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J.1. | Relevant page(s) in the notes: 53

Consider the partition of [0, 1] with end-points in the set
P={0,1/n,2/n,...,1}.
Then, foreachi =1,...,n,

m; =inf{f(z):x€[(i—1)/n,i/n)} =inf{x:z€[(i—1)/n,i/n)} = (i—1)/n.

and

M; =sup{f(z) :z €[(i—1)/n,i/n)} =sup{z:x € [(i—1)/n,i/n)} =i/n.

Next we have

L(f,P)= Zmi{i/n —(i=1D/n} = Zmi(l/n)
:%Z(@'— 1) = % (Z@—n)

_n—l
o

and
UG, P) =32 Mifi/n— (i = 1)/n} = 3" Mi(1/n)

n

1 .
= — 1
n? 4
=1

()

n+1
- 2n
'This document is less than a few months old which makes errors more likely. Updated versions with later
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Then 1 L1
n n —

For each € > 0, taking n > 1/¢ implies that
1

and so, by Theorem 4.2 f is Riemann integrable on [0, 1].

Now note that
1
| r=sutnirp) )

=sup{(n —1)/(2n) : n € N}

=sup{3 — 1/(2n) : n € N}
_1
2
and
/D f=imf{U(f,P) : P}
=inf{(n +1)/(2n) : n € N}
=inf{l +1/(2n) : n € N}
_1
2
Hence
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Consider the partition of [0, 1] with end-points in the set
P={0,1/n,2/n,...,1}.

Then, foreachi=1,...,n,

n

m; =inf{f(z) 2 €[(i —1)/n,i/n)} =inf{z®:z € [(i—1)/n,i/n)} = (Z — 1) :

and

M; =sup{f(z):z €[(i—1)/n,i/n)} =sup{z®:z €[(i—1)/n,i/n)} = (l> :

n

Next we have

n

LU P) = Y medifn— (= Dfnk = Y omil1/n) = — 3 (= 1)

=1

2



The substitution ;7 =i — 1 leads to

)_l

n

(n+1)? n*(n+1)* — 4n?
B S B =

i=1 7=0 =1

Therefore

_(n4+12—4n  n®—2n+1 (n—1)?
L7 P) = 4n? B 4n? o 4n2?

The upper Riemann sum is

=3 Mi{i/n— (i = 1)/} = 3~ Mi(1/n)
1 = 3

:F;Z

1 (n*(n+1)?

- {7

_(n+ 1)
o 4n?2

Then

U(f,P)— L(f,P)= (n+ 1)24;2(71 —1)2

A+ )+ -DH{r+1)—(n-1)} 4n 1
4n? dn?  n

For each ¢ > 0, taking n > 1/ implies that

U(LP) ~ LU P) = - <

and so, by Theorem 4.2, f is Riemann integrable on [0, 1].

Now note that

4n
1—1/n)?
:sup{( /n) nEN}
4
_1
4



1.3.

and

/0 f=int{U(f,P): P}

12
:inf{(n;;z) :nEN}

:inf{(1+4—1/n)2:neN}

1

1
1
/ 2dr ==,
0 4

Hence
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Consider the partition of [3, 16] with end-points in the set

P=1{3,3+13/n,3 + 26/n,...,16 — 13/n, 16}
={3+4+13i/n:0<i<n}

Note that foreachi=1,...,n,
m;=inf {f(x):x € [3+13(i —1)/n,3 + 13i/n)}

:inf{\/% w3+ 13(i — 1)/n,3+13i/n)}
1
 VAB+ 13i/n) — 1
1

V11 +52i/n

and

M;=sup{f(z):z € [3+13(: —1)/n,3+ 13i/n)}

:Sup{\/@;li_l cx€3+13(i—1)/n,3+ 132’/71)}

1
T /AB 180 - 1)/n) 1
1
~ /Il 1526-1)/n




Next we have

L(f,P)= Z m;[(3+13i/n) — {3+ 13(i — 1)/n}]

