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K.1. | Relevant page(s) in the notes: 69, 70
For each n € N define f, : [0, M] — R by
falz) = Y,

Then for each z € [0, M]and n € N,

n+l>n = (m+1)@*+1)>n@Et+1) = ¢ OEHD £ i)
which implies that
for1(z) < fo(z) forallz € [0, M]and n € N.
In addition,

lim f,(z) = lim e "'+ =0 forallz € [0, M].
n—oo

n—o0

Therefore f,, converges monotonically to
f(x)=0 onz € [0,M].

and so by Theorem 5.9 f,, converges to f uniformly on [0, M]. Therefore, by Theorem
5.10,

lim an(x)dx:/Mf(a:)dx:/MOda::O.
0 0

n—00 0

K.2. | Relevant page(s) in the notes: 12, 70, Supplementary Results
Let

(= sin®* (n” tanh(z))
Jnle) = In (In(n +4))

Then, since |sin(t)| < 1forallt € R,

| sin (n7 tanh(:(:))] <1 = |sin (n7 tanh(x))|293 <1

| sin®* (n” tanh(z))| < 1
In(In(n+4)) = In(In(n+4))
= | fa(z)| < m forall z € R.
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Therefore

1
n< 8 n(T) — <————— forallneN
" elansy [fnle) = @) In (In(n +4)) !
where
a,=0 foralln e N and f(z)=0 forallz e [-37,88|.
Since

lim a, = lim ;:0

by the Sandwich Theorem (Theorem 1.23)

lim  sup |fu(z) — f(z)| =0.

N0 4c[—37,88]
Therefore, by Theorem S.2 (Supplementary Results)
fn converges uniformly to f on [-37,88].

So, from Theorem 5.10,
88 88 88
lim fn(z)de = f(x)de = / Odx = 0.
n—oo J_37 —37 —37

In summary,
88 (=1)"sin*? (n" tanh(z))

Ii dr = 0.
nos 37 In (In(n +4)) !
. | Relevant page(s) in the notes: 69, 70
For each n € N define f, : [1,7] = Rby
n 1

) = S T TieT T 35t 1187/n’

Then for each z € [1,7] and n € N,
n+l>n = 1187/(n+1) < 1187/n = 32*+5+1187/(n+1) < 32* +5+1187/n
which implies that

fos1(z) < fu(z) forallz € [1,7 and n € N.

In addition,

1 1
lim f,(z) = lim

- for all z € [1,7].
n=00 st iisT/n 3245 orallv (LT

Therefore f,, converges monotonically to

1

1) =375

onz € [1,7].



and so by Theorem 5.9 f, converges to f uniformly on [1, 7]. Therefore, by Theorem
5.10,

7 7 7 1 d 1 7 1 d
A [ Sl /1f(x) ! /1 32245 5/1 (3a)+1

To evaluate the last-written integral make the substitution

w=+3Br — z=\5Bu — j_z:m — e —+/53du.

Also
r=1 = u=+/3/5 and =7 = u=7y3/5.
This leads to
lim Jn(z)do = ﬁ/ ———du= ﬁ [tan_l(u)} :
n—o0 5v/5 N 1 5v/3 3/5

Straightforward algebraic steps then lead to the following fully simplified answer to

the exercise:
V15 [ 7V15 [ V15
? tan T — tan T .

K.4. | Relevant page(s) in the notes: 6, 12, 70, Supplementary Results

Forallz € Rand n € N let

(n + 9) cosh(z) + cos(nlz®?) and  f(x) = COSh(x)‘

flz) = 5n + 61 5

Then, with use of the triangle inequality and noting that | cos(¢)| < 1 forallt € R,

(n +9) cosh(z) + cos(nlz*®)  cosh(x)

9 1 lx43
< cosh(z) n+9 1 +\Cos(nac )|
Sn+61 5 on + 61

n+9 1 . 1
Sn+61 5 5n + 61

< cosh(x)

_ coshi) 16 L1
O G+ 6n) [ T Ent 6l

Noting that the cosh function is U-shaped and symmetric about x = 0 it is easy to
show that
sup{cosh(z) : =14 <z < 8} = cosh(14).

