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For each n € N let

B Vn2 4+ 17 —+v/n2 + 12
B 8n +3 '
Then, from the (a — b)(a + b) = a* — V? identity,

n

(Vn?+17 — Vn? +12) (Vn? + 17+ Vn? + 12) 5
Ay, = = .
(8n+3) (V2 + 17 4+ Vn? + 12) (8n+3) (Vn? + 174+ vn? +12)
For eachn € N, let
1

From information given in the question
[e.e]
E b, is convergent.
n=1

For all n € N note that a,, > 0, b,, > 0 and

ap, 5n? )

b (8n+3) (V2 +17+Vn? +12) (84 3/n) <\/1 +17/n2 + /1 + 12/n2) ‘

This leads to

and from the Limit Comparison Test (Theorem 1.40)

e}

E a, isalso convergent.

n=1
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First note that for any =,y € [0, 2] we have

0<a*+ay+y? <12 = 42> +ay+9y? <48 (1)
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For any given ¢ > 0 set § = £/48. Then for each z,y € [0, 2],
-yl <d <= |r—y|<e/48.
Combining this result with the last inequality in (1) results in
4la? + oy + 9P| |r — y| < 48(c/48) = ¢.
This is equivalent to
40 — 4’| < = |f(x) - f(y)| <e
By Definition 2.13, f : [0, 2] — R is uniformly continuous on [0, 2|.

Preliminary background working that led to an effective ¢ choice

For each ¢ > 0 need to get to
|42° — 4| < e <= A +ay+P|lr—yl<e
Since
r,y€0,2] = 0<2®+ay+y*<12 = 4l2* +ay+y? <48

choosing § = e /48 will allow the |x—y| < & condition to be combined with the 4|z*+xy+y?| <
48 condition and get us to 4|2* + zy + y*||lz — y| < e.
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First note that for all h # 0

fO+h) = f(0) _ |’ _ k2]
h “h ok

= h|h|.
For the left limit with ~ — 0~ we have

h<0 = |h=-h = hl|h|=-1%
Therefore

i O = SO (=h?) =0.

h—0— h h—0—

For the right limit with » — 0" we have
h>0 = |hl=h = h|h| ="~
Therefore

lim fO+h) = £(0) _ lim h% = 0.

h—07+ h—0t

Since

o SO FO) L FO+R) - O)
h—0— h h—0t h ’

f is differentiable at x = 0 and f’(0) = 0.




4. | Relevant page(s) in the notes: 24

(@) Forallz € R

1 1| 27— (22 +11)| [16—2? |z —4|lz+4]
27(x2 +11) | 27(22+411)  27(z2 +11)

2211 27|
(b) Foreache > 0let§ = min (1,60¢). Then |z — 4| < 6 implies
|t —4] <1 and |z —4| < 60e. (2)
The first inequality in (2) implies

—l<zr—-4<1 = 3<z<)i = T<zr+4+4<9 = |zx+4<9. (3

Also note that

1 1
3<r<h = 9<1’<25 = 20<2?411<36 = —— < —. (4
* v v 211~ @

On combining the last inequalities in each of (2), (3) and (4) we obtain

W < 60e x
27(22 + 11) 27(20)

From the part (a) result, this is equivalent to

1 L
2411 27| °°%

Hence, by the ¢-0 definition of a limit ((2) of Definition 2.1),

1 1

li _—
eoiz2 111 27