:Zmi(lfﬂ/n)

13 1
n Zl V11 + 52i/n
and

n

U(f,P)= Z M;[(3 +13i/n) — {34 13(i — 1)/n}]

n

:ZMi(13/n)

i=1

13 1
_?ZZI VI + 520 — 1)/

Then, letting

1 .
@ =—— 0<i<n

V11 +52i/n’

we have

13 o 1 1
U(f,P)—L(fatp)_g;{\/11+52<i_1)/n_ \/W}

13 &
:g - (Cl,l',l —ai)
13
:z(ao—al—l—al—a2+a2—a3+...—|—an_1—an)

13

= E(GO —ay)

13/ 1 1
- ()
 13(v63 — V11)
/693

For each € > 0, taking

13(v63 — V11)
£v/693

n >

implies that
U(f,P) = L(},P) <e

and so, by Theorem 4.2, f is Riemann integrable on [0, 1].



J4.
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Consider the partition of [8, 35] with end-points in the set
P=1{8,8+27/n,8 +54/n,...,35 — 27/n, 35}
= {8+27i/n:i=0,1,...,n}
Then, foreachi=1,...,n,
m; =inf{f(z) :x € [8427(i — 1)/n,8 4+ 27i/n)}
=inf{z?: 2z € [8+27(i —1)/n,8 4+ 27i/n)}

(s 2E=0Y;

M;=sup{f(z):z € [8+27(1 —1)/n,8+27i/n)}
=sup{z®: 2 € [8 +27(i — 1)/n,8 4+ 27i/n)}

27\ 2
_<8+J) .
n

:Zn:mi [8 +27i/n — {8+ 27(i — 1)/n}]

=1

27 & 27(i — 1)) 2
e {8+L}
nizl n

27 — 432(i — 1 29(7i — 1)2
27 {64—|— 32(i )+79(z ) }
=1

n “— n n?

and

Next we have

11664 19683
=1728 + Z(z— 1)+ Z(z— 1)

3
n? n
i=1 i=1

The substitution j =i — 1 leads to

n

2 _
Zz—l Z]—Zj—n:w—n:n2n

i=1 j=1

and

n

>y zj_zj2_n2:n<n+1><2n+1>_nazm.

i=1 j=1 6 6

Therefore
5832(n — 1) N 6561(2n? — 3n + 1)

L(f,P) = 1728 + - T




The upper Riemann sum is

n

U(f,P)=>Y_ M;[8+2Ti/n — {8+27(i — 1)/n}]

=1

27 & ( 272')2
== 8+ —
n i1 n

27 — 432; 72942
_= {64+—Z+ Z}

n 4 n n?
=1

n? n3 4
=1

11664 «— 19683 —
—1728 + ZH— Zﬂ
=1

5832(n + 1) n 6561 (n +1)(2n + 1)

=172
728 + - o2
2 1 1(2n2+3 1
:1728+583 (n+ )_|_656 (2n° 4+ 3n + )
n 2n?
Then
1 -1 6561 /2n%2 +3n+1 on? —3n+1
U(f,P)—L(f,P):5832<n+ -2 )+ <n +2n - = 2n )
n n 2 n n

5832(2)  6561(6)
= +
n 2n
51030

n
For each ¢ > 0, taking n > 51030/ implies that
51030  51030e
<e€
51030

and so, by Theorem 4.2, f is Riemann integrable on [0, 1].
Now note that

U(f,P)—L(f,P) =

/ " f— (L, P): P)

5832(n — 1)  6561(2n? —3n +1
=supq 1728 + (n )—1— (2n nt ):nEN
n 2n?

6561 (2 — 3 1/n?
:sup{1728+5832(1— 1/n) + ( 2/n+ /%) ‘n € N}

= 1728 4 5832 4 6561
=14121



1.5.

and

35

i f=if{U(f,P): P}

5832(n + 1) N 6561(2n* 4+ 3n + 1)

=inf {1728 + - o2

—inf {1728 +5832(1 + 1/n) + 5

= 1728 + 5832 + 6561
=14121.

