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The Floor and Ceiling Notation. These solutions use a less standard notation which is
common in mathematical journals and some mathematics textbooks. For z € R the floor
notation is

|z] = greatest integer less than or equal to x = “floor” of

and the ceiling notation is
[z] = smallest integer greater than or equal to x = “ceiling” of .
Examples of this notation are

15.78) =5, [5.78] =6, [34] =34, [34] =34, |-846]=-9, [-8.46]=—8.

B.1. | Relevant page(s) in the notes: 8

We treat the following two cases separately:
(i)ec=0 and (i) ¢ # 0.

First suppose that c = 0. Then for all ¢ > 0
n>1 = |ca,—ca|=0-0]=0<ce.
Therefore, by Definition 1.16,

lim (ca,) = ca when ¢=0.
n—oo

Now suppose that c # 0. Since

lim a, = a (1)
n—oo

for any ¢ > 0 it is also true that ¢/|c| > 0 and so, by (1), there exists N € N such that

n>N = |a,—al <e/|c|.
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B.2.

B.3.

Hence,
n>N — \ca, — cal = |c||a, —n| < |c|(g/|c|]) =€

and so by Definition 1.16

lim (ca,) = ca when ¢ #0.

n—oo

Relevant page(s) in the notes: 8

This is publication-quality proof. See | at the end of this document for a full explanation.

For any givene > 0 set N = [7/¢]. Thenn > N implies that
n>Te = ne>7 = ne+2>7 = 7/(n+2) <e.

Noting that 7/(n + 2) = |3(n — 1)/(n + 2) — 3| for all n € N we then have

3n —1
n>N — n 3| <e.
n—+ 2
Therefore, by Definition 1.16,
. 3dn—1
lim =3.

Preliminary background working that led to an effective N choice

For each ¢ > 0 need to get to
3n—1
n+2

Simplification of left-hand side of (2) leads to the equivalent condition

-3 <e. @)

7
n—+ 2

<eg <= n>T-2

The simpler condition n > T/e implies n > 7/¢ — 2 and avoids having to deal with the
possibility of negative numbers on the right-hand side (e.g. if ¢ = 10). So setting

N = [7/e]| = the smallest integer greater than or equal to 7/e

will allow us to say that n > N implies (2).

Relevant page(s) in the notes: 6, 8

This is publication-quality proof. See } at the end of this document for a full explanation.

For any given € > 0 set
N = [\/24/(495)1.

Then n > N implies that, with use of the triangle inequality,

n > /24/(49s) = 49en® > 24 = 49en® > 24n > 21 + 3n > |21 — 3n).



However, for all n € N,

3 3 21 —3n
49en” > 121 —3n| = 49en” +2lne > 21 —3n| <+— |——F—|<c.
49en3 + 21n
Noting that
21 —3n n3+ 3 1
= — = forallneN
Ond+2ln i 430 7 o
we then have 5 3 .
n° +
>N — |—F4/— —<-|<e.
"= n® + 3n 7‘ ©
Therefore, by Definition 1.16,
n®+3 1
im —/——— = —.
n—oo Tn3 +3n 7
Preliminary background working that led to an effective N choice
For each ¢ > 0 need to get to
n®+3 1
—— | < 3
3+ 3n 7‘ © ©)

Some simple algebraic steps lead to

n®+3 1 [21—3n|

™3 +3n T 49n® +2In
By the triangle inequality, for all n € N,
121 — 3n| <21 +3n < 21n+ 3n = 24n

Also, forall n € N,

1 1

4903 4+ 21n > 490 — < .
nesin = adn 100 1 21n 4008

On combining these last three equations

n3 + 3 1 - 24n 24
T3 +3n 7|  49n3  49n2’

Therefore having n big enough so that 24/(49n*) < e implies (3) for such n. Therefore, the
choice N = [ 24/ (495)} is such that n > N leads to what is needed to arrive at (3).

. | Relevant page(s) in the notes: 8

We treat the following three cases separately:
(i)a =0, (ii) a>0 and (iii) a < 0.
First suppose that a = 0. Since
lim a, =0 (4)

n—oo

for any e > 0 it is also true that 2 > 0 and so, by (4), there exists N € N such that

n>N = |a,|<e&® = a,| < = |Va,—V0|<e. (5



B.5.

