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The set of interestis A = {19, —14,33,0,9, —11} which has a finite number of elements.
Clearly
—14 = lowest element of A

is a lower bound on A. Also, all other lower bounds on A are less than —14. Therefore
—14 = the greatest lower bound on A = inf A.

Also,
33 = highest element of A

is an upper bound on A. Also, all other upper bounds on A are greater than 33. There-
fore
33 = the least upper bound on A = sup A.

In summary,
infA=-14 and supA = 33.
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As is well-known, the five lowest prime numbers are
2,3,5,7and 11.

All other prime numbers are higher, so 2 is a lower bound on P. All other lower
bounds on P are less than 2 and so

2 = the greatest lower bound on P = inf P.

It is well-known from number theory that there is an infinite number of prime num-
bers. Therefore, for any real number z > 2 there exists p € P, such that p > z. This
implies that no finite real number can be an upper bound on IP and so

oo = the least upper bound on P = sup P.

In summary
infP=2 and supP = 0.

'This document is less than a few months old which makes errors more likely. Updated versions with later
dates may be released during the semester. Notifications will be sent via e-mail whenever an updated version
is released.
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The set

{m/n:m,n e N,;m+n <10}.

has a finite number of elements consisting of all unique fractions of integers between
1 and 10 inclusive subject to the constraint that the sum of the numerator and denom-
inator must not exceed 10. Some of the elements are

7/4, 2/9, 5/1 and 5/8.

If enumerated and equalities such 1/2 = 2/4 = 3/6 = 4/8 = 5/10 are taken into
account then the set has 31 unique entries. Based on these considerations, it is appar-
ent that the lowest possible fraction in the set is 1/9 and the highest one is 9/1 = 9.
Therefore

inf{m/n:m,n e Nm+n<10} =1/9 and sup{m/n:m,ne N m+n <10} =09.
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The theory of quadratic functions has established that a function of the form az?+bx+c
such that @ < 0 is an arch-shaped (as opposed to bowl-shaped) parabola with axis of
symmetry at x = —b/(2a). Therefore the function 2 — 2? is an arch-shaped parabola
with axis of symmetry at 2 = 3. This implies that the parabola’s vertex, and maximum,

is at the vertical position

1 1\2 1
s -G =1

The accompanying figure provides illustration. Since this maximum occurs inside the
interval (0,1) ; is the maximum value of the set in the exercise. Hence 1 is an upper
bound for {# — 22 : 0 < z < 1} and the lowest number that has this property. Thus

sup{z —2*: 0 <2 <1} =1
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Regarding the infimum, it is straightforward to show and apparent from the accom-
panying figure that 0 is a lower bound for {z — 2% : 0 < x < 1} and is greater than all
negative real numbers (which are also lower bounds). Any 0 < ¢ < }1 is not a lower
bound for {z — 2% : 0 < z < 1} since

(e/2) — (e/2)? € {z —2*: 0<z <1} but &> (¢/2) > (¢/2) — (¢/2)%

Hence
inf{rx —2°:0 <z <1} = 0.
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This is publication-quality proof. See 1 at the end of this document for a full explanation.

Let A= {n/(n+ 1) : n € N} be the set of interest. Noting that
A={1/2,2/3,3/4,...}

we see that )
§§n/(n+1)<1 forall n € N. 1)

Therefore 1/2 is lower bound on A and greater than any other lower bound (e.g. 1/4,
—T7). Hence
inf{n/(n+1):n e N} =1/2.

From (1) it is clear that 1 is an upper bound on the set in the exercise. Forany 0 < ¢ <1
let n. € N be such that
ne >e Lt —1.

Then
I/n.<1/(e'=1) = 1+1/n.<1+1/(e'=1)=1/(1-¢).
Taking reciprocals on both sides of the last inequality we get
1/(14+1/n)>1—¢ <= n/(n.+1)>1—c.

Therefore, 1 — ¢ is not an upper bound for A for any 0 < ¢ < 1. This means that 1 is
the lowest, or least, upper bound for A. Hence

sup{n/(n+1):n e N} = 1.

Preliminary background working on how an appropriate n. was obtained

For a given 0 < ¢ < 1, we need find n big enough so that

n
>1-—e.
n+1
Taking reciprocals of both sides gives
IR N S B
n 1l—e¢ n 1l-—e¢ C1l-¢
Taking reciprocals again gives
n > =e¢ -1
£

1

So taking n. € N to be bigger than ¢~ — 1 will get us what we need.
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We treat the following two cases separately:
()ec=0 and (ii) ¢ # 0.