Hence
35
/ 2% dx = 14121.
8
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This solution uses the following three inequality results:

2650

O0<e®—1—z< forall x>0,

£L‘2

e_””—l—l—xgg forall z >0
and

e“(r—1)+1>0 forall z>0.

6561 (2+3/n+1/n%)

en)

(1)

()

(3)

The proofs of (1), (2) and (3) each take several steps and are given below in an ap-

pendix to this solution.
We have

P ={1,2"/m 2%/ o=/ oy = L9010 < <n}.

Note that for eachi = 1,... n,
m; =inf { f(z) : x € [20-D/n 2i/m)}
=inf {1/ : x € [207D/" 21/n)]
_oi/n
and
M;=sup { f(x) :z € [207D/n 21/m)}

=sup {1/3: CT € [Q(i_l)/n,Qi/”)}

_o—(i-1)/n_



Next we have

=1

= iu — 271

a2V —1)
- 21/n
and
U(f, P) — Z 2—(i—1)/n{2i/n _ 2(1—1)/1’1}
=1
= 2(21/ "—1)
=1
=n(2Y/" —1).
Then
ol/n _q
U(F.P) - L(fP)=n(2in 1) - "2 D
- n(21/" 4 -Un_ 1) (4)

:n[{ exp (In(2)/n) — 1} + {eXp (—In(2)/n) — 1H

From the second inequality of (1) we have

In(2) N In*(2) exp (In(2)/n) _ In(2) N In*(2) exp (In(2))

exp (ln(2)/n) —1< " 5 < - 57

, ()

In(2) In"(2

_me) bR
n n
From the second inequality of (2) we have
In(2) In*2)
exp(—In(2)/n) -1 < — " + 52 (6)

Substitution of (5) and (6) into (4) leads to

U(f.P) = Lf.P) <n (ln7(12) n In*(2)  In(2) N In (2)) _ 3In (2)‘

n? n 2n? 2n
Hence 12
2 2
U(f.P) - L(f,P) < nn( ) forall nen.
For each € > 0, taking
21n*(2) 1 £
n > = =< .
€ n  2In*(2)



This leads to
21n*(2)e

2m%(2)
and so, by Theorem 4.2, f is Riemann integrable on [0, 1].

n(2V" — 1)
/f—sup{ S1/n neN}

e 1
- p{(l/n)exp(ln( 2)/n) EN}

=sup{g(1/n):n € N}

U(f,P)—L(f,P) <

Now note that

where (tl (2)) X
exp (t1ln —
9(t) = texp (tIn(2)) 0<tsl
Note that
J(t) = _exp (tIn(2)) —In(2)t — 1

2 exp (tIn(2))
From the first inequality in (1) with = ¢ In(2) we have

g(t)<0 forall0<t<1

and, therefore, g is a strictly decreasing function on (0, 1]. Since 1/n can be made
arbitrarily close to 0 over n € N we then have

/1fZSUP{g(l/n):HGN}ZSup{g() 0<t<1}= lim g().

t—0t

The accompanying figure shows this situation.

a(®)

S " n= n=3
n=2
n=1
These o are at (1/n,g(1/n))
S A for n=1,2,3,4 and 5.
I I I I I
0.2 0.4 0.6 0.8 1.0

Ast — 0both the numerator and denominator of g(t) approach 0, so use of L'Hopital’s
rule leads to

lim g(t) = lim dt{ exp (t In(2 ) - 1} . In(2) exp (t ln(2))

i =0 g{texp (tIn(2)) § tli%l*{exp (tIn(2)) + tIn(2) exp (t1n(2)) } — e

10



Therefore,

Next observe that

/1 f=int{U(f,P): P}

=inf{n(2"/" — 1) :n € N}

. exp (In(2)/n) — 1 '
—mf{ (/n) .nEN}

=inf{h(1/n) : n € N}

where
tIn(2)) — 1
h(t):eXp( I;()) L 0<t<l.

