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First note that for any z,y € [3, 8] we have
6<zr+y<16 = |z+y|<16. (1)
For any given ¢ > 0 set 6 = £/16. Then for each z,y € [3, 8],
lzr—yl<d <= |z—y|<e/l6.

Combining this result with the last inequality in (1) results in

|z + y||lz —y| < 16(/16) = e.
This is equivalent to

2* =P <e = |f(x)-fly)| <e

By Definition 2.13, f : [3, 8] — R is uniformly continuous.

Preliminary background working that led to an effective ¢ choice

For each ¢ > 0 need to get to

2

2> —y?|<e <= |rtyllr—y|<e

Since
r,ye 3,8 = 6<z+y<16 = |r+y/ <16

choosing 6 = ¢/16 will allow the |x — y| < ¢ condition to be combined with the |x + y| < 16
condition and get us to |z + y||z — y| < e.
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Let z,y € [0, 00) such that z > y. Then, noting the (a + b)(a — b) = a® — b* identity,

VE-VISVE= i+ = Ve i<Vt Jy
= (Vo —v9)* < (Vo + Vi) (Vo — V)
= (Vr— V) <a—y
= V- \y<Vr—y
= WVr— vyl <Vlz -yl

A summary of these just-completed steps is that for z,y € [0, 00) such that > y we
have

Va =yl < Ve -yl ()
Given e > 0let § = % Then
lz—yl<é = |Jr—y|<e® — lx —y| <e. 3)

Combining the inequality in (2) with the last inequality in (3) we then obtain

Va—il<e <« |f@@)—f)] <.

If 2,y € [0, 00) are such that y > x then similar steps lead to the same conclusion. So
forall z,y € [0, 00)
[z—yl<d = |f(x) - fy)l<e

By Definition 2.13, f : [0, co] — R is uniformly continuous.
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For arbitrary § > 0 let

Then z,y € [0, 00) and

o—yl=|x—(3+2)[=2 <0
YT T\s 2| T2

However, noting the a® — v = (a — b)(a + b) identity,

0 (2 4 52
[f(@) = fy)l = 2" =y = |z —yllz +yl = 3 (5 + 2) I+ >1

Therefore, if ¢ = 1 then we have z,y € [0, 00) such that

|z —yl<d but |f(z)— fy)|>e

By Definition 2.13 f(z) = z? is not uniformly continuous on [0, cc).
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For each § > 0 let .
x=min(),1) and y= > 4)

Then z,y € (0,5] and
\x—y\:§<x§(5.

since the first inequality in (4) implies that x < 0. However

1 1 1 2 1
@) - sl =32 = 1= 2] =2 ®)
From the first inequality in (4)
l<e<l = ézl. (6)

Combining (5) and (6) leads to

[f(z) = f(y)| = 1.

In summary, for any 6 > 0 we can can find z,y € (0, 5] such that

[z -yl <o but |f(z)-fly)l=1

Hence, by Definition 2.13 with e = 1, f : (0, 5] — R is not uniformly continuous.

Preliminary background working that led to effective x and y choices

We only need one (x,y) pair in (0, 5] to be such that

v —yl <o but |f(z)—fly)l=1

So for x € (0,5] we are free to choose y € (0,5] as we please so to reduce the number of
variables we will try y = x/2. With this choice

and so the condition | f(z) — f(y)| > 1 reduces to 1/x > 1, which is equivalent to x < 1. The
condition

lzt—y| < = % < d which is implied by the simpler x < §.

So we want both x < 1 and x < §. Setting x = min(0, 1) guarantees these.
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First note the algebraic identities
(a*>—b*) = (a+b)(a—0b) and (a®—b*) = (a* +ab+b*)(a — D). (7)
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For any z,y € [2, 5], using the triangle inequality and (7), we have
[f(@) = f)l=14a® = y°) = T(z® = y?)]
<dla® — P + 7|2* — |
= {4]2% + 2y + v*| + Tz + yl |z — y]
<{4|5> +5 x5+ 5 + 7|5+ 5|}z — y|
=370|z — y|.
Therefore, by Definition 2.17 with M = 370, f : [2,5] — R is Lipschitz continuous.
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Let z,y € [2, 5] be such that x < y. Then from the Mean Value Theorem (Theorem 3.10)
there exits ¢ € [z,y| C [2, 5] such that

fly) = f(x) = (y —2)f ().
Hence for all x < y in [2, 5]
[f () = f(W)l < o=yl sup{[['(c)] : c € [2,5]}. ®)
Similarly, for y < z in [2, 5] condition (8) also holds. For z = y in [2, 5] we have
0= |f(x) - f(y)| = |o—yl[M| =0 forall M € R
Therefore (8) holds for all z,y € [2, 5]. Note that
f'(z) = 122% — 14z

which corresponds to a U-shaped parabola with vertex at x = —(—14)/(24) = 7/12, as
shown in the accompanying figure.
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Since
f(7/12) = —49/12,  f(2) =20 and f/(5) =230

we then have
sup{|f'(¢)| : c € [2,5]} = 230.

Therefore, for all z < y in [2, 5]

f(x) = f(y)| < 230|z —y|

and by Definition 2.17 f : [2,5] — R is Lipschitz continuous.

