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Solutions for Version P13

1. Relevant page(s) in the notes: 25, 30

First note that for all h ̸= 0

f(8 + h)− f(8)

h
=

2(8 + h) + |h|5 − 16

h
=

2h+ h4|h|
h

= 2 + h3|h|.

For the left limit with h → 0− we have

h < 0 =⇒ |h| = −h =⇒ h3|h| = −h4.

Therefore
lim
h→0−

f(8 + h)− f(8)

h
= lim

h→0−
(2− h4) = 2.

For the right limit with h → 0+ we have

h > 0 =⇒ |h| = h =⇒ h3|h| = h4.

Therefore
lim
h→0+

f(8 + h)− f(8)

h
= lim

h→0+
(2 + h4) = 2.

Since
lim
h→0−

f(8 + h)− f(8)

h
= lim

h→0+

f(8 + h)− f(8)

h
= 2,

f is differentiable at x = 8 and f ′(8) = 2.

2. Relevant page(s) in the notes: 18

Let N = 6 and note that

n ≥ N =⇒ n ≥ 6 =⇒ 2n ≥ 12 =⇒ 2n− 11 ≥ 1 =⇒ 3n− 11 ≥ n+ 1 > n.

Therefore,

for all n ≥ N we have
1

3n− 11
<

1

n
.

Since
∞∑
n=1

1

n
does not converge,

by the Comparison Test (Theorem 1.39)

∞∑
n=1

1

3n− 11
does not converge.

Preliminary background working that led to an effective N choice

We know that
∞∑
n=1

1

n



is divergent so it is anticipated that the same is true for

∞∑
n=1

1

3n− 11
.

To use the Comparison Test we want values of n for which

3n− 11 ≥ n ⇐⇒ 1

3n− 11
≤ 1

n
.

However,
3n− 11 ≥ n ⇐⇒ 2n ≥ 11 ⇐⇒ n ≥ 51

2
. (1)

Therefore taking
n ≥ 6

will guarantee (1). It follows that N = 6 is sufficient.

3. Relevant page(s) in the notes: 6, 28

First note the algebraic identity

a4 − b4 = (a+ b)(a2 + b2)(a− b). (2)

For any x, y ∈ [−1, 1], using (3) and the triangle inequality, we have

|f(x)− f(y)|= |(9x4 + 7)− (9y4 + 7)|
=9|x4 − y4|
=9|x+ y|(x2 + y2)|x− y|
≤ 9(|x|+ |y|)(x2 + y2)|x− y|.

(3)

Now note that

x, y ∈ [−1, 1] =⇒ 0 ≤ |x| ≤ 1 and 0 ≤ |y| ≤ 1 =⇒ 0 ≤ |x|+ |y| ≤ 2. (4)

Also

0 ≤ |x| < 1 and 0 ≤ |y| ≤ 1 =⇒ 0 ≤ x2 ≤ 1 and 0 ≤ y2 ≤ 1 =⇒ 0 ≤ x2 + y2 ≤ 2.
(5)

Combining (3), (4) and (5) leads to

|f(x)− f(y)| ≤ 9(2)(2)|x− y| = 36|x− y|.

Therefore, by Definition 2.17 with M = 36, f : [−1, 1] → R is Lipschitz continuous.

4. Relevant page(s) in the notes: 24

(a) For all x ̸= −4 ∣∣∣∣ 1

x+ 4
− 1

9

∣∣∣∣ = ∣∣∣∣9− (x+ 4)

9(x+ 4)

∣∣∣∣ = |x− 5|
9|x+ 4|

.



(b) For each ε > 0 let δ = min
(
1, 72ε

)
. Then |x− 5| < δ implies

|x− 5| < 1 and |x− 5| < 72ε. (6)

The first inequality in (6) implies

−1 < x− 5 < 1 =⇒ 4 < x < 6 =⇒ 8 < x+4 < 10 =⇒ 1

|x+ 4|
<

1

8
. (7)

On combining the last inequalities in each of (6) and (7) we obtain

|x− 5|
9|x+ 4|

< 72ε× 1

9(8)
= ε.

From the part (a) result, this is equivalent to∣∣∣∣ 1

x+ 4
− 1

9

∣∣∣∣ < ε.

Hence, by the ε-δ definition of a limit ((2) of Definition 2.1),

lim
x→5

(
1

x+ 4

)
=

1

9
.