B.6.

Therefore, by Definition 1.16

lim \/a, = va when a=0.

n—oo

Now suppose that a > 0. Since
lim a, = a (6)
n—oo
for any ¢ > 0 it is also true that €y/a > 0 and so, by (6), there exists N € N such that
n>N = la,—a|<ceva. (7)

Next note that

t=a = (Vi = (Vi) = (Vi —Va) (Vartva) = Van—va= 2

Hence, using (7) and (8),

n>N = |Jan—+a| = \/'Z_:+Cy<|anfa| gf‘

Therefore, by Definition 1.16

lim \/a, = +va when a > 0.
n—o0

Finally, we show that a < 0 is not possible when (6) holds with all a,, > 0. We do this
by contradiction. If @ < 0 then ¢ = —a/2 > 0. Then, from (6) there is N € N such that

n>N = l|a,—a|<—-a/2 <<= a/2<a,—a<—-a/2 = a,<a/2<0.

But this a, < 0 result contradicts the a,, > 0 assumption. Therefore, a < 0 is not
possible and this case can be excluded.

Relevant page(s) in the notes: 7, 8

We will use proof by contradiction. Suppose that

limn=L forsomel € R.

n—oo

Then from the e-N definition of a limit (Definition 1.16) with € = 1, there exists N € N
such that

n>N = |n—-L<l < L-1l<n<L+1 = n<L+1. (9

It follows from (9) for all n > N we have n < L + 1. However, this would imply that
| L + 1] is the largest natural number, which is a contradiction of the Archimedean
Property. Therefore the sequence a,, = n, n € N, diverges.

Relevant page(s) in the notes: 8

This is publication-quality proof. See } at the end of this document for a full explanation.
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For each ¢ > 0 set N = [361/(7¢?)]. Then n > N implies that

1 1
n>361/(7¢?) = 361 <e? = 19 <e. (10)
m Vin

Next note that

™m+29>Tn = Vn+29>Vin = VIn+29+VTn+10>V7n

which then implies that
1 1
< : 11
Vin+29++Tn+10  Tn )
Combining (10) and (11) we obtain
19 19(v/Tn +29 — /Tn + 10)
<e = <e
VTn+29 +/Tn+10 (VTn +29 4+ +/Tn +10) (v/7n + 29 — /Tn + 10)
(12)

Application of the (a+b)(a—b) = a* —b? identity to the denominator and some simple
algebra leads to the second inequality in (12) being equivalent to

(VTn 429~ VTn+10) — 0] <=

Therefore, from Definition 1.16,

lim (vV7n+29 — v/7n+10) = 0.

n—o0

Preliminary background working that led to an effective N choice

For each ¢ > 0 need to get to

Vin+29—vVTn+10-0]<e <= VIn+29—-Vn+10<e. (13)

Multiplication of both sides of the second inequality in (13) by /Tn + 29 + v/Tn + 10, use of
a? — b* = (a — b)(a + b) and simplification then gets us to

19
9 <e(vVin+29++vVin+10) <= <e. 14
(Vin Vin+10) VT + 29+ /Tn + 10 (1
Since (as shown above)
19 - 19
Vin+29++/m+10  +/Tn
the simpler condition
19
—<c 15
i (1)
implies the second condition in (14). Simple algebra shows that condition (15) is equivalent to
361
Te?

which means that taking N = [361/(7¢*)] will be sufficient.



B.7. | Relevant page(s) in the notes: 7, 8

We will use proof by contradiction. Suppose that

lim (—1)"n =L forsome L € R.

n—o0

Then from the - N definition of a limit (Definition 1.16) with £ = 1, there exists N € N
such that

n>N = |(-)"n—-L|<1 < L-1<(-1)"n<L+1.  (16)
The last condition in (16) implies that

n <14+ L when niseven and
n <1—L whennisodd.

Therefore, for all n > N we have n < max(1 — L,1 + L). However, this would imply
that [max(1 — L, 1+ L)] is the largest natural number, which is a contradiction of the
Archimedean Property. Therefore the sequence a,, = (—1)"n, n € N, diverges.