First suppose that ¢ = 0. Then for all ¢ > 0
n>1 = |ca,—ca|=0-0]=0<e.
Therefore, by Definition 1.16,

lim (ca,) = ca when ¢=0.
n—oo

Now suppose that ¢ # 0. Since

lim a, =a (2)
n—o0

for any ¢ > 0 it is also true that ¢/|c| > 0 and so, by (2), there exists N € N such that
n>N = |a,—al<e/|c|.

Hence,
n>N = |ca, —ca| = |c|la, —n| < |c|(e/|c]) =€

and so by Definition 1.16

lim (ca,) = ca when ¢ #0.
n—oo
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This is publication-quality proof. See 1 at the end of this document for a full explanation.

For any givene¢ > 0 set N = [7/¢]. Thenn > N implies that
n>Te = ne>7 = ne+2>7 = 7/(n+2)<e.

Noting that 7/(n +2) = [3(n — 1)/(n + 2) — 3| for all » € N we then have

-1
n>N — sn — 3‘ < e.
n+2
Therefore, by Definition 1.16,
3n—1
im =3

Preliminary background working that led to an effective N choice

For each € > 0 need to get to
3n—1
n+ 2

Simplification of left-hand side of (3) leads to the equivalent condition

-3

<e. 3)

7
n+2

<e <= n>T/e—2



The simpler condition n > T/e implies n > 7/¢ — 2 and avoids having to deal with the
possibility of negative numbers on the right-hand side (e.g. if ¢ = 10). So setting

N = [7/e]| = the smallest integer greater than or equal to 7 /e

will allow us to say that n > N implies (3).
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This is publication-quality proof. See 1 at the end of this document for a full explanation.

For any given € > 0 set
N = %/24/(495)].

Then n > N implies that, with use of the triangle inequality,
n > /24/(49e) = 49en® > 24 = 49en® > 24n > 21 + 3n > |21 — 3n).

However, for alln € N,

21 -3
49en® > 21— 3n| =  49end +2lne > |21 —3n| = |— 0 | ¢
49en3 + 21n
Noting that
21 — 3n n’+3 1
= — - forall N
90 1 2in  TPtsn 7 0@ ne
we then have 5
n° +3 1
>N = |-—=——FF —=| <=
"= misn 7| °
Therefore, by Definition 1.16,
) n®+3 1

lim ———— = —.

n—oo Tnd3 +3n 7
Preliminary background working that led to an effective N choice
For each € > 0 need to get to

n®+3 1
5| < 4
nd + 3n 7‘ c @)

Some simple algebraic steps lead to

n®+3 1 [21—3n|
™3 +3n 7 49n3 + 2In’

By the triangle inequality, for all n € N,
121 — 3n| <21 +3n < 21n+ 3n = 24n

Also, forall n € N,

1 1

4903 + 21n > 490> — < .
neadn > 4on 4973 + 21n 4903
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On combining these last three equations

S 10n T 492’

™3 +3n 7

n3+3 1 ‘ 24n 24

Therefore having n big enough so that 24/(49n?) < e implies (4) for such n. Therefore, the
choice N = [ 24/(495)-‘ is such that n > N leads to what is needed to arrive at (4).
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We treat the following three cases separately:
(i) a =0, (ii) a >0 and (iii) a < 0.
First suppose that a = 0. Since
lim a, =0 (5)

n—oo

for any e > 0 it is also true that 2 > 0 and so, by (5), there exists N € N such that
n>N = |a,| <& = a,| < = |Va,—V0|<e  (6)
Therefore, by Definition 1.16
lim /a, =+/a when a=0.

n—oo

Now suppose that a > 0. Since

lim a, = a (7)
n—oo

for any ¢ > 0 it is also true that ey/a > 0 and so, by (7), there exists N € N such that
n>N = la,—a|<eVa. (8)

Next note that

t=a = (Vanl = (Vi)' = (Vi Va)(Vartva) = Van—va= 2

Hence, using (8) and (9),

an—al__fen=al _eva _
Vi tva S Vi S Va

n>N = |Va - va| =

Therefore, by Definition 1.16
lim \/a, =+a when a > 0.

n—oo

Finally, we show that a < 0 is not possible when (7) holds with all a,, > 0. We do this
by contradiction. If a < 0 then ¢ = —a/2 > 0. Then, from (7) there is N € N such that

n>N = |a,—al<—-a/2 <<= a/2<a,—a<-a/2 = a,<a/2<0.