Solutions for Version F12

1. Relevant page(s) in the notes: 25, 30

First note that for all h ̸= 0

f(6 + h)− f(6)

h
=

3(6 + h) + |h|5 − 18

h
=

3h+ h4|h|
h

= 3 + h3|h|.

For the left limit with h → 0− we have

h < 0 =⇒ |h| = −h =⇒ h3|h| = −h4.

Therefore
lim
h→0−

f(6 + h)− f(6)

h
= lim

h→0−
(3− h4) = 3.

For the right limit with h → 0+ we have

h > 0 =⇒ |h| = h =⇒ h3|h| = h4.

Therefore
lim
h→0+

f(6 + h)− f(6)

h
= lim

h→0+
(3 + h4) = 3.

Since
lim
h→0−

f(6 + h)− f(6)

h
= lim

h→0+

f(6 + h)− f(6)

h
= 3,

f is differentiable at x = 6 and f ′(6) = 3.

2. Relevant page(s) in the notes: 18

Let N = 5 and note that

n ≥ N =⇒ n ≥ 5 =⇒ 3n ≥ 15 =⇒ 3n− 13 ≥ 2 =⇒ 4n− 13 ≥ n+ 2 > n.

Therefore,

for all n ≥ N we have
1

4n− 13
<

1

n
.

Since
∞∑
n=1

1

n
does not converge,

by the Comparison Test (Theorem 1.39)

∞∑
n=1

1

4n− 13
does not converge.

Preliminary background working that led to an effective N choice

We know that
∞∑
n=1

1

n



is divergent so it is anticipated that the same is true for

∞∑
n=1

1

4n− 13
.

To use the Comparison Test we want values of n for which

4n− 13 ≥ n ⇐⇒ 1

4n− 13
≤ 1

n
.

However,
4n− 13 ≥ n ⇐⇒ 3n ≥ 13 ⇐⇒ n ≥ 41

3
. (8)

Therefore taking
n ≥ 5

will guarantee (8). It follows that N = 5 is sufficient.

3. Relevant page(s) in the notes: 6, 28

First note the algebraic identity

a4 − b4 = (a+ b)(a2 + b2)(a− b). (9)

For any x, y ∈ [−1, 1], using (10) and the triangle inequality, we have

|f(x)− f(y)|= |(8x4 + 5)− (8y4 + 5)|
=8|x4 − y4|
=8|x+ y|(x2 + y2)|x− y|
≤ 8(|x|+ |y|)(x2 + y2)|x− y|.

(10)

Now note that

x, y ∈ [−1, 1] =⇒ 0 ≤ |x| ≤ 1 and 0 ≤ |y| ≤ 1 =⇒ 0 ≤ |x|+ |y| ≤ 2. (11)

Also

0 ≤ |x| < 1 and 0 ≤ |y| ≤ 1 =⇒ 0 ≤ x2 ≤ 1 and 0 ≤ y2 ≤ 1 =⇒ 0 ≤ x2 + y2 ≤ 2.
(12)

Combining (10), (11) and (12) leads to

|f(x)− f(y)| ≤ 8(2)(2)|x− y| = 32|x− y|.

Therefore, by Definition 2.17 with M = 32, f : [−1, 1] → R is Lipschitz continuous.

4. Relevant page(s) in the notes: 24

(a) For all x ̸= −8 ∣∣∣∣ 1

x+ 8
− 1

10

∣∣∣∣ = ∣∣∣∣10− (x+ 8)

10(x+ 8)

∣∣∣∣ = |x− 2|
10|x+ 8|

.



(b) For each ε > 0 let δ = min
(
1, 90ε

)
. Then |x− 2| < δ implies

|x− 2| < 1 and |x− 2| < 90ε. (13)

The first inequality in (13) implies

−1 < x−2 < 1 =⇒ 1 < x < 3 =⇒ 9 < x+8 < 11 =⇒ 1

|x+ 8|
<

1

9
. (14)

On combining the last inequalities in each of (13) and (14) we obtain

|x− 2|
10|x+ 8|

< 90ε× 1

10(9)
= ε.

From the part (a) result, this is equivalent to∣∣∣∣ 1

x+ 8
− 1

10

∣∣∣∣ < ε.

Hence, by the ε-δ definition of a limit ((2) of Definition 2.1),

lim
x→2

(
1

x+ 8

)
=

1

10
.



