UNIVERSITY OF TECHNOLOGY SYDNEY
School of Mathematical and Physical Sciences

35007 Real Analysis

Quiz 2 — Golutions

Date of this version: 21st September 2026

NOTE WELL: There are 4 versions of Quiz 2. They are distinguished by a tiny 3-character
code at the base of the title page of each Quiz 2 document.

The four codes are: P13, F12, C23 and M39.

'This document is less than a few months old which makes errors more likely. Updated versions with later
dates may be released during the semester. Notifications will be sent via e-mail whenever an updated version
is released.






Solutions for Version P13

. | Relevant page(s) in the notes: 25, 30

First note that for all A # 0

f8+h)—f(8) _2(8+h)+|h>—16 _2h+h[A| _

2 + h3|h|.

h h h
For the left limit with ~ — 0~ we have

h<0 = |hl=-h = AW =—-h"
Therefore

tim FEEE I = i 2 1) =2

For the right limit with ~ — 0" we have
h>0 = |h=h = hA*n|=n"
Therefore

i L8NSO oy —a

h—0t+ h—07t

Since

o JEER =S SR S(E)
h—0— h h—0+ h

f is differentiable at x = 8 and f’(8) = 2.

. | Relevant page(s) in the notes: 18

Let N = 6 and note that

n>N — n>6 — 2n>12 — 2n—-11>1 — 3n—-11>n+1>n.

Therefore, . .
forall n> N wehave < —.
3n—11 n
Since .
Z — does not converge,
n
n=1
by the Comparison Test (Theorem 1.39)
=1
Z does not converge.

13n—11

Preliminary background working that led to an effective N choice

We know that

o0

1
2



is divergent so it is anticipated that the same is true for

> 1
;i’m—ll'

To use the Comparison Test we want values of n for which

1 1
—11 > < —.
smollzn = g s
However,
3n—11>n <= 2n>11 <= n>5]. (1)
Therefore taking
n>=6
will guarantee (1). It follows that N = 6 is sufficient.
. | Relevant page(s) in the notes: 6, 28
First note the algebraic identity
a* —b* = (a +b)(a® + b*)(a — b). (2)
For any z,y € [—1, 1], using (3) and the triangle inequality, we have
[f(z) = f)l = 192" +7) = (9y* + 7))
=9z — |
)

=9z + y[(z® + y*)|z — y|
<9(|z] + |y (2 + y*) |z — yl.

Now note that

r,ye[-1,1] = 0<|z[<land0<|y|<1 = O0<|z|+]|y|<2. (4)
Also

0<|z|<land0<|y|<1 = 0<2*<land0<y* <1 = 0<a?+3? <2

(5)
Combining (3), (4) and (5) leads to

[f(2) = F(y)] < 9(2)(2)]x — y| = 36|z — y].

Therefore, by Definition 2.17 with M = 36, f : [-1, 1] — R is Lipschitz continuous.

. | Relevant page(s) in the notes: 24

(a) Forall x # —4

z+4 9

| 1‘ ‘9—(:{:—1—4)‘_]:5—5\

Iz +4) | 9z+4|



(b) Foreache > 0let§ = min (1,72¢). Then |z — 5| < 6 implies
|t =5 <1 and |z —5|< 72e. (6)
The first inequality in (6) implies

1

-1l<z-5<1l = 4<zr<b6 — 8<z+4<10 —
|z + 4]

< é (7)

On combining the last inequalities in each of (6) and (7) we obtain

|z — 5| 1
T X
olr 4] = 9®) ~ ©

From the part (a) result, this is equivalent to

1 1 _
— = €.
r+4 9

Hence, by the ¢-0 definition of a limit ((2) of Definition 2.1),

) 1 1
lim = —.
z—5 <x+4) 9




Solutions for Version F12

. | Relevant page(s) in the notes: 25, 30

First note that for all A # 0

f6+h)— f(6) _3(6+h)+|h>—18 3h+hih|

=3+ h’|h|.

h h h
For the left limit with ~ — 0~ we have

h<0 = |hl=-h = AW =—-h"
Therefore

tim HEEETO — i 5 -0t =5

For the right limit with ~ — 0" we have
h>0 = |h=h = hA*n|=n"
Therefore

i L0 =IO sy —s

h—0t+ h—07t

Since

o LEER = J6) o J6 R J(6)
h—0— h h—0+ h

f is differentiable at x = 6 and f'(6) = 3.