Hence

16 1
sup{| fu(z) — f(z)| : =14 < 2 < 8} < cosh(14) {5(5n+61)} + Tk



Therefore,

16 1
an < sup{|fu(z)—f(z)| : =14 <z < 8} < cosh(14) {5(571 61) }+5n 6l foralln € N,

where a,, = 0 for all n € N. Since

16 1
lim a, = d  lim [cosh(14 | =0
Jfim an =0 and  lim | cosh( ){5(5n—l—61)}+5n—|—61

we have by the Sandwich Theorem (Theorem 1.23)

Tim sup{[fu(z) — f(2)] : ~14 <2 <8} =0
and by Theorem S.2 (Supplementary Results)
fn converges uniformly to f on [—14,38].
Therefore, by Theorem 5.10, and noting the derivative result sinh’(z) = cosh(z) we

have
1 8
- / cosh(z) dx =

5/ [sinh(x)} 14

o] =

sinh(8) — sinh(—14)
5

sinh(8) + sinh(14)
5

B e84 eld _ 4
10

_628+€22_66_1
10e!4

In summary,

lim —

/8 (n +9) cosh(z) + cos(n!z*?) Iy — e 4 e —eb -1
n—oo 14 5n + 61 10614

K.5. | Relevant page(s) in the notes: 69, 70
For each n € N define f, : [2,3] — R by

n 1

Jale) = Tnat + 41 T2t +41/n

Then for each z € [2,3] and n € N,
n+1>n = 41/(n+1)<37/n = 5z* +41/(n+1) < 52* +41/n
which implies that

for1(z) < fo(z) forallz € [2,3]and n € N.
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In addition,

lim f(x) = !

Jimn o Tl T orallzel2d)

Therefore f,, converges monotonically to

) = % on € [2,3].

and so by Theorem 5.9 f,, converges to f uniformly on [2, 3]. Therefore, by Theorem
5.10,

123" 1 19
li )dx = s tdr =2 "= ==(2%-3%) = —.
e J, f" v /f / v 7{—3}2 21 )= 1536
In summary,
i 5 oon p 19
—dr = ———.
nioo J, Tnat+ 41 4536

. | Relevant page(s) in the notes: Supplementary Results

For the left-hand side first note that
1 1
/ fo(2) dz = / na" tdr =[2"]} =1"—0" =1 foralln € N.
0 0

Therefore, trivially,

1
lim fn( Jdr = lim 1=1.

n—o0 n—oo

For the right-hand side note that, for each0 <z <1,

fon(@)| _ |V
@) || =(1+1/n)x.
Hence Fon(o)
. n+1\T .
i 5| -er

So by the Ratio Test for Sequences (Theorem S.1 of the Supplementary Results)

lim f,(x) =0 forall0 <z <1.

n—o0

1 1
/ lim f,(z)dx = / O0dx = 0.
0 n—oo 0

1 1

lim fn( Ydr =1 and lim fn( )dx = 0.

n—o0 n—oo

It follows that

In summary,

Thus, ) 1
lim [ fo.(z)dz # lim fn( ) dx
0

n—oo n—oo



K.7.

Relevant page(s) in the notes: Supplementary Results

(a) For eachn € Nand =z = 0 we have f,(z) = 0 so, trivially,

(b)

nh_)rrolo folx) =0= f(x) forz =0. (1)

For each n € Nand = # 0 we have

. f'fH-l('r) Rt (TL + 1)xe—(n+1)x2 2 . _ —a?
) | T eS¢ R/ =L
By the Ratio Test for Sequences (Theorem S.1 of the Supplementary Results)
lim f,(x) =0= f(x) forallz # 0. (2)
n—oo

Combining (1) and (2) we have
lim f,(z) = f(x) forallz € R
so f, converges to f pointwise over R.
Note that
|fo(z) = f(z)| = n|z|e ™  which is an even function.
Forx >0

fulz) — f(2)] = nze ™ — %Vn(m) — f(@)] = ne " (1 — 2na?)

which leads to 1/1/2n being the only stationary value of |f,,(z) — f(z)| for x €
[0, 00). Also,

d 1 d 1
%‘fn(a:) — f($)| >0 for 0<z< \/—2_n and %‘fn(ﬂi) — f($)| <0 for z > \/_Z_n
which implies that |f,,(z) — f(z)| achieves its maximum value over [0, 00) at x =
1/v/2n. Since |f,(z) — f(z)| is an even function it achieves its maximum value
over (—oo,0] at z = —1/+/2n. The accompanying figure plots |f,,(x) — f(z)| for
n = 15 and n = 30.

