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Since tan~!(0) = 0 both the numerator and denominator limits are 0, so by L’'Hopital’s
rule the required limit equals

i tan”'(1092) . 109/(118812% +1) _ 109

lim m =5
e=0 L (427 4+ Tlx\/x) ==0 42+ 213\/x/2 42

Relevant page(s) in the notes: 39, 40

Let
f(r)=In(z) and g(z)=In(z*+2).

Since
lim f(z) = lim g(z) = 00

L’Hopital’s rule applies and we have
f(2) I () 1/x 2 +1 o 1+1/22 1

lim 20 = i = li = lim ——— = lim — 1/~ = _
2500 g(z)  woeo gl(x)  moeo (322 + 1)/(2° 1 7))  aoe 312 41  ebw3+1/2% 3

Relevant page(s) in the notes: 39, 40

Since sin(0) = tan(0) = 0 both the numerator and denominator limits are 0, so by
L’'Hopital’s rule

sin®(z) 4 sin’(z) .. 2sin(x)cos(xz) . sin(z)cos(x) cos®(z?)
z—0 tan(22?) @0 L tan(z?) © 250 sec(x2)(2w) a0 x '

Once again, the numerator and denominator limits are 0 so by another application of
L’'Hopital’s rule

lim sin(z) cos(z) cos?(x?) . 4 sin(x) czs(x) cos?(z?) }
z—0 x z—0 o T z—0 dx

'This document is less than a few months old which makes errors more likely. Updated versions with later
dates may be released during the semester. Notifications will be sent via e-mail whenever an updated version
is released.

= lim i{ sin(z) cos(z) cos*(z%) }.
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Since

%{ sin(z) cos(z) cos® (%) } = cos®(z) cos®(z?) — sin’(z) cos®(z?)

—2 cos(2?) sin(x?)(2x) sin(z) cos(x).
and, noting that cos(0) = 1, the required limit is

iiir(l] { cos?(z) cos?(2%) — sin®(z) cos®(z®) — 2 cos(2?) sin(z?)(2z) sin(z) cos(z) } = 1.

Relevant page(s) in the notes: 39

Since 2'* = 16348 both the numerator and denominator limits are 0, so by L’'Hopital’s
rule

xl/14 _ 9 i($1/14 — 2) p-13/14 16348-13/14
lim —— = lim -%& = lim = .
z—16348 x — 16348 16348 % (gg - 16348) z—16348 14 14

Noting that 16348!/14 = 2 we then obtain the limit in the exercise equalling
1 1

14 x 213 114688"

Relevant page(s) in the notes: 39, 40

Note that for all z > 0 we have

xln(z) = —_(1h/lg) = ;((g where f(z) = —In(z) and g(z) = 1/x.
Then
By L'Hopital’s rule

lim M = lim f(z) = lim (=27 =
9

z—0t (l’) z—0t g/(I) z—0t (—ZL'_2) z—0t

In summary,

li 1 = 0.
Jig, )
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Since sin(0) = 0 both the numerator and denominator limits are 0, so by L'Hopital’s
rule

lim e”sin(z) — z(1 + x) — lim L{e"sin(z) — (1 +2)} _ lim e*{sin(x) + cos(z)} — 2z — 1'

x—0 $3 z—0 dixS x—0 31‘2
T



Once again, noting that cos(0) = 1, the numerator and denominator limits are 0 so by
another application of L'Hopital’s rule

lim e*{sin(z) + cos(x)} — 2z — 1 _lim % [e*{sin(z) + cos(z)} — 2z — 1]

) 317 z—0 i (322)
—tim 2e” cos(x) — 2'
z—0 6:(;

For the third time, the numerator and denominator limits are 0 so by yet another
application of L'Hopital’s rule

lim 2e” cos(x) — 2 lim %{Qel’dcos(x) -2} _ lim 2e*{cos(z) — sin(x)} 1
z—0 6x z—0 E(G;p) z—0 6 3

