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S.1 Distributions and Associated Useful Results

Many probability distributions are used throughout the paper. We provide details on their
probability density functions together with additional useful results.

S.1.1 Inverse-Gaussian Distribution

A continuous random variable z has an Inverse Gaussian distribution with mean parameter
p > 0 and rate parameter A > 0, written = ~ Inverse-Gaussian(y, A), if the density function of
xis ( e
Az —p
z) = A2 (2ra3) 712 e —— x > 0.
p(z) (2mz”) Xp 2 |

S.1.2 Laplace Distribution

A continuous random variable z has a Laplace distribution (also known as Double-Exponential
or two-tailed Exponential distribution) with mean parameter 1 and scale parameter o > 0, writ-
ten « ~ Laplace(y, o), if the density function of z is

p(m):iexp <_|x—,u|)7 r € R.
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A useful result from Andrews & Mallows (1974) and West (1987) shows that

if x|b~N(u,0%/b) and b~ Inverse-Gamma(1,1/2),
then x ~ Laplace(u,o).

S.1.3 Horseshoe Distribution

A continuous random variable x has a Horseshoe distribution with mean parameter ; and
scale parameter o > 0, written « ~ Horseshoe(y, o), if the density function of x is

p(z) = (27°) V20 L exp {“‘“)} £ {“W} . zeR
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where Ej(z) = f;o t~le~tdt, with x # 0, is the exponential integral function of order 1. A
useful result from Carvalho et al. (2010) shows that

if x[b ~N(u,0%/b), blc~Gamma(1/2,c) and ¢~ Gamma(1/2,1),

then « ~ Horseshoe(u, o).



S.1.4 Normal-Exponential-Gamma Distribution

A continuous random variable z has a Normal-Exponential-Gamma distribution with mean
parameter 4, scale parameter ¢ > 0 and shape parameter A > 0, written  ~ NEG(y, 0, A), if
the density function of z is

p(z) = 7 V267NN + 1/2) exp {W} D 2y (

x“D, r € R,
o

where D, (z) = 2//*7V4W, 5. 1/4 _1/4(2?/2)/v/z, © > 0 is the parabolic cylinder function of
order v € R and W}, ,, is a confluent hypergeometric function or order k£ and m, as defined by
Whittaker & Watson (1990). A useful result from Griffin & Brown (2011) shows that

if x|b~N(u,0%/b), blc~ Inverse-Gamma(l,c) and ¢~ Gamma(\/2,1),
then x ~ NEG(y,0,\).

S.1.5 Gamma Distribution

A continuous random variable x has a Gamma distribution with shape parameter o > 0 and
scale parameter 3 > 0, written  ~ Gamma(c, /), if the density function of z is

6&
I(a)

e Vexp{—pz}, x>0.

p(z) =

S.1.6 Inverse-y? and Inverse-Gamma Distributions

A continuous random variable z has an Inverse-x? distribution with shape parameter ¢ > 0
and scale parameter \ > 0, written z ~ Inverse-x?(¢, \), if the density function of z is

M2 ey
=-———=x exp{—(A/2)/x}, x>0.

e {=0v2)/2)
A continuous random variable = has an Inverse-Gamma distribution with shape parameter
a > 0 and scale parameter § > 0, written z ~ Inverse-Gamma(a, /3), if the density function of
xis

p(z)

(67

_ 6 —a—1
p($) - F(Oé)x exp{ ﬂ/x}a x> 0.
Notice that
x ~ Inverse-x*(¢,)) ifand only if x ~ Inverse-Gamma(&/2, \/2)
and, equivalently,

x ~ Inverse-Gamma(a, ) if and only if 2 ~ Inverse-x?(2«,28).

S.1.7 Half-Cauchy Distribution

A continuous random variable x has a Half-Cauchy distribution with scale parameter o > 0,
written « ~ Half-Cauchy(o), if the density function of x is

p(x) = 2/[on{l + (z/0)?}], x> 0.



S.1.8 Half-t Distribution

A continuous random variable x has a Half-¢ distribution with v > 0 degrees of freedom and
scale parameter o > 0, written « ~ Half-t(o, v), if the density function of z is

_ 2r(5)
Vvl (v/2)o{1 + (:1:/(7)2/1/}VT+1 7
If v = 1, then = ~ Half-Cauchy(c). Wand et al. (2011) show that

x> 0.

p(z)

if z|a ~ Inverse-Gamma(v/2,v/a) and a ~ Inverse-Gamma(1/2,1/A42),
then +/z ~ Half-t(A,v).
The same result can be equivalently formulated with:
z|a ~ Inverse-Gamma(v/2,v/(2a)) and a ~ Inverse-Gamma(1/2,1/(24%)),
or with:
za ~ Inverse-x*(v,1/a) and a ~ Inverse-x*(1,1/(vA?)).
S.1.9 Inverse-G-Wishart Distribution

The Inverse-G-Wishart distribution arises from the inverse of matrices with a G-Wishart distri-
bution (e.g. Atay-Kayis & Massam, 2005; Maestrini & Wand, 2021). For any positive integer d,
let G be an undirected graph with d nodes labeled 1, ..., d and set E consisting of sets of pairs
of nodes that are connected by an edge. We say that the symmetric d x d matrix M respects G if

M;; =0 forall {i,j} ¢ E.