. | Relevant page(s) in the notes: 18

Let N = 5 and note that

n>N — n>b5 — 3n>15 — 3n—-13>2 — 4n—-13>n+2>n.

Therefore, . .
for all >N h < —.
orall n> we have 13 <n
Since .
Z — does not converge,
n
n=1
by the Comparison Test (Theorem 1.39)
i L does not converge.
— 4n — 13

Preliminary background working that led to an effective N choice

We know that

o0

1
2



is divergent so it is anticipated that the same is true for

e}

1
Z4n—13'

n=1

To use the Comparison Test we want values of n for which

1 1
— > < —.
dn—13>n <— m_Bsn
However,
in—13>n <<= 3n>13 < n>4;. (8)
Therefore taking
n>>s
will guarantee (8). It follows that N = 5 is sufficient.
. | Relevant page(s) in the notes: 6, 28
First note the algebraic identity
a* — bt = (a +b)(a® + b*)(a —b). )
For any z,y € [—1, 1], using (10) and the triangle inequality, we have
|f(z) = f(y)l =1(8z* +5) — 8y* + )|
=8|zt — gy
[ =y 10)

=8z +y|(z? + y?)|z — y|
<8(|l| + lyD(® + y*) |z — yl.
Now note that
r,ye[-1,1] = 0<|z/|<land0<|y|<1 = 0<|z|+yl<2. (11)
Also
0<|z|<land0<|y|<1 = 0<2*<land0<y* <1 = 0<a?+3? <2

(12)
Combining (10), (11) and (12) leads to

[f(2) = f(y)] < 8(2)(2)]x —y| = 32|z —y].

Therefore, by Definition 2.17 with M = 32, f : [-1, 1] — R is Lipschitz continuous.

. | Relevant page(s) in the notes: 24

(a) Forall x # —8

1L 1] (10— (z+8)] |zr—2
r+8 10| | 10(x+8) | 10[z+8|



(b) For each e > 0let § = min (1,90¢). Then |z — 2| < § implies
|t —2| <1 and |z —2| < 90e. (13)

The first inequality in (13) implies

-l<z-2<]1 = 1l<r<3 — 9<z+8<1l =—

1
< —=. (14
lz+8 9 (19

On combining the last inequalities in each of (13) and (14) we obtain

[z —2] < 90e x L =c
10|z + 8| 10(9)

From the part (a) result, this is equivalent to

1 1 <
- = E.
r+8 10

Hence, by the ¢-0 definition of a limit ((2) of Definition 2.1),

) 1 1
lim = —.
T2 (w—l—8) 10




Solutions for Version C23

. | Relevant page(s) in the notes: 25, 30

First note that for all A # 0

fl+h)—f(4) _7A+h)+|h>—28 Th+hih

=7+ h’|h|.

h h h
For the left limit with ~ — 0~ we have

h<0 = |hl=-h = AW =—-h"
Therefore

tim FELEIE — i 7t =7

For the right limit with ~ — 0" we have
h>0 = |h=h = hA*n|=n"
Therefore

A Gl el GO N N SV I

h—0t+ h—07t

Since

o JAER @) AR @)
h—0— h h—0+ h

f is differentiable at x = 4 and f'(4) = 7.

. | Relevant page(s) in the notes: 18

Let N = 6 and note that

n>N — n>6 — 3n>18 — 3n—-17>1 — 4n—-17>n+1>n.

Therefore, . X
forall n> N wehave 17 < o
Since .
Z — does not converge,
n
n=1
by the Comparison Test (Theorem 1.39)
i L does not converge.
— dn — 17

Preliminary background working that led to an effective N choice

We know that

o0

1
2



is divergent so it is anticipated that the same is true for

e}

1
Z4n—17'

n=1

To use the Comparison Test we want values of n for which

dn—17>n <—

1 1
< —.
dn —17 T n
However,
dn—17>n <«<— 3In>17 <— n>>5

Wi

Therefore taking
n>=6

will guarantee (15). It follows that N = 6 is sufficient.

. | Relevant page(s) in the notes: 6, 28

First note the algebraic identity
a* —b* = (a +b)(a® + b*)(a — b).
For any z,y € [—1, 1], using (17) and the triangle inequality, we have

|f(x) = f(y)|=1(52"* + 18) — (5y* + 18)]
=5z — |
=5z + yl(2* + y*)|z — y|
<5(|z| + [y (@ + y?)]z — yl.

