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D.1. | Relevant page(s) in the notes: 19

First note that ) . )
ap = — — = >0 foralln e N.
n n+1l n(n+1)
Define 1
bn = ﬁ
and note that
ay, n?
lim — = lim —— = lim =1+#0.

So by the Limit Comparison Test (Theorem 1.40) the series in the exercise converges.

D.2. | Relevant page(s) in the notes: 22, Supplementary Results

(a) We have

Sp=1+r+r4. . . 41"

and rs,=r+r>+r>+.. +r"tL

Subtraction of the first equation from the second equation leads to, for all » # 1,

Tn—i—l -1

(r—1)s,=r s 1

(b) The following cases are treated separately:
@)r=0, ({)r=1, (@(i)r=-1, (ivyr#0and|rj<1 and (v)]|r|> 1.
When r =0, s, = 1 for all n € N so, trivially nh_)nolo s, =1 =1/(1 —0). Hence, the
result holds when r = 0.

Whenr =1, s,, = n+1 for all n € N which is unbounded. Hence s,, diverges and
the results holds when r = 1.

When r = -1, s, = 3{1 + (—1)"} for all n € N. Then, based on the n odd
subsequence

liminfs, =0
n—oo

'This document is less than a few months old which makes errors more likely. Updated versions with later
dates may be released during the semester. Notifications will be sent via e-mail whenever an updated version
is released.



D.3.

D4.

and based on the n odd subsequence

limsup s, = 1.
n—oo
Since
0 = liminf s, # limsups, =1
n—o0 n—oo

s, diverges (Proposition 1.44) and the result holds for r = —1.
When r #£ 0 and r # 1,

1 lima, — 1
Sp = — lims,="2>*——  where a,=r1r"
r—1 n—00 r—1
Since "
an+1 o |T|n o
= ——=r|
Qn ‘T|

and |r| < 1 by the Ratio Test for Sequences (Theorem S.1 of the Supplementary
Results)

0-—1 1
lim a, =0 andso lim s, = = .
n—00 n—o00 r—1 1—7r

and the result holds for || < 1, r # 0.

When |r| > 1 by the Ratio Test for Sequences (Theorem S.1 of the Supplementary
Results) a,, diverges, which implies that

a, — 1
r—1

Sp —

diverges and the result holds for |r| > 1.

Relevant page(s) in the notes: 18

Foralln e N

1 1

2 2 2 2

(1)

It is well-known (e.g. equation (1.2) in the notes) that

L.
E ) 1s convergent.

n=1
From the last inequality in (1) and the Comparison Test (Theorem 1.39)

[e.9]

1
m is Convergent.
n

n=1

Relevant page(s) in the notes: 16, 19

The series of interest is

> 9
Z a, Wwhere a, = +—\/ﬁ
— 14 2n —n?



D.5.

D.6.

The a,, are not strictly positive for all n € N so, for example, the Limit Comparison
Test (Theorem 1.40) does not apply. However, note that

= 9+n 2. 9+n . 9+n
_Zan ZnQ—Qn—l Zn2—2n—1 ZnQ—Qn—l @)

The first term on the far right-hand side of (2) is finite and equal to —(14++/2). Making
the substitution m = n — 2 into the second term on the far right-hand side of (2) leads
to it equalling

= g4 mE2
Zl m

m+2)2—2(m+2)—1

94 +vn+2

(n+2)?2—-2n+2)—1

o0
E a, Wwhere a, =
n=1

For n € Nlet b, = n~%/? and note that (with division by n? on the numerator and
denominator)

@y _ (9 + v/n + 2)n?? _ (9/v/n++/1+2/n)
by {(n+22-2(n+2) —1} {(L+2/n)?—2(1/n+2/n?) — 1/n}

which leads to

lim 2% =1 +£0.

n—00 n

So by the Limit Comparison Test (Theorem 1.40) ">, a,, converges. Hence, by Theo-
rem 1.34,

Z a, = 14 +vV2 — Zﬁn also converges.
n=1 n=1

Relevant page(s) in the notes: 15, 19

Define the sequences

14n° + 3n3 1
m and bn: ﬁ’ n € N.

Qy =

o0
Then Z by, is the harmonic series, which diverges. Next note that

n=1

ap,  14n°4 3n* 14 + 3/n?

b, 9nS+Tn2+5 9+7/n2+5/nt

which leads to
an 14 + 3/n?
lim — = lim

14
=— #0.
e

By the Limit Comparison Test (Theorem 1.40), the series in the exercise diverges.

Relevant page(s) in the notes: 23, 26

Define
1

an:m, neN
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D.7.