A d x d random matrix X has an Inverse G-Wishart distribution with graph G and parameters
¢ > 0 and symmetric d x d matrix A, written X ~ Inverse-G-Wishart(G, &, A), if and only if the
density function of X satisfies

1
p(X) o | X| €22 exp {—ztr(A X—l)}
over arguments X such that X is symmetric and positive definite and X ! respects G. Two
important special cases are
G = Gy, = totally connected d-node graph,

for which the Inverse G-Wishart distribution coincides with the ordinary Inverse Wishart dis-
tribution X ~ Inverse-Wishart({ —d + 1, A), and

G = Gy = totally disconnected d-node graph,

for which the Inverse G-Wishart distribution coincides with a product of independent Inverse
Chi-Squared distributions. The subscripts of Gy and G, reflect the fact that X 1 s a full
matrix and X ~! is a diagonal matrix in each special case. In the d = 1 special case, the Inverse
G-Wishart distribution coincides with the Inverse Chi-Squared distribution.

S.1.10 Huang-Wand Distribution

A dxdsymmetric positive definite matrix X has a Huang-Wand distribution with v > 0 degrees
of freedom and scale parameters s, . . ., sq, written ¥ ~ Huang-Wand(v; s, . . ., sq4), if and only
if the following augmented representation holds:

3| A ~ Inverse-G-Wishart(Gy, v + 2d — 2, A‘l)
A ~ Inverse-G-Wishart(Gu.g, 1, {v diag(s?, ..., s2)} ).
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This distribution is defined in Huang & Wand, 2013). The formulation displayed here is pro-
vided in Maestrini & Wand (2021).

If v = 2, a marginally noninformative Huang-Wand prior specification for ¥ can be ob-
tained for arbitrarily large scale parameters. This corresponds to the standard deviation pa-

]1j/ 2, 1 < j < d, having Half-¢ distributions with v degrees of freedom and

scale parameter given by s;, and the correlation parameters p;;; = (ZJ)JIJ/,2 [(oj0),1 < 4,7 <d,
having a Uniform distribution on the interval (-1, 1).

rameters 0; = (X)

S.2 Multilevel Sparse Matrix Problem Algorithms

Algorithms 2 and 3 described in Section 5 rely upon two matrix algebraic routines for effi-
ciently solving the two-level and three-level versions of the multilevel sparse matrix problems
defined in Nolan & Wand (2020). They correspond to the SOLVETWOLEVELSPARSEMATRIX and
SOLVETHREELEVELSPARSEMATRIX algorithms that we list hereafter as Algorithms S.1 and S.2, re-
spectively.

We briefly describe two-level and three-level sparse matrix structures, and give explicit
definition of the aforementioned routines for efficiently solving the associated linear system
problems, following Appendix A of Nolan et al. (2020).

S.2.1 Two-Level Sparse Matrix Problems

Two-level sparse matrix problems are summarized in Section 3. Such problems are efficiently
solved by the SOLVETWOLEVELSPARSEMATRIX routine, which is here listed as Algorithm S.1 and is
justified by Theorem 2.2 of Nolan & Wand (2020).

Algorithm S.1 The SOLVETWOLEVELSPARSEMATRIX algorithm for solving the two-level sparse matrix
problem x = A~ a and sub-blocks of A= corresponding to the non-zero sub-blocks of A.

Inputs: a;(p x 1), A11(p X p), {(agyi(q x 1), A22i(q X q), A12,i(p X q)) 1< < m}
w—a; ; Q+— A
Fori=1,...,m:
w—w— A Ay a; ; Qi Q- A Ay AT
At — o7t oz — AMlw
Fori=1,...,m:
T2, < A2721,i(a2,i - A1T2,iw1) ;AP _(A2721,iA1T2,iA11)T
AP — A2721,i (I - A1T2,1A12’i)

Outputs: 1, A", {(z2,, A¥", A*") 1 1 <i<m}.