In summary,

H.7. | Relevant page(s) in the notes: 39

Since sin(0) = 0 both the numerator and denominator limits are 0, so by L'Hopital’s
rule
sin?(z) 4 gin™ ()

li = lim &
bt sin (2947) o %sin(mg"”)

I 947 sin®*%(z) cos(x)
=lim
z—0  cos(x947)947 1916

e { () " o)

sin(:p)) }946 iy _CO8(7)

20 cos(x947)

s

_ { m (— sin(ar)) } cos(0)
a0\ L(z) cos(0)
i

cos(z)\ )
=< lim ) }
z—0 1
= cos™%(0)
=1.
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First note that
_ In(z — 11) , —In(z —11)
lim ————— = lim )
=11+ In(z? — 121)  a—11+ —In(2? — 121)

3



Since

1 — — e 1 — 2 _ =
I1_1>r1r11+{ In(x —11)} =0 and xgrlrllJr{ In(z® — 121)} = 0

L'Hopital’s rule applies. Then
In(z—11) . Ln(z-11)

a=i1+ In(2? —121)  2-114+ L In(22 — 121)

1/(z —11)
= lim ——————"—
a1+ 2z /(22 — 121)

(x —11)(z + 11)

= lim
=11+ 2x(r — 11)
. r+11
= lim
=11+  2x
=1.

H.9. | Relevant page(s) in the notes: 39

Since
lim (39 —22*) =0 and limz =0

z—0 z—0

L’Hopital’s rule applies. Then

i 02— 227 exp{zIn(39)} — exp{z In(22)}
=0 x x—0 T
o delexp{zIn(39)} — exp{xn(22)}]

— lim In(39) exp{z In(39)} — In(22) exp{zIn(22)}
z—0 1

()
=In|—].
22

H.10. | Relevant page(s) in the notes: 39, 40

Since both In (In(z)) and /= approach oo as z — oo, L'Hopital’s rule applies and we
have

In(In(z)) . “In(Iln(z))

lim ———— = lim
T—00 \/E T—00 %(1'1/2)

o /@) (/)

= e )
=0.
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First note that

S ) = sy, LD

Since cos(m/2) = 0 both the numerator and denominator limits are 0, so by L'Hopital’s
rule the required limit is

lim L{(x—1)sin(rz/2)} _ lim sin(rx/2) + (x — 1) cos(m x/2)(m/2)
z—1+ % COS(7T gj/2) z—1+ — sin(7r :B/Q)(W/Q)
sin(ra/2) (v —1)cos(mx/2)

e—1+sin(rx/2)(7/2)  a—1+  sin(rx/2)

B (x — 1) cos(mz/2)
eo1+ (m/2)  a=1+ sin(wa/2)

H.12. | Relevant page(s) in the notes: 39, 40

First note that

xt x? o224+ 1) rt(2? — 1)

x2—1_x2+1:(x2—1)(x2+1)_(x2—|—1)(x2—1)
bt —ab 42t
a 4 —1
224
ot —1

Therefore, the required limit is
. 274
lim .
z—oo x4 — 1
Both the numerator and denominator limits are oo, so by L’'Hopital’s rule the required
limit equals

4 (27%) . 8 .8
= lim — = lim - = 2.
T—00 %(x‘l — 1) r—o00 413 z—00 4

H.13. | Relevant page(s) in the notes: 25, 39, 40

Consider the function f : (0,00) — R given by
flx)=2% x>0.
Then
f(z) =exp (zIn(z)) = lim f(z)=exp ( lim xln(x)) (1)

rz—0+ rz—0+



Note that for all z > 0 we have

—In(z) _ g(x)

rln(x) = — = where ¢(z) = —In(z) and h(x) = 1/x.
@) =~ = e () = ~In(z) and h(z) = 1/
Then
By L'Hopital’s rule
: (@) g@) (=)
l = 1 = l = = l prm— .
S ) = I Ry T ) e () a0

Substitution into (??) then gives

Jim f(z) = exp(0) = 1.

