176
0

In summary,

Relevant page(s) in the notes: 84

For each t > 0 define

Then Leibniz’s rule (Theorem 6.1) leads to

Loat—1
F'(t)= — dx
(t) /Oatln(:zc)

! 0 exp (tln(z)) — 1

~Jy ot In(x) d
_[tex (tIn(z)) In(z)
o o
_ [tex (tIn(z)) In(z)
- e
:/1xt dx

71
- [t + 1}0

1
Tl

Hence 1
F(t) = /t—i——ldt_ In(t+1)+C forsome C € R.

Now F(0) = 0so
O=In(l)+C=0+C = C=0.
Thus,
F(t) =In(t+1).
The required integral is

F(V71973) = In(V71973 + 1).

In summary,

/1 V797
0

1
—————dr=In (V7197 + 1).
In(x)



L.8.

Relevant page(s) in the notes: 58, 84

F(t):/OIde.

1+ 22

For each t > 0 define

Then the required integral is

1111(1—1—:(:)
F(1) = —— dux.
m- [ At @)
Also note that . ) .
In(1
F(0) = dr = Odx = 0. 3
0= [ fide= [ oa ®

Using Leibniz’s Rule (Theorem 6.1),

, L9 In (14 tx) ! x
F(t)_/o EWC“”_/O (1+22)(1 + tz) e

To solve this integral we note the following partial fraction decomposition of the inte-
grand:

T 1 —t n 2x n t @)
(14+2)(1+tx) 14+2\1+tx  2(14+22) 14 22
The derivation of (4) requires several steps, which are given below in an appendix.
From (4), we have

! T Lot 1 [t 2z L |
1+t dr= — dr + = dr +1t
(1+ )/0 (14 22)(1 + tx) v /0 1+tx x+2/0 14 22 v /0 14 22

=— [111(1 + tx)](l] + % [ln(l + xQ)](l] +1 [tan_l(x)]

dz

1

0

=—{In(1+¢) —In(1)} + %{ In(2) —In(1)} +¢ (% - 0)

1
=—In(l+1¢)+ §ln(2) + tzﬂ

In(1+1¢) 1In(2) 1 T 2t
F'(t) = — = :
(t) 1+¢2 * 2 1+ ¢2 +8 1+¢2

By the Fundamental Theorem of Calculus II (Corollary 4.6),

Therefore,

/01 F'(t)dt = [F(t)][l) = F(1) — F(0).



From (3) we have F'(0) = 0 and so, in view of (2), the quantity of interest is

F<1):/01 F(t)dt

"In(1 + 1) i) [/ 1 T [t 2t
=— | ——2dt dt + — dt
/0 1+2 T /0 (1+t2) +8/0 (1+t2>

— [0 g 2O ] 1 E [+ )]

1+ 22 0 0

__p(1) 4 22 (5-0)+%(m@) - m()

2 4 8
— R+ m1n(2)
4
We then have " (2
2F(1):WZ() — F(l):7”;<>

Appendix: Derivation of (4)

We start by hoping that there is an expression of the form

x _At+BtZL’ Ct"‘DtI'
(1+22)(1+tx) 1+ a2 1+t

)

for quantities A;, B,, C; and D, that can depend on ¢ (but not on x). Multiplication of
both sides of (5) leads to

= (A;+ By x)(1 +tx) + (C; + Dy 2) (1 + 27)
=A+ Atz + Bx+ Byt +C, + Cy2* + Dy + D, 28
= (A +C) + (At + By + D)x + (Byt + C)x? + (Dy)2®.
Therefore, we have
(0) + (D)z + (0)2* + (0)2* = (A; + Cy) + (Ast + By + Dy)x + (Bt + Cy)a® + (Dy)x.

Matching the coefficients of each power of the cubic polynomials on each side of this
expression leads to

At+Ct:0, Att+Bt+Dt:1, Btt—i-C't:O and DtZO
The first equality gives C; = —A, and substitution of this and D, = 0 into the middle

two equalities gives
Att‘l—Bt:l and Btt—At:O



The second of these equalities gives A, = tB,, and so substitution into the first equality
gives
t*+1)B;=1 = B, =1/t +1).

This leads to the explicit expressions
Ay =t/(*+1) and C;= —t/(t*+1).
Substitution of these results into (5) leads to

T _(t+n)/+1) /(P +])

(14 22)(1 + tx) 14 22 1 +tx
B 1 t+x t
142 \14a2 14tx

1 t L 2x n t
Sl N\ L+tr o 201422 14 22

which is equation (4).

L.9. | Relevant page(s) in the notes: 84

In the notation of Theorem 6.1
w(t) =12, us(t) =2cosh(t) and f(z,t)=e "+,

Then
_e—x(t4+8) — 43y e—x(t4+8)

ot ’
Hence, from Leibniz’s rule (Theorem 6.1),

ui(t) =2t and wuy(t) = 2sinh(¢).

2 cosh(t)
F/(t) = —4t3/ T e—ac(t4+8) dr + 2 Sinh(t)e—2cosh(t)(t4+g) 9 €—t2(t4+8)‘
t

2

L.10. | Relevant page(s) in the notes: 84, 87, 88

Ft) = /  os(tr)

oo X2+ 1

For each t € R define

The fact that cos(tx) /(2% + 1) is an even function implies

F(t) =2 / eoslte)

2+ 1

10



Leibniz’s rule (Theorem 6.1) leads to

> 0 cos(tx)

F'(t)= —
() 0 at1+$2

* rsin(tz
—— Zdx
d

(
1+ 22
a” sin(tz)

2 | :

), e
) /°° (22 + 1 — 1) sin(tz)
/

T

(1 + x?)

T
)
da:—{—/ sin(tx) s
0

(
° sin(tx)
(1 + 22?)

X

2
0

2/ Sm(m)tdz+2/ snltn)
0 tw o x(l+2x2)

For the first integral make the substitution

w=tr = L=t = du=tdr.
dz
This leads to
> sin(u) * sin(tx) /°° sin(tx)
F'(t) = —2 du+2 | N gy = g S
®) /0 w T /0 z(1 + 2?) v T o z(1+2?) v

which uses the integral result

b

/ sm(:c)dx _
0 T

that is proven (also via Leibniz’s rule) in Example 6.6. Another application of Leibniz’s

rule to * gin(te)
Smitx
F'(t) = — 2 —d
®) T /0 z(1 + 2?) v
leads to
F(t sin(fr) dx—Q/dex—F(t) —  F(t)=F"(t)
at:c1+:c2 o l+a2 B '

Now note that
F(t) = F"(t)

corresponds to the simple differential equation

d*y

y=n that has solutions y = Cje’ + Cye™".

Therefore
F(t) = Cie' + Che™" forsome C,C, € R. (6)

It follows from this that
(7)

F/(t> = Clet — Cgeit

11



Now note that

F(O):/oo cos(0) do — /Oo 1+ dx = [tan_l(x)]oo

2 2
o T4 +1 oo T

1
a1 oLy T (T
=tan~ (00) — tan~ " (—00) 5 ( ) .
Plugging this into (6) leads to
01 + CQ = T.

Also, from the above expression for F'(t),

"0) = — 2 id - _ -
F'(0) T+ /0 w1+ 27 x T+0 T

Plugging this into (7) leads to

Cl — CQ = —T
Adding equations (8) and (9) gives C; = 0. Quickly after this we have
—t

Co=nm = F(t)=me

Therefore

/Oo 0s(7) 4o — p1) =T

22 +1 e

[e.9]

In summary

12

(8)
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