Solutions for Version C23

1. Relevant page(s) in the notes: 25, 30

First note that for all h ̸= 0

f(4 + h)− f(4)

h
=

7(4 + h) + |h|5 − 28

h
=

7h+ h4|h|
h

= 7 + h3|h|.

For the left limit with h → 0− we have

h < 0 =⇒ |h| = −h =⇒ h3|h| = −h4.

Therefore
lim
h→0−

f(4 + h)− f(4)

h
= lim

h→0−
(7− h4) = 7.

For the right limit with h → 0+ we have

h > 0 =⇒ |h| = h =⇒ h3|h| = h4.

Therefore
lim
h→0+

f(4 + h)− f(4)

h
= lim

h→0+
(7 + h4) = 7.

Since
lim
h→0−

f(4 + h)− f(4)

h
= lim

h→0+

f(4 + h)− f(4)

h
= 7,

f is differentiable at x = 4 and f ′(4) = 7.

2. Relevant page(s) in the notes: 18

Let N = 6 and note that

n ≥ N =⇒ n ≥ 6 =⇒ 3n ≥ 18 =⇒ 3n− 17 ≥ 1 =⇒ 4n− 17 ≥ n+ 1 > n.

Therefore,

for all n ≥ N we have
1

4n− 17
<

1

n
.

Since
∞∑
n=1

1

n
does not converge,

by the Comparison Test (Theorem 1.39)

∞∑
n=1

1

4n− 17
does not converge.

Preliminary background working that led to an effective N choice

We know that
∞∑
n=1

1

n



is divergent so it is anticipated that the same is true for

∞∑
n=1

1

4n− 17
.

To use the Comparison Test we want values of n for which

4n− 17 ≥ n ⇐⇒ 1

4n− 17
≤ 1

n
.

However,
4n− 17 ≥ n ⇐⇒ 3n ≥ 17 ⇐⇒ n ≥ 52

3
. (15)

Therefore taking
n ≥ 6

will guarantee (15). It follows that N = 6 is sufficient.

3. Relevant page(s) in the notes: 6, 28

First note the algebraic identity

a4 − b4 = (a+ b)(a2 + b2)(a− b). (16)

For any x, y ∈ [−1, 1], using (17) and the triangle inequality, we have

|f(x)− f(y)|= |(5x4 + 18)− (5y4 + 18)|
=5|x4 − y4|
=5|x+ y|(x2 + y2)|x− y|
≤ 5(|x|+ |y|)(x2 + y2)|x− y|.

(17)

Now note that

x, y ∈ [−1, 1] =⇒ 0 ≤ |x| ≤ 1 and 0 ≤ |y| ≤ 1 =⇒ 0 ≤ |x|+ |y| ≤ 2. (18)

Also

0 ≤ |x| < 1 and 0 ≤ |y| ≤ 1 =⇒ 0 ≤ x2 ≤ 1 and 0 ≤ y2 ≤ 1 =⇒ 0 ≤ x2 + y2 ≤ 2.
(19)

Combining (17), (18) and (19) leads to

|f(x)− f(y)| ≤ 5(2)(2)|x− y| = 20|x− y|.

Therefore, by Definition 2.17 with M = 20, f : [−1, 1] → R is Lipschitz continuous.

4. Relevant page(s) in the notes: 24

(a) For all x ̸= −1 ∣∣∣∣ 1

x+ 1
− 1

11

∣∣∣∣ = ∣∣∣∣11− (x+ 1)

11(x+ 1)

∣∣∣∣ = |x− 10|
11|x+ 1|

.



(b) For each ε > 0 let δ = min
(
1, 110ε

)
. Then |x− 10| < δ implies

|x− 10| < 1 and |x− 10| < 110ε. (20)

The first inequality in (20) implies

−1 < x−10 < 1 =⇒ 9 < x < 11 =⇒ 10 < x+1 < 12 =⇒ 1

|x+ 1|
<

1

10
. (21)

On combining the last inequalities in each of (20) and (21) we obtain

|x− 10|
11|x+ 1|

< 110ε× 1

11(10)
= ε.

From the part (a) result, this is equivalent to∣∣∣∣ 1

x+ 1
− 1

11

∣∣∣∣ < ε.

Hence, by the ε-δ definition of a limit ((2) of Definition 2.1),

lim
x→10

(
1

x+ 1

)
=

1

11
.