Hence

lim z° =1
r—0+

and, in terms of limit theory, the correct interpretation of 0° is

00 =1.
H.14. | Relevant page(s) in the notes: 39
The required limit is
lim _f(x)
x—0 g(:[‘)

where

fl@)=1+1"—-V1+2% and g(z) = (cos(z)— er) sin(z?).

Since sin(0) = 0 both the numerator and denominator limits are 0, so by L'Hopital’s
rule the required limit equals
f'(z)

x—0 g/(x) ’

()

The numerator in (??) is
f/(l,) — di{l + %[L’Q . (1 _’_12)1/2} =7 — x(l +I2)—1/2
T

and the denominator in (??) is

d

%{ (cos(z) — ex2) sin(2?)} = 22 (cos(z) — er) cos(z?) — (sin(z) + 21’6902) sin(z?).

g'(x) =

The numerator and denominator limits in (??) are 0, so another application of L’'Hopital’s
rule leads to the required limit equalling

lim C)
=0 g" ()

(3)

6



The numerator in (??) is
f'(x) =1— (142732

The denominator in (??) is
g"(x) = —2cos(x {e (42° 4+ 1) + 2z sin(x) — cos(z) } — sin(x2){2€x2 + cos(z) (42 + 1) }.

The numerator and denominator limits in (??) are 0, so yet another application of
L’Hopital’s rule leads to the required limit equalling

f///( )
I ey

(4)

The numerator in (??) is
() = 3(1 4 2?)7/2.

The denominator in (2?) is
g" (z) =sin(z*) {122 sin(z) + 162°¢*” + sin(z) — 12z cos(z) }
—2cos(z {4xe (22” + 3) + z(4a® + 3) cos(z) + 3sin(z) }.

Remembering that sin(0) = 0, the numerator and denominator limits in (??) are 0, so
a fourth application of L'Hopital’s rule leads to the required limit equalling

f//l/ (:C)

20 g////(l,)'

(5)

The numerator in (??) is
3(1 — 42?)

f////(x) — m

The denominator in (2?) is
¢"(z) =4(42” + 1) cos(z*) {2z sin(z) — 6¢* — 3 cos(z) }
+ sin(z? [16x{2xe (22 + 3) + 3sin(z) } + (162" + 242% — 11) cos(z)|.
Now observe that

3(1—0)
" o — n — 6 — = —
glcli%f (x) = aroe 3 and ig%g () =4(1)(0—6—3)+0 36.

and so
f/l// (l’) B 3 1

lim = )
z—0 g’”’(x) —36 12

Therefore, in summary,

lim
x—0

{ 1+%x2—\/1+x2 }_ 1
( S

cos(z) — e*) sin(z?)
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First note that

Therefore,

cos(x)
| (G
xli%lJr cot(z) = exp zlg& “sn) (| (6)

sin(x)

To evaluate the limit inside the exp function on the right-hand side of (??) we note that
both the numerator and denominator approach oo and, so, L’'Hopital’s rule applies.

e cos() cos(z)
- () o i (5)

z=0+ ) 1/sin(z) a0+ | Lsin(z)1)

(7)

The numerator derivative is, with use of the sin?(a) + cos?(a) = 1 identity,

L (L) - S (ot o)1

The denominator derivative is

d . . 1y 9
%{sm(x) } = —sin(x) " cos(x).

Therefore, from L'Hopital’s rule (Theorem 3.13), the limit on the right-hand side of

() becomes J{sin(a) cos(a)} @
. —1/4{sin(x) cos(x ~ lim sin(x _
xlg& — sin(x) 2 cos(z) } B :BLOJr {0052(9&) } 0

Substitution into (??) then gives

lim cot(z)®) =0 = 1.
z—0+