- n=15
n=30

N [Tn()=T(X)]

~
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K.8.

Hence,

sup{|fu(2) — f(2)| : = € R} = | fu(1/V2n) — f(l/\/%)‘ = V/n/(2e).

Therefore, the sequence sup{|f,(z) — f(x)| : € R} diverges and by Theorem S.2
in the Supplementary Results f,, does not converge uniformly to f on R.

(c) Since lim f,(x) = f(z) = 0 for all z € R we have

/OO lim f,(x)dz =

oo 00

Next note that for eachn € N,

o0

/

Odz = 0.

[e.9]

/ fo(x)de = / nze " da.

Let P

u = nx? — d_u = 2nx — du = 2nx dx.

T

Also,

T=—-00 = u=0 and z=00 = u=0o0
which leads to

& 1 [ 1 o0 1
/_Oofn(a:)dx:§/0 e_“du:i[—e_“]o =3 foralln € N.

Therefore,

o0

lim fo(z) dx

n—oo [_ o

To summarise,

0= /_OO h_)n;o fn(x)dx # nh_)nolo /_Z fo(z)de = 3

[e.9]

Relevant page(s) in the notes: 69, 70
For each n € N define f,, : [0,1] — R by

$2

fu()

Then for each z € [0, 1] and n € N,

n+tl>n = —(nt+l)z < —nr = I+e () < 14 e —

which implies that

1

Tl

2 (132

>
1 +e—(n+1)z — 1l+en=

frs1(x) > fu(z) forallz € [0,1]and n € N.

In addition,
2

lim f,(x) = lim

=X
n—00 n—oo 1 + e nx

7

2

forall x € [0,1].



Therefore f,, converges monotonically to
f(z) =2 onze€|0,1].

and so by Theorem 5.9 f,, converges to f uniformly on [0, 1]. Therefore, by Theorem
5.10,

1

Jim Olfn(x)dx:/olf(x)dx:/lede: {%3] :%.

0

K.9. | Relevant page(s) in the notes: 6, 12, 70, Supplementary Results

Forallz € Rand n € N let

fulz) = (1 + ﬂ) (x—e™? and  f(z) =%

n

Then, using the triangle inequality,

) - sl =| (1+ 5L ) - e a2

n

= (1 - (_i)n) (22 — 2we™" 4+ 72") — 2

= (1 + %) (2* — 2ze™" 4 €7") — 2

—1)" 2(—=1)"e " _1n—2n
:—291:6*”4—672”4—@952—( Je x—ir( S

672n

<2 x|+ e+ (1/n)2® + (2/n)|z| + -
=e (14 1/n) +2(e™™ + 1/n)|x| + (1/n)x>.

Therefore, forall n € N,

sup{| fu(z) — f(z)| : =3 <@ <11} <e (14 1/n) +2(e™" + 1/n)sup{|z| : =3 < z < 11}

+(1/n)sup{z?® : =3 <z < 11}
=e (14 1/n) +2(e™™ + 1/n)11 + (121 /n).
It follows immediately that
by < sup{|fu(z) = f(z)| : =3 <2 <11} < e (1+ 1/n) +2(e "+ 1/n)11 + (121/n).

where b,, = 0 for all n € N. Since

lim b, =0 and lim {e**(1+1/n)+2(e”" +1/n)11+ (121/n)} =0,

n—oo n—oo

from the Sandwich Theorem (Theorem 1.23)

Jirgosup{‘fn(x) —f(@)]:-3<z <11} =0



and by Theorem S.2 (Supplementary Results)
fn converges uniformly to f on [—3,11].