Now note that
r,ye[-1,1] = 0<|z/|<land0<|y|<1 = 0<|z|+ |yl <2

Also

(15)

(16)

(17)

(18)

0<|z|<land0<|y|<1 = 0<2*<land0<y* <1 = 0<a?+3? <2

Combining (17), (18) and (19) leads to

[f(2) = F(y)] < 5(2)(2)]x — y| = 20|z - y].

(19)

Therefore, by Definition 2.17 with M = 20, f : [-1, 1] — R is Lipschitz continuous.

. | Relevant page(s) in the notes: 24

(@) Forall x # —1

1 1| |11—(z+1)] |z—10|
r+1 11 | (z+1) | 1z +1]



(b) For each e > 0let § = min (1,110¢). Then |z — 10| < § implies
2 —10[ <1 and |o— 10| < 110e. 20)

The first inequality in (20) implies

—-1<z-10<] = 9<zr<ll = 0<2+1<12 —

1
< —. (21
|z +1] 10 @)

On combining the last inequalities in each of (20) and (21) we obtain

|z — 10|
1= 110
]z + 1] = 11(10)

= E&.

From the part (a) result, this is equivalent to

1 1
r+1 11

<eE.

Hence, by the ¢-0 definition of a limit ((2) of Definition 2.1),

. 1 1
lim = —.
z—=10 \ x + 1 11




Solutions for Version M39

. | Relevant page(s) in the notes: 25, 30

First note that for all A # 0

fB+h)—f(3) _9B+h)+|h>—27 _9h+hih|

=9+ h3|h|.

h h h
For the left limit with ~ — 0~ we have

h<0 = |hl=-h = AW =—-h"
Therefore

tim TELETE — im0 -t =0

For the right limit with ~ — 0" we have
h>0 = |h=h = hA*n|=n"
Therefore

lim LCFN =Gy 9y —o

h—0t+ h—07t

Since

o JBER =S SBER) SB)
h—0— h h—0+ h

f is differentiable at x = 3 and f'(3) = 9.

. | Relevant page(s) in the notes: 18

Let N = 3 and note that

n>N — n>3 — 4n>12 — 4n-11>1 — bn—-11>n+1>n.

Therefore, . .
forall n> N wehave < —.
bn—11 n
Since .
Z — does not converge,
n
n=1
by the Comparison Test (Theorem 1.39)
=1
Z does not converge.

15n—11

Preliminary background working that led to an effective N choice

We know that

o0

1
2



is divergent so it is anticipated that the same is true for

> 1
;Sn—ll'

To use the Comparison Test we want values of n for which

on—11>n <+

1 1
< —.
n—11 — n
However,
m—11>n <= 4n>11 < n>2

NS

Therefore taking
n>3

will guarantee (22). It follows that N = 3 is sufficient.

. | Relevant page(s) in the notes: 6, 28

First note the algebraic identity
a* —b* = (a +b)(a® + b*)(a — b).
For any z,y € [—1, 1], using (24) and the triangle inequality, we have

|f(x) = fy)|=[(Tz* +16) — (7y* + 16)]
=T|z* — |
=Tz +yl(2* + y*)|z — y|
<T7(|zl + ) (@® + y*)]|z — yl.

Now note that
r,ye[-1,1] = 0<|z/|<land0<|y|<1 = 0<|z|+ |yl <2

Also

(22)

(23)

(24)

(25)

0<|z|<land0<|y|<1 = 0<2*<land0<y* <1 = 0<a?+3? <2

Combining (24), (25) and (26) leads to

[f(2) = F(y)| < T(2)(2)]x — y| = 28|z —y].

(26)

Therefore, by Definition 2.17 with M = 28, f : [-1, 1] — R is Lipschitz continuous.

. | Relevant page(s) in the notes: 24

(a) Forall x # —2

r+2 8

| 1‘ ‘8—(1:—1—2)‘_]:5—6\

8(x+2) | 8z +2|



(b) For each e > 0let § = min (1,56¢). Then |z — 6| < § implies
|t —6] <1 and |z — 6| < 56¢. (27)

The first inequality in (27) implies

-l<z-6<1 = bH<ar<<T = 7T<z+2<9 —

< L (28)
lz+2] 7

On combining the last inequalities in each of (27) and (28) we obtain

|z — 6| 1
< 56 — =c.
slrr2] TR ©

From the part (a) result, this is equivalent to

1 1 _
— = €.
r+2 8

Hence, by the ¢-0 definition of a limit ((2) of Definition 2.1),

) 1 1
lim = —.