D.8.

and note that, for alln € N,

11(n+1)4+8=11n+19 > 11n +09. 3)

1/94

Since the function g(x) = z'/”* is monotone increasing over {z : = > 0}, (3) implies

that
{11(n + 1) 4+ 8}Y/% > (11n + 8)1/%

and therefore

1 1
(11(n + 1) + 8} = (11n + 8)1/

v~ (mrs) {6 )}

which, using the fact that g is continuous (Theorem 2.8), leads to

1/94
. ) 1 1
lim a, = | lim — _ = 0.

= (-

> Tin s
 (11n + 8)1/9

< auy1 <a, forallnéeN.

Also,

By Theorem 1.48

is convergent.

Relevant page(s) in the notes: 18

First note that

[e.e]

Zn2+6n+9 Z n+3 2

Making the change of variables m = n + 3 we then have

m=1
Sy CE
6 49
_ 6m% —49
36

Relevant page(s) in the notes: 18

This is publication-quality proof. See 1 at the end of this document for a full explanation.




First we check whether or not all terms in

> 1
. — 4
25712—837 @)

are finite. The quadratic equation

572 — 837 =0 hasroots = 4./837/5.

Since 873/5 is not an integer it cannot be a perfect square and so neither of the roots is
a natural number. Hence 5n* — 837 # 0 for all n € N, which implies that all terms in
(4) are finite. Let N = 15 and note that

n>N = n’>>225>837/4 = 4n®’>837 = 5n®—837>n’.

Therefore, . .
forall n>15 h — < .
orall n> wehave oo —0n <
Since
1 B 2
s = —
—mn 6
by the Comparison Test (Theorem 1.39)
i L is convergent
< 5n? — 837 gen™

Preliminary background working that led to an effective N choice

We know that

=1

is convergent so it is anticipated that the same is true for

o0

1
z:l 5n? — 837

To use the Comparison Test we want values of n for which

1 1

n?—837>n — — < .
" =N 5n? — 837 — n?

However,
5n? —837 >n? <<= n®>837/4. (5)
Therefore taking

n > /837/4 = 14.465 . ..

will guarantee (5). 1t follows that N = 15 is sufficient.



D.o.

D.10.

Relevant page(s) in the notes: 16, 18

Let a,, n € N, be a sequence such that

Z la,| converges. (6)

n=1

By definition, > 7 | a, is absolutely convergent. Next let

n=1
bnEan+|an|, n € N.
Since, for any x € R,
r+(—x)=0 when z < 0,
r+|z| =
r+x=2r=2z] whenz >0,

we have
0<b, <2la,| forallneN.

Since, from (6), > -, |a,| is finite the same is true for ), (2|a,|). So from the Com-
parison Test (Theorem 1.39)

o)
E b, converges.
n=1

Observing that
n=1 n=1 n=1

and the fact that both series on the right-hand side of converge, it follows from Theo-
rem 1.34 that

()
E a, converges.

n=1

Thus, every absolutely convergent series is convergent.

Relevant page(s) in the notes: 23, 26

Define 1
n = , eN
= (In(15n + 28)) "
and note that, foralln € N,
15(n+1) + 28 = 15n 4 43 > 15n + 28. (8)

Since the function In(z) is monotone increasing over {z : = > 0}, (8) implies that
In (In (15(n + 1) 4 28) > In (In(15n + 28))

Also,
In (In(15n + 28)) > In (In(43)) >0 foralln € N.
Therefore,
1 1
In (In (15(n + 1) + 28)  In (In(15n + 28))

<  apy1 <a, foralln e N.

6



D.11.

D.12.

Also, using the fact that In is continuous (Theorem 2.8),

lim In (In(15n +28)) = In (In ( lim (157 +28)) ) = oo.

n—oo n—o0

SO

lim a, = lim ! =
n—00 n—oo In (In(15n + 28))
By Theorem 1.48
MBI
“—In ( ln 15n + 28))
is convergent.
Relevant page(s) in the notes: 24
First note that
1 1

—62n+961 (n—31)2
Therefore, the 31st term in the series has the form

1
g which does not correspond to a finite number.

More formally,
1 1

(314¢— 31) g2
Since all other the terms in the series

Z n—31

n=1

— =0 as €—0.

are positive and finite, the series cannot converge. Hence, the series in the exercise is
divergent.

Relevant page(s) in the notes: 21
Let .
_9
ap, = —
n!
Then 0
G| _ g™+ g 107
an, g"/n! n+l n+1°
Therefore,
n : 1
lim |27 = 101" Jim =0<1
n—oo an n—oo 1 ]_

so by the Ratio Test for Series (Theorem 1.41) the series

converges.