B.8. | Relevant page(s) in the notes: 13

Since
la,| = |sin(n)]|cos(n®+ 1) <1 foralln € N

a, is a bounded sequence. Therefore, from the Bolzano-Weierstrass Theorem (Theo-
rem 1.26), a,, has a convergent subsequence.

B.9. ‘Relevant page(s) in the notes: 6, 13‘
Let

_ {1+ (-1)"}5n*+7) N {1+ (=1)""1}(19n — 11)

n = : N.
6n? +n+3 13n2 +8 "e
Then, for all n € N, from the triangle inequality
14 (=1)" 2 1+ (=1)""19n — 11
g, < LE DG +7) | [+ (D)™ [19n — 1]
6n%+n+3 13n2 48
L A+ [(=D")Bnr* +7) LA [(=1)"*1])(19n + 11)
- 6n2 +n+3 13n2 48
L 2(5n2+ 7)) 2(19n + 11)
S 6n?+n+3 130248
Noting that foralln € N
1 1

2+ 7<5n24+7mm?=12n> and 6n’+n+3>6n° —

e — < RS
6n*+n+3  6n?
we have
2(5n* +7) _ 12n?
6n*+n+3  6n?
Similar arguments lead to
19n+11 30

— < — f 11 )
13n2+8<13<3 oralln e N

=2 foralln € N.
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B.10.

B.11.

Therefore,
la,| <2x24+2x3=10 foralln €N

and so the sequence in the exercise is bounded. Next note that
2(19/n* — 11/n)
134 8/n?

2(5 4 7/n?)
6+ 1/n+3/n?

n odd,

n even.

The subsequence of a,, corresponding to n odd is a convergent subsequence since it
converges to 0. Alternatively, the subsequence of a, corresponding to n even is a
convergent subsequence since it converges to 5/3.

Relevant page(s) in the notes: 22

First note that

lim a, = lim
n—oo n—oo

19+15/n417/n* \ 19
41 —22/n —109/n2 ) 41

which means that a, is convergent. By Proposition 1.44 we must have
19

liminf a, = limsupa, = —.
n—00 00 41

Relevant page(s) in the notes: 21

Some simple algebraic steps lead to

(=1)"(4+7/n—3/n*) 23+5/n

n=2(—1)"* foralln € N.
an = 201"+ 11— 29/n —7/n OF"E
Then note that
44+ 7/n—3/n* 23+5/n
92—
T—20/n =7 "odd
a, =
. 2
o4 447/n—3/n* 234+5/n 1 even.

11— 29/n 11—7/n’
The subsequence of a,, corresponding to n odd converges to

4234l
11 11 11
The subsequence of a,, corresponding to n even converges to

4 23 5

METRETERETE

However, as is apparent from the accompanying figure, all convergent subsequences
fall into one of two cases:



¢ those that are, ultimately, subsequences of the {a, : n odd} subsequence which
converge to 41/11,

¢ those that are, ultimately, subsequences of the {a, : n even} subsequence which
converge to 5/11.

e e R o o - O----0-----0----0-----0---- 0----- 0----0---
N 0/
° ° ° ° o o o o
______________________ B SRRSO SRR TR, SRR, SOV SRR RO SO
/, | | | |
° 5 10 15 20 n

Therefore
. 5 . 41
liminfa, = — and limsupa, = —.
n—00 11 N 00 11

B.12. | Relevant page(s) in the notes: 21

Some simple algebraic steps lead to

{1+ (=1)"}9/n + 14/n?)

a, = v/n{l — (=1)"} + 13/ 1 23 for all n € N.
Then note that
2y/n, n odd,
an =1 2(9/n+ 14/n?)
1B/m+23 O
The subsequence of a,, corresponding to n odd is unbounded and diverges to oc.

Therefore

lim sup a,, = the largest limit among a,,’s subsequences = cc.
n—0o0
The subsequence of a,, corresponding to n even converges to 0. Moreover, the only
convergent subsequence are those that are, ultimately, subsequences of the {a,, : n even}
subsequence which converge to 0. Therefore,
liminf a,, = 0.
n—oo
In summary,

liminfa, =0 and limsupa, = oco.
n—0o0 n—00



B.13.