Note that

exp (tIn(2)) (In(2)t — 1) + 1
= tQ .
The inequality at (3) with 2 = In(2)¢ implies that

W(t)

R'(t) >0 forall0<t<1

and, therefore, h is a strictly increasing function on (0, 1]. Since 1/n can be made
arbitrarily close to 0 over n € N we then have

Tf =inf{h(1/n):n € N} =inf{h(t) : 0 <t <1} = lim h(t).

t—0t+

The accompanying figure shows this situation.

h(®)

0.6

0.4

These o are at (1/n,h(1/n))
~ for n=1,2,3,4 and 5.

0.2

0.2 0.4 0.6 0.8 1.0 t

11



Ast — 0both the numerator and denominator of i(t) approach 0, so use of L'Hopital’s
rule leads to

lim A(t) = lim afew (211&(2)) -4 = lim {111(2) exp (¢ ln(2))} = In(2).

t—0+ t—0 % (t) t—0+
Therefore,
2
f=n(2)
1
Because

we have

1
/ —dx =In(2).
LT

Appendix: Proofs of (1), (2) and (3)

Proof of (1)

From Taylor’s Theorem (Theorem 3.34) witha =0and n =1

esx?
ex:1+x+7 forsome 0<¢ <.

Therefore
efx?

ex—1—$:T>0 forall =z >0. (7)

Also
(< = et < e
which leads to
et x?
e —1—x< forall x> 0. (8)
Combining (7) and (8) gives
T .2

exr

O<ef—1—x< forall z >0

which is (1).

Proof of (2)

From Taylor’s Theorem (Theorem 3.34) witha =0and n =1

e e~ ¢x?
e'"=1—x+

forsome 0<¢ <z

However,
>0 = —¢<0 = e*<e=1

12



1.6.

and so )

e’mgl—aﬂ—% forall z > 0.

Result (2) immediately follows.

Proof of (3)

From Taylor’s Theorem (Theorem 3.34) witha =0and n =1

esx?
e“”:l—l—x—i—T forsome 0<¢ <.

This and the fact that ¢ > 0 implies that
e >1+ax forall z>0.

Therefore, for all x > 0

Clr—D+1>@+)(z—1)+1=2>~1+1=2>>0 forall z>0.

This is the inequality in (3).
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Consider the partition of [0, 1] with end-points in the set
P ={xo,...,2Tn}
Then, foreachi=1,...,n,

m; =inf{f(z) :xz € [x;_1,2;)} =0

since [z;_1, z;) contains at least one irrational number. Also, for eachi=1,...

M; =sup{f(x):x € [r;_1,x;)} =1

since [z;_1, x;) contains at least one rational number. Next we have

=1

and ) )
U(f,P)=> Mz — 1) = > (i —31) = 2 — 29 = 1.
Therefore . 1 -
| = swrir.Py: Py =0
and -
/Olf —nf{U(f,P): P} = 1.
Since

/Llf#/olf

f is not Riemann integrable on [0, 1].

13

’nl



1.7,

].8.
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The inner integral on the left-hand side is

4 3 4
64

fl(y)z/ (¢% + 3y) do = V—Jery} = — +12y.
0 3 o 3

Thus, the left-hand side equals

2 2 9
64 64y ) 128 128 72

h(y)dy:/ (—+12y> dy:{_+6y} _ 18 g8
/0 0 3 3 0 3 3 3

The inner integral on the right-hand side is

Thus, the right-hand side equals

4 4 223 1198 128 72
/Ig(x)dx:/ (2x2+6)dm:[i+6x} =—4+24d=—+4+ — =
0 0

Therefore,

//(a:2+3y)dxdy:/ / (2% + 3y) dy dx = —.
0 0 0 0 3

(@) The inner integral is

2 2 2 9 9 5 9
fl(y)z/o f(ﬂrr,y)dxzf0 Md:c:%y/o 22 —y)

