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1. | Relevant page(s) in the notes: 6, 21, 22

(@) i infA= —% and supA = 0.

ii. infA=0 and supA = 16.

11 11
(b) i. liminfa, = —— and limsupa, = —.

1
ii. liminfa, = R and limsupa, = —

n—00 n—00

e e 3 .

iii. liminfa, = —= and limsupa, = =
n—o0 7 n—00

2. | Relevant page(s) in the notes: 18, 23, 68

First note that
n (_1)2k+16x/k
() = x) where x) = , k=1,...,n.
() ;%( ) gr() (1 + 2¢2/F) /e
Forallk=1,...,n
‘ ( ’ ’ (_1)2k+1€m/k e:v/k 1
X = = =
9e(7) (1+ 26I/k)k\/E (1+ 2e$/k)k:\/E (e=w/k 4+ 2)k3/2
Next note that, for all £ € N,
x>0 = z/k>0 = F>1 = et
— 1 2<3 — L < M,;, where MK:L.
(e=2/k + 2)kvVk k3/2

Since, forall k£ € N,

|lgk(2)| < My and ZMk is convergent
k=1

by the Weierstrass M-test (Theorem 5.7), f,, is uniformly convergent on [0, o).

'This document is less than a few months old which makes errors more likely. Updated versions with later
dates may be released during the semester. Notifications will be sent via e-mail whenever an updated version
is released.



. | Relevant page(s) in the notes: 53

(a) Noting that

1< 1 1
L(f,P) = 22/n2+9 and _ﬁz 2/712—{—9
=1
we then have
11 1 1 1
_ I =_Jd_ 4 - .
U(f,P) (f,P) n{9+1/n2+9+ +(n_2)2/n2—|—9+(n—1)2/n2+9
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(b) For each ¢ > 0 consider any version of P for which n > 1/(90¢). For any such n,

1
IOne >1 — — <
ne 9on ~°

On combining this result with that obtained in part (a) we have

U(f,P)-L(f,P) <Ee

which is Riemann’s Criterion.

. | Relevant page(s) in the notes: 29, 37
We have

f(z) = 4x — 27.

Since f is a linear function of z, f is continuous and differentiable for all € R. Also
f(B8)=-=15 and f(8)=5 = f(3)f(8)=-T5<0.

Therefore, by Theorem 2.19, there is a real number ¢ € [3, 8] such that f(c) = 0. Hence,
f has at least one root. Next note that

f(x)=4>0 forall zeR.

To prove that c is the unique root in [3, 8] suppose that is another root d such that
d > c. Then, by Rolle’s Theorem (Theorem 3.9) there is a real number r € [c, d] such
that f’(r) = 0. But this contradicts the above result that f’(z) > 0 forall z € R. A
similar conclusion arises if d is another root such that d < c. Therefore c is the only
root of f. In summary, f(z) = 42 — 7 has exactly one root in [3, §].



. | Relevant page(s) in the notes: 39, 40

(a) Both the numerator and denominator limits are 0, so by L'Hopital’s rule

lim

hrt — 422 — 1
z—1 10 — ¢ — 923

4 (gt —42?—1) 202° — S

1

2

= 11m = 111m =
z—1 %(10 — 7 — 9;53) z—1 (—1 — 27332)

(b) Let f(z) = In(22° + 82°) and g(z) = In(5z* + 943). Since

lim f(x) = lim g(z) = 00

T—00 T—00

L’Hopital’s rule applies and we have

lim

f@) o P

i gla) e ()

(122° + 402*) /(22° + 8x)

= lim

2o (1522)/ (523 + 943)

(1227 + 4024)(52° + 943)

= lim

oo (152?)(225 + 82)
~ lim (12 4 40/x)(5 + 943 /2?)
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(c) First note that for all z > 0

.flfl

/* — exp{(1/x) In(z)} = exp (ln(:c)) .

Hence, using L'Hopital’s rule,

lim z'/% = exp
T—>00

(

lim
Tr—r00

1 4]
")) o (s o)) < o (1
d

. | Relevant page(s) in the notes: 6, 12, Supplementary Results

Forn € Nand = € R we have

| fa(2) —f(fv)\Z‘

x? x?

3+422 4+ {24 (=1)"}/n 3+ 4a?
222+ (=1)"|/n
[3+ 422+ {24 (=1)"}/n] (3 + 42?)

For all n € N we have, by the triangle inequality,

2+ (D" <21+ |(=1)"] = 3.
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3
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Also, noting that 2 4+ (—1)" > 0 for all n € N, we have

3+4r + {2+ (-1)"}/n>3+42 = T {21+ O <3 +14x2. (3)
On combining inequalities (1), (2) and (3) we have
‘fn(x)—f(x)| < (§) {x—Z} foralln € Nand x € R. 4)
n/) | (3+ 422)?
Then observe that for all z € R
34322>0 — 34+4t>2? —= Sf%<l (5)
as well as ) )
34+42°>3 = 3+4x2g§. (6)

The inequalities in each of (4), (5) and (6) then imply that

| falz) — f2)] < L foralln € Nand r € R.
n

Therefore, for all n € N,

0< sup{’fn(x) —f(:r)| cx eR} < %

and by the Sandwich Theorem (Theorem 1.23),
1i_>m sup{| fu(z) — f(z)| : x € R} = 0.

By Theorem S.2,
fn converges uniformly to f on R.

Background working that led to the inequality in (5)

By inspection, it seems likely that

[E2

m<1 fOTﬂll!EER
xXr

so we will aim to get to this result. Note that

I‘Q

3Jr42<1 — 1’<3+42> <= 322+3>0.
Xr

This suggests that we start with the assertion that 3z*> + 3 > 0 forall x € R.