Therefore, by Theorem 5.10
11 11
lim fn( )dwz/ lim f,(x dx—/ f(z
n—0o0 3 n—o0
= / 2* dx

-3
|:.T3:|11
31

118 — (=3)?
-——=
1358
—

In summary,
g 1 (—1)" 1358
lim (1 + —) (x—e ™) do = ——.

n—oo J_g n 3

K.10. | Relevant page(s) in the notes: 12, 70, Supplementary Results

Forallz € Rand n € N let

fn(x) = and f(:L‘) =

(1+6x+ﬁ)2 (14e0)*

Then

1 1
(1+e+ 507)° (1+€z)2‘

) (1—{—627—}—#)2—(1—#61)2
(1+ew+4f) (1+ev)

1 { e*(1+ 2e* + f) }
AV (Lrer ) (1))

Now note that

O<F<1 forall n € N.
Then (3) implies that
14 2¢e* +F<1+26 +1—2(6 +1)
as well as
1+‘”+1>1+x:> ! 1<1
e — e
4v/n 1—|—€I+F 1—1-65‘

(3)

(4)

(5)



Application of inequalities (4) and (5) into the above expression for ] fu(z)—f(2) | leads
to the inequalities

e*(e* + 1) 1 1
— = R )
| fo(z) = f2)| < NN T < NG forallz e Randn € N
Therefore,
a, < sup{|fn(:v) — f(m)} —1<zx <2} < % foralln € N,
where a,, = 0 for all n € N. Since
lim a, =0 and lim —:0
n—oo n—oo \/_

we have by the Sandwich Theorem (Theorem 1.23)
Tim sup{|f() — f(z)| : ~1 <2 <2} =0
and by Theorem S.2 (Supplementary Results)
fn converges uniformly to f on [-1,2].

Therefore, by Theorem 5.10, and noting the derivative result

d e’ e
dr \1+er) (14 e)?’

we have

Tim an<)de/ lim £,z d:v—/f
[t

-
e
N [1"‘641

B e2 1
T 14e2 1+4e
B e’ —1
C(14e)(1+e2)

In summary,
2 z 3_1
lim ‘ sdr = ‘ IR
) (et 2 T U o+

K.11. | Relevant page(s) in the notes: 17, 69, 70, 79

10



()

(b)

For each n € Nand s > 1 define

I(n,s) :/ ¥ e dy.
0

Let
u dr 1 du
U =N - =- —_— = — — dr = —.
n du n n
Also
r=0 = u=0 and r=00 = u=o00.
Replacement of = by u in the integral then leads to
> 1 [ r
I(n,s) :/ (w/n)* e du/n = — / u e du = (s)
0 n Jo ns
Hence
1 I(n,s)
ns  I(s)

from which the required result immediately follows.

From the answer to part (a) and changing from n € N to k£ € N we have

— =1I(k,s) forallkeN and s> 1.

Therefore,

F(s)i% = f:/ooo 51 —ke dx_,}EEOZ/ ke g
— nh—>r20 000 g ¥ le TR dy

= lim OOfn(m) dx

n—oo 0
where i
folz) =2°7! Z e ™ forallz € Rand n € N.
k=1
Since
n+1 n
fn—&—l(x) _ fn(x) _ ZL'S_I Ze—kx _ 1'8_1 Ze—ka: _ Is—le—(n—}—l)m >0
k=1 k=1
we have

for1(z) > fu(x) forallz € Randn € N

and so by an extension of Theorem 5.9 to functions on [0, c0),
fn converges uniformly to f on [0,00).

Therefore, by an extension of Theorem 5.10 to functions on [0, c0),

lim folz dx:/ lim f,(x da::/ 5! e ") dx
n—o0 J ( ) 0 N ( ) 0 ;( )

11



Next note that
O0< <o - l<e® <o = O<e ™ <1.

So, by the infinite geometric series result,

Hence,

1 1 gl
— E—F(s)/o e”f—ldx' ©)

Since the £ on the left-hand side of (6) is a summation dummy variable, we can
replace it by n to obtain

12