. | Relevant page(s) in the notes: 28

For any z,y € [—8, 6] we have

[f(z) = f(y)l =

1 1| fz—y
c+11  y+11| |z +11|jy+ 11

Now note that for all z € [—8, 6]

1 1
r > —8 = 411> -8+411=3 — < —.
|z + 11| — 3
Similarly, for all y € [—8, 6],
1 1
< z.
ly+11] 3

Therefore, for any =,y € [—8, 6] we have

[f(z) = F(y)] < |z —yl/9.
Therefore, by Definition 2.17 with M = 1/9, f : [-8,6] — R is Lipschitz continuous.
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The first derivative of f is

d e e*(1 — e
floy= o O -l
dr (14 e*) (e*+1)
Therefore
z 1 — | 1 1 T 1
14 ex 14 ex e + 1 14+ e 2 1+ ex er +1
Noting that
14e™>1 = <1l and 1+¢e&°>1 = <1
1+ e = 1+ ez
we then have N
|f'(x)] < e — 1 for all z € R.
e"E
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Also, the triangle inequality gives

" — 1

ef =1 =le" + (=D < e+ | =1 ="+ T S

SO we now have
|f/(x)| <1 forallz € R. 9)

Let x,y € R be such that x < y. Then from the Mean Value Theorem (Theorem 3.10)
there exits ¢ € [z, y] such that

Hence forall z < y
[f(@) = fy)] < |z =yl sup{|f'(c)] : c € R}.
Since, from (9),
sup{[f'(c)[:ceR} <1 = [f(z) = f(y)| <|o—y| forallz<y.
Similar arguments lead to
[f(z) = fy)l < e —y| forallz>y.
Trivially, | f(z) — f(y)| = |z — y| for x = y. Combining each of these findings we obtain
[f(@) = fy)l < e —y| forallz,yeR

and by Definition 2.17 f is Lipschitz continuous over R.
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The first derivative of f is

— (2% + 62* + 423 — 3022 — 20)
(z* +10)2 '

f'(x) =

We seek a bound for | f'(z)| over x € R and treat the following cases separately:
(i) |z <1 and (i) |z]| > 1.

Case (i). Throughout Case (i) we have |z| < 1 which, with the assistance of the
triangle inequality, leads to

| — (2% + 62* + 42% — 302% — 20)| < |z|® + 6]x|* + 4|z|* + 30|z|* + 20
<|z| + 6]x| + 4|z| + 30|x| + 20
<61.

Also
1 1

< .
(z% +10)2 ~ 100

(z* +10)? = 2® 4+ 202* + 100 > 100 —
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Therefore, for Case (i), we have

1
(@) < 160—0 when |z] < 1. (10)

Case (ii). Throughout Case (ii) we have |z| > 1 which means that
1/]z] < 1. (11)

We also have

1 1
4 2 8 4 8
(z* 4+ 10) x® + 202" + 100 > x — P10 S

and so, using (11),
/()] = (|2[° + 62" + 4z’ + 30[2|* + 20)/|z[*

(1/l2)* + 6(1/|2])* + 4(1/|2])” + 30(1/]2])® + 20(1/|])®

which leads to
|f'(z)| <61 when |z| > 1. (12)

Combining (10) and (12) we have
If'(z)] <61 forall zeR = sup{|f(c)]:ce R} <6l.

Let 2,y € R be such that < y. Then from the Mean Value Theorem (Theorem 3.10)
there exits ¢ € [z, y| such that

Hence forall x < y
[f(2) = f)| < |z =yl sup{|f'(¢)] : c € R}.
Since, from (12),
sup{[f'(¢)] : c€ R} <61 —  [f(2) = f(y)| < 61|z —y| forallz <y.
Similar arguments lead to
|f(z) — f(y)] <6llz —y| forallz >y.

Trivially, |f(x) — f(y)| = 61|z — y| for z = y. Combining each of these findings we
obtain
[f(z) = f(y)| < 61|z —y| forallz,y e R

and by Definition 2.17 f is Lipschitz continuous over R.
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(a) Letz,y € [0, 1] such that z > y. Then, noting the (a + b)(a — b) = a® — b* identity,
VE- VI SVE=Vi+2Vy = Vr—JysVedJy
= (Vo =) < (Ve + V) (VT — V)
= (Ve -y <z—y
— V- Vy<Vr—y
= [V =yl < Vl]z -yl

A summary of these just-completed steps is that for z,y € [0, 1] such that z > y
we have

Ve =yl < iz =yl (13)

Givene > (0 let § = &% Then
z—y|<d = |r—yl<e = lz —y| <e. (14)
Combining the inequality in (13) with the last inequality in (14) we then obtain

Ve—Vyl<e <= |f(x)-flyl<e

If z,y € [0, 1] are such that y > x then similar steps lead to the same conclusion.
So for all z,y € [0, 1]

lz—yl<o = |f(x)-fly)l<e

By Definition 2.13, f : [0, 1] — R is uniformly continuous.

(b) We will use proof by contradiction. If f : [0,1] — R given by f(z) = y/x then, by
Definition 2.17, there exists M > 0 such that

forallz,y € [0,1], |Vo—y| < M|z —y|.

Therefore, setting y = 0, we must have for all 0 < z < 1:

VT < Mz <= 7§M (15)

Now setx = 1/(M ? € (0,1] which implies that

\_/

=(M+1)? <= =M+1

&Iv—l

Sl-

which is a contradiction of the second inequality of (15). Therefore Definition 2.17
cannot hold and f : [0,1] — R given by f(z) = \/z is not Lipschitz continuous.

T According to the lecturer’s experiences in publishing proofs in mathematics and statistics
journals over many years, preliminary background working should not be included in the
proof. This is the convention in esteemed journals such as The Annals of Mathematics and
The Annals of Statistics. Many web-sites and some books do not follow publication-quality
conventions and tend to include such preliminary background working. Subject partici-
pants are encouraged to learn about and use publication-quality versions of mathematical
proofs.