(22 +y?)? (22 +y?)?
Let J
u =z’ —u:2x = du = 2z dz.
dz
Also
z=0 = wu=0 and z=2 = u=4.
With this substitution
4 2 4 2 2
u—1y u+y—2y
I :l/—du:l/—du
=2y | G T Tt

14



Therefore, the required integral is

1 1 2y
I dy = — ———dy.
/0 1) dy /0 e

Let

Also
y=0 =— v=0 and y=1 =— wv=1.

With this substitution the required integral becomes

! 1 11 1 4-5 1
4 —[4 *1] S .
/0(4+v) v= @ =51 20

xya:—y 1
)dx dy = drdy = ——.
//f”‘w// @y YT T

(b) The inner integral is

1 1 2 2 1 2 2
yr(z® —y°) 1 / 2y(z* — y*)
- dy= [ Y5 V) gy 1y [ SR V) g,
J, o= [ e |

9 dv
— —_— =

In summary,

Let
U:y

Also
y=0 = v=0 and y=1 = v=1
This substitution then leads to
1 /.2
1 (2% —v)
IQ (l’) = §$A m dv
Now note that

9] v @+ =20 +o) (2P +v)— 2 2 —w

ov (12 +0)2 (22 +v)4 (22403 (224 w)3

Since, with respect to v, v/{(2* + v)?} is an anti-derivative of (z* —v)/{(2* + v)?},
we then have

]2(1’) =

DO

ol = s T

and so the required integral is
2 2
x 1 2z
/02(a;2+1) ! 4/0 @12

U=z — — =2z — du = 2z dx.
dx

Let

15



(©)

(d)

Also
=0 = u=0 and z=2 = u=4.

With this substitution the required integral is

i/jﬁ—ﬂ*”“)‘lﬁ—i{ 67 -0} =5

In summary
xyx —y 1
//f:py yda?—// R 7 dyde = .

The formal version of Fubini’s Theorem states that, under some assumptions, the
value of a bivariate integral is the the same regardless of the order of integration.
Since, for this f and integration region, we have

/Oz/olf@,y)dydx#/01/02f<x,y>d:cdy

is must be the case that the Fubini Theorem assumptions do not hold in this case.

A fuller explanation requires getting into bivariate integration theory, which is
beyond the subject’s notes. Nevertheless, we will give brief explanation. In Chap-
ter 4 of the notes the univariate Riemann integral over an interval [a, b] is defined
using partitions based on sub-intervals of [a, b]. The bivariate extension of Rie-
mann integration over a rectangle [a;, b1] X [ag, bo] involves bivariate partitions
based on sub-rectangles. This leads to a definition of

[/ f (. )d(z.y)
[a1,b1]><[a2,b2}

that is analogous to the the univariate case. An key assumption of Fubini’s The-

orem is that
/] (&) ld(z, ) < oo. ©)
[al,bl]X[aQ,bg]

It can be shown that (9) does not hold when [aq, b;] X [az,b2] = [0,2] x [0, 1] and
f(z,y) = zy(z* — y*) /{(z? + y?)*. This failure of a key assumption of Fubini’s
Theorem leads to the order of integration not being interchangeable in this case.
Lastly, it is worth pointing out that notes only mentions Fubini’s Theorem casu-
ally rather than giving a formal statement. A lesson from this exercise is that the
formal version needs to be taken into consideration when one is confronted with
a bivariate integral and wants to change the integration order.

The lecturer is yet to create the model of f(z,y) and resolve the volume/integral
questions, but hopes to eventually do this — ideally with assistance from class
members. There is also the question of whether any of the surfaces are infinite in
size and if approximations are needed to avoid having to find an endless supply
of chicken coop wire.

16