But this a, < 0 result contradicts the a,, > 0 assumption. Therefore, a < 0 is not
possible and this case can be excluded.
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We will use proof by contradiction. Suppose that

lim n=L forsomel €R.

n—o0

Then from the e-N definition of a limit (Definition 1.16) with ¢ = 1, there exists N € N
such that

n>N = |n—-L<1l < L-1<n<L+1 = n<L+1. (10

It follows from (10) for all n > N we have n < L + 1. However, this would imply that
|L + 1] is the largest natural number, which is a contradiction of the Archimedean
Property. Therefore the sequence a,, = n, n € N, diverges.

C.1. | Relevant page(s) in the notes: 12

1.
, 3 +2n? —n + 16 _ 7+42/n—1/n*+16/n3 7
hHl = l1m = —.
n—oo 4n3 4 98n2 4+ 31n — 11 n—oo 4 4+98/n+31/n? —11/n3 4
2. Let
—1 ! and note that [i li 0
p = —————— Cp = ——— im a, = lim ¢, = 0.
\3/ 19n + 42 19n + 42 n—o00 n—00
Since .

< n
R TE v
by the Sandwich Theorem (Theorem 1.23)

(="

e v
3.
lim ! = lim ntl+yn
oo (vt 1—y/n)  noe /n(Vn+ 1= yn)(Vi+ 1+ v/n)
= lim ntl+yn

n—oo \/n(n+1—mn)
anl_{lolo( 1+1/n+1)

=2.
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974™
(n+33)!"
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Then all a,, # 0 and

Any1| g74n+1 " (n + 33)! 914 974/n
an | (n+ 34)! 974" n+34  1+34/n
Then -
lim Antl| _ lim i =0
n—oo | Ay, n—oo \ 1 + 34/n

So by the Ratio Test for Sequences (Theorem S.1 of the Supplementary Results)

974"
im ——— = 0.
n—oo (n + 33)!
Relevant page(s) in the notes: 12
Define the sequences
1 1
A = —m, and Cn:m n € N.
Then for alln € N,
cos3(n
—1<cos(n) <1 = —1<cos™(n)<1l = a,< nt 4;1/2}9 <c,. (11)
Now
1 1/39

liman:—{lim( )} =0Y% =0

n—00 n—oo \ N + 4
and

A0, 0n = () = = e () =0

Because of (11) and the Sandwich Theorem (Theorem 1.23)
703
lim % (n)

n—00 (n -+ 4)1/39 =0.

Relevant page(s) in the notes: 10

With division of the numerator and denominator by n* we have

[ (30 8419)(Tn 4 2768) (20 4 3452) (3 +8419/n)(7 + 2768/n)(2 + 3452/n)
11m = 111m
n—s00 1803 + 93275 n-s00 18 + 93275 /n

_eOE)
18

7
5
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Noting the identity
a®>—b* = (a—0b)(a+b) foralla,bcR
we have, foralln € N,
Von2+Tn+3—vV2n2 —4n+9
(\/2n2+7n+3—\/2n2—4n+9)(\/2n2+7n+3+\/2n2—4n—|—9)
Vo2 + M +3++vV2n2—4n+9
(20 +Tn+3)— (2n* —4n+9)
V22 +Tn +34+2n? —4n +9

B 11n —6
_\/2n2+7n+3+\/2n2—4n—1—9
B 11—6/n
V2+T/n+3/n% + /2 —4/n+9/n?
Hence
11-6
lim <\/2n2+7n+3—\/2n2—4n+9>: lim /n
n—o0 n~oo \ /24 7/n+3/n2+ /2 —4/n+9/n?
1
2v/2
112
===
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Let 1 712n
a, = M forn € N.
(2n + 3)!
Then
Any1|  (n+10)11712FD y (2n + 3)!
an | (2n +5)! (n + 9)!1712n
(n + 10)1712
(2n+5)(2n +4)
(14 10/n) 1712
— X .
(24+5/n)(2+4/n) n
Therefore,
1+1 1712
L= lim | ™| = gy QL0 1Ty
n—oo | nsoo (245/n)(244/n) noe n

Since L < 1, by the Ratio Test for Sequences (Theorem S.1 of the Supplementary Re-

It
it (n 4 9)!1712n
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With division of the numerator and denominator by 3" we have

lim (=2)"+3" - (—=2/3)"+1
nose (=23 e (=2)(=2/3)" + 3

Using the Ratio Test for Sequences (Theorem S.1 of the Supplementary Results)

lim (-2/3)" =0

n—oo

we then obtain
. (—2)" 4+ 3" 1
lim = —.
n—00 (_2)n+1 + 3n+l 3