Solutions for Version M39

1. Relevant page(s) in the notes: 25, 30

First note that for all h ̸= 0

f(3 + h)− f(3)

h
=

9(3 + h) + |h|5 − 27

h
=

9h+ h4|h|
h

= 9 + h3|h|.

For the left limit with h → 0− we have

h < 0 =⇒ |h| = −h =⇒ h3|h| = −h4.

Therefore
lim
h→0−

f(3 + h)− f(3)

h
= lim

h→0−
(9− h4) = 9.

For the right limit with h → 0+ we have

h > 0 =⇒ |h| = h =⇒ h3|h| = h4.

Therefore
lim
h→0+

f(3 + h)− f(3)

h
= lim

h→0+
(9 + h4) = 9.

Since
lim
h→0−

f(3 + h)− f(3)

h
= lim

h→0+

f(3 + h)− f(3)

h
= 9,

f is differentiable at x = 3 and f ′(3) = 9.

2. Relevant page(s) in the notes: 18

Let N = 3 and note that

n ≥ N =⇒ n ≥ 3 =⇒ 4n ≥ 12 =⇒ 4n− 11 ≥ 1 =⇒ 5n− 11 ≥ n+ 1 > n.

Therefore,

for all n ≥ N we have
1

5n− 11
<

1

n
.

Since
∞∑
n=1

1

n
does not converge,

by the Comparison Test (Theorem 1.39)

∞∑
n=1

1

5n− 11
does not converge.

Preliminary background working that led to an effective N choice

We know that
∞∑
n=1

1

n



is divergent so it is anticipated that the same is true for

∞∑
n=1

1

5n− 11
.

To use the Comparison Test we want values of n for which

5n− 11 ≥ n ⇐⇒ 1

5n− 11
≤ 1

n
.

However,
5n− 11 ≥ n ⇐⇒ 4n ≥ 11 ⇐⇒ n ≥ 23

4
. (22)

Therefore taking
n ≥ 3

will guarantee (22). It follows that N = 3 is sufficient.

3. Relevant page(s) in the notes: 6, 28

First note the algebraic identity

a4 − b4 = (a+ b)(a2 + b2)(a− b). (23)

For any x, y ∈ [−1, 1], using (24) and the triangle inequality, we have

|f(x)− f(y)|= |(7x4 + 16)− (7y4 + 16)|
=7|x4 − y4|
=7|x+ y|(x2 + y2)|x− y|
≤ 7(|x|+ |y|)(x2 + y2)|x− y|.

(24)

Now note that

x, y ∈ [−1, 1] =⇒ 0 ≤ |x| ≤ 1 and 0 ≤ |y| ≤ 1 =⇒ 0 ≤ |x|+ |y| ≤ 2. (25)

Also

0 ≤ |x| < 1 and 0 ≤ |y| ≤ 1 =⇒ 0 ≤ x2 ≤ 1 and 0 ≤ y2 ≤ 1 =⇒ 0 ≤ x2 + y2 ≤ 2.
(26)

Combining (24), (25) and (26) leads to

|f(x)− f(y)| ≤ 7(2)(2)|x− y| = 28|x− y|.

Therefore, by Definition 2.17 with M = 28, f : [−1, 1] → R is Lipschitz continuous.

4. Relevant page(s) in the notes: 24

(a) For all x ̸= −2 ∣∣∣∣ 1

x+ 2
− 1

8

∣∣∣∣ = ∣∣∣∣8− (x+ 2)

8(x+ 2)

∣∣∣∣ = |x− 6|
8|x+ 2|

.



(b) For each ε > 0 let δ = min
(
1, 56ε

)
. Then |x− 6| < δ implies

|x− 6| < 1 and |x− 6| < 56ε. (27)

The first inequality in (27) implies

−1 < x− 6 < 1 =⇒ 5 < x < 7 =⇒ 7 < x+2 < 9 =⇒ 1

|x+ 2|
<

1

7
. (28)

On combining the last inequalities in each of (27) and (28) we obtain

|x− 6|
8|x+ 2|

< 56ε× 1

8(7)
= ε.

From the part (a) result, this is equivalent to∣∣∣∣ 1

x+ 2
− 1

8

∣∣∣∣ < ε.

Hence, by the ε-δ definition of a limit ((2) of Definition 2.1),

lim
x→6

(
1

x+ 2

)
=

1

8
.

♦ ♦ ♦