B.14.
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Foreache > 0let N = [1/e]. Then let n and m be natural numbers such thatn, m > N.
Then

1 1
nm>1/e — — — <e.
n’'m
In the case where n = m we have
1 1
———|=0<e
n m
In the case where n > m we have
1 1 1 1 1 1 1 1 1
-< = = ——=->0 = —— === —-=-<—<c¢
n m m n m n m n m

In the case where m > n analogous arguments lead to

1 1

m n

<e.

So regardless of whether m =n,n > morn <m
nm>N = l|a, —an| <e¢

so by Definition 1.27 a,, is a Cauchy sequence.

Relevant page(s) in the notes: 6, 13

This is publication-quality proof. See } at the end of this document for a full explanation.

For each € > 0 set N = [(6/¢)*?]. Then n > N implies that
n>(6/c)? = 3nP<e)2 (17)
Next note that

n+2>n =— (n+2)2/3>n2/3

— (4524 (n+5)3n+ 2+ (n+2)° > 0?3

which then implies that
L < n23 (18)
(n+5)23+ (n+5)"/3(n+2)1/3 + (n+2)2/3 ‘
Combining (17) and (18)
3

2
(v DB T (B (n + 20 + (1 28

— 3{(n+5)"3 - (n+2)/3)
{(n+5)¥2 4+ (n+5)3(n+2)1/3 + (n 4+ 2)?3}H{(n + 5)Y/3 — (n + 2)'/3}

<e/2.
(19)



Application of the identity (a® + ab+ b*)(a — b) = a® — b* to the denominator and some
simple algebra leads to the second inequality in (19) being equivalent to

(n+5)3—(n4+2)Y3<e/2 — la,| <e/2.
Thus, we have shown that
n > N implies that |a,| <e/2. (20)

Similarly,
m > N implies that |a,,| < ¢/2. (21)

From (20) and (21) and using the triangle inequality
nm>N = |a, — ap| <|a,|+ |an] <e/2+¢e/2 =c¢.

Therefore, from Definition 1.27, a,, is a Cauchy sequence.

Preliminary background working that led to an effective N choice

We need to get to
nm>N = |a,—an|<¢ (22)

where a, = v/n+ 5 — ~/n + 2. Intuitively, the two terms of a,, get closer as n — oo so it is
likely that a,, converges to zero. This suggest applying the triangle inequality as follows:

|an = am| < lag] + |am| = [an — 0] + |am — 0] (23)
and finding N such that, for any € > 0
n>N = la,| <¢g/2

By symmetry, a similar result will hold for m > N and substitution into (23) will then give
us (22).

So now we need to get to
lan| <€/2 <= 2{(n+5)V* - (n+2)?} <. (24)
Multiplication of both sides of the second inequality in (24) by
(n 453 + (n+5)Y3(n +2)Y3 4+ (n +2)*,
use of (a* + ab + b*)(a — b) = a® — b® and simplification leads to

6 < e{(n+5)%3+ (n+5)13(n+2)12+ (n+2)%3}

0 <e€ (25)
(n+5)3 4+ (n+5)3(n+2)V3 + (n+2)23 7
Since (based on (18) above),

—

6
(n+5)2/3 4+ (n+5)3(n+2)1/3 + (n+2)2/3

the simpler condition

< 6n2/3,

6n 2% < ¢ (26)

implies the second condition in (25). Since (26) is equivalent to n > (6/¢)3/?

N = [(6/¢)**]

, setting

will suffice.
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B.15. | Relevant page(s) in the notes: 13

We will use proof by contradiction. Suppose that a,, = n is a Cauchy sequence. Then
from the N-¢ definition of a Cauchy sequence (Definition 1.27) with ¢ = 3, there exists
N € N such that

mn>N = |m—-n|/<3; <= m=n.

However, m = N and n = N + 1 satisfy m,n > N but are such that m # n, whichis a
contradiction. Hence, no such NN exists and so a,, is not a Cauchy sequence.

T According to the lecturer’s experiences in publishing proofs in mathematics and statistics
journals over many years, preliminary background working should not be included in the
proof. This is the convention in esteemed journals such as The Annals of Mathematics and
The Annals of Statistics. Many web-sites and some books do not follow publication-quality
conventions and tend to include such preliminary background working. Subject partici-

pants are encouraged to learn about and use publication-quality versions of mathematical
proofs.
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