D.13. | Relevant page(s) in the notes: 18, 19

This is publication-quality proof. See 1 at the end of this document for a full explanation.

Let : , oy
33+ 31In° +Tn .
Ap = (10”17 + 11”25 + 3”3 + 98)1/14 al’ld bn =N y n € N

Then
an, (33 + 31n® 4 Tn?)1/4n29/28

b, (10n'7 + 1102 + 3n3 + 98)1/14

(33 + 31n3 4 Tn?)V/4n =3/
(10117 + 11025 + 3n3 + 98)1/14p—-25/14

{(33 + 31n3 + Tn?)n =3} /4
~ {(10n!7 4 11n% + 3n3 + 98)n—25}1/14

(33073 4 31 + Tn~1)1/4
(10n=8 + 11 + 3n—22 + 98n—25)1/14°

Hence s
.ay, 31
lim — :ITIEHZZ# 0.

n—oo b,

o o0
d b= n*/* converges,
n=1 n=1

by the Limit Comparison Test (Theorem 1.40)

Since

i i (33 + 31n3 + Tn?)V/4
Ay =
(10n'7 4+ 11025 4 3n? + 98)1/14

also converges.

n=1 n=1

Preliminary background working that led to an effective b,, choice

1/4 3/4.

The numerator of a,, is dominated by (31n®)'/* which is proportional to n

The denominator of a,, is dominated by (11n*)Y/1* which is proportional to n**/14.

Therefore, for large n, a,, is proportional to

3/4
n_,-29/28
n25/14 ‘

This suggests that we do a Limit Comparison Test with b, = n~2/%,

D.14. | Relevant page(s) in the notes: 18

First note that
nl=n(n—1)(n—2)--- (4)(3)(2)(1)
<n(n—0)(n—0)---(n—0)(n—0)(2)(1)

= onn 2



D.15.

Therefore,

n!  2n"2 2
— < =— foralln € N.
nn nn n?
Since .
2 w2
2T T
—~n 3

and therefore is convergent, by the Comparison Test (Theorem 1.39)

o0
nl .

E — is also convergent.
nn

n=1

Relevant page(s) in the notes: 18

This is publication-quality proof. See 1 at the end of this document for a full explanation.

First we check whether or not all terms in

(e o]

1
9
2n2—798n+113 ®)

are finite. The quadratic equation
2? — 798z + 113 =0 hasroots = =1(798++vA) where A = 636352.

Since
7972 = 635209 < A < 636804 = 798>

A is not a perfect square, which implies that neither of the roots of this quadratic
equation are integers. Therefore the series in (9) has all terms finite.

Let N = 1596 and then note that

n>N — 32798 — 3—79820 — n(g—798>20. (10)

The last inequality in (10) is equivalent to

n? n? n?
?—7987120 — ?—798n+113>0 — n2—798n—|—113>7.

Therefore, 1 9
for all > 1596 h <=
orall n2 WERE 2 T8+ 113 T n?
Since
=2 2 .
— = 3 and, therefore, is convergent
n
n=1

by the Comparison Test (Theorem 1.39)

o0

1
Z 2 —798n + 113 is also convergent.

n=1

Preliminary background working that led to an effective N choice

9



Since the series with nth term

1 1
n2 —798n + 113 n2(1 — 798/n + 113/n?)

(11)

it is anticipated that its behaviour is similar to the series with nth term 1/ n?. However, bound-
ing the sequence in (11) with 2/n? is much easier and the factor of 2 does not impact series
convergences. The plan is to use the Comparison Test (Theorem 1.39) which means that we
need to find N such that

1

>N — < —
"= n? —798n + 113 — n?

— 1n*—T798n+113 > 0.
The quadratic equation

12> — 798z + 113 =0  has solutions x = 798 & /7982 — 226
Since the the coefficient of x? is positive, the corresponding parabola is U-shaped and so

n>T798+ V7982 — 226 = 1np®—798n+113> 0.

Since /7982 — 226 < /7982 = 798 we can also say that

n>798+798 = in®—798n+ 113 >0.

Therefore, setting N = 798 + 798 = 1596 is sufficient for getting to

1 2

>N — < —,
"= n2 — 798n + 113 = n?

T According to the lecturer’s experiences in publishing proofs in mathematics and statistics
journals over many years, preliminary background working should not be included in the
proof. This is the convention in esteemed journals such as The Annals of Mathematics and
The Annals of Statistics. Many web-sites and some books do not follow publication-quality
conventions and tend to include such preliminary background working. Subject partici-
pants are encouraged to learn about and use publication-quality versions of mathematical
proofs.
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