S.2.2 Three-Level Sparse Matrix Problems

Three-level sparse matrix problems are described in Section 3 of Nolan & Wand (2020). An
illustrative three-level sparse matrix example is

A Ay A Az Az Aol Az Al
Aripm A1 A1 A2 O (0] (0] (0]
Ay Alypy A O o (0] o o
Ay Aly 1o O Apyy O o o o

4= Al,, O o O Axps A1 Appp2 Ai223 7
AF{Q,Zl (0 (0 0 A{Q,Zl Axpa O 0
Alyy O o O Al,,, O Apy O
Alyos O o O Afl,,; O O Azpg; |

which corresponds to level 2 group sizes n; = 2 and ny = 3, and a level 3 group sizem = 2. A
generic three-level sparse matrix A consists of the following components:

* A p x pmatrix Ai;, which is assigned the (1, 1)-block position.

* A set of partitioned matrices {[ A12; | Ai2,; ‘ ‘ Aign, | 1 <i<m}, which is as-
signed the (1, 2)-block position. Foreach 1 <1i < m, Ay3;ispxgq;,and foreach1 < j < n,,
Aq2;jiSp X qo.

* A (2,1)-block, which is simply the transpose of the (1, 2)-block.

* A block diagonal structure along the (2, 2)-block position, where each sub-block is a two-
level sparse matrix, as defined in Section 3.3. For each 1 <1i < m, Ay ; is ¢1 x g1, and for
each1 < j <n; Ai2;;is q1 X g2 and Agg;; is g2 X go.

The three-level sparse matrix problem arising from the illustrative example above is defined as
finding the vector « such that A x = a, where:

aq L1
as T2,1
as 11 211
az 12 212
a= and T = ,
a9 2.2
as 21 221
asz 22 T2 22
az 23 _5132,23 1




and determining the sub-blocks of A~! corresponding to the non-zero sub-blocks of A. The
structure of A~ is

Al A121 41211 412,12 4122 41221 41222 A12,23_
AIZIT  A221 1211 41212 % X X X
AT A1211T 42211 % X X X X
AI212T 412127 ¢ 422,12 X X X X

AT = Al22T X X X A222 A1221 41222 41223
Al221T % X X A221T 42221 % X
Al222T % X X Al222T X A2222 X
A1228T % X X Al223T ¥ X A2223

For a general three-level sparse linear system problem, a; and x; are p x 1 vectors. For each
1 <i<m,ag; and xy; are ¢; x 1 vectors. Foreach 1 <i < mand 1 < j < n; the vectors as ;;
and - ;; have dimension gz x 1.

Such problems are efficiently solved by the SOLVETHREELEVELSPARSEMATRIX routine, which is
here listed as Algorithm S.2 and is justified by Theorem 3.2 of Nolan & Wand (2020).

Algorithm S.2 The SOLVETHREELEVELSPARSEMATRIX algorithm for solving the three-level sparse matrix
problem x = A~ a and sub-blocks of A= corresponding to the non-zero sub-blocks of A.

Input: a;(p x 1), A11(p x p), {(azi(q1 x 1), Az2i(q1 X ¢1), Ar2,i(p x q1) : 1 <i <m},
{a2,ij(q2 X 1), A2z (g2 X q2), A12;(p X q2), A12, (g1 ¥ (I2)) 1<e<m, 1< < sz}

w<—a, Q A11
Fori=1,...,m:
hoi<—as; ; Hig; «— A1a; ; Haz; ¢— Aga;
Forj=1,...,n;
—1 . —1 T
hoi<— ha; — A1z jAg a0 5 Higi «— Higi — Ar2jAgs ;A1
Z1 4T
Hop i — Ho iy — A12ijAg i A12, 5
-1 Z1 4T
we— w—A12ijAg 025 5 — Q= Aggj Ay Al
—1 . —1 T
W— w— ngﬂ-Hmﬂ»hgyi ; Q<+— Q- H12,iH22,iH12,i
At Q71 oz — AYw
Fori=1,...,m:
-1 T L a12i —1 T  ALINT
T2, < H22,i(h’2~,i - H12,i931) ;A — _(H22,iH12,iA )
22, -1 T 412,
AT — Hyy (I — Hip ;A
Forj=1,...,n;
-1 T T
T2 < A22,ij (a2,ij - A12,z‘j$1 - A12,i,j$2,i)
12,4 1 T 11 T 1257\ T
A — *{Am,z‘j (A12,ijA +Ajp; ;A )}
12,45 -1 T 12,i T 22,i\1 T
A — *{Azz,ij (Alz,z‘j AT+ AL A )}
22,1 —1 T 12,4 T 12,4,
A e Agy (I = Ay APV — Apy A
Outputs: z1, A", { (2, A**", A7) 1 1 <i<m},
22,0 A12,5 A12,4, \ . : .
{(@a,i5, AZ, AT AN )0 1 <i<m, 1< j <y}




S.3 Derivations

We derive explicit updates for the parameters of the optimal density functions in (16) using
arguments similar to those provided in Neville et al. (2014) with some adjustments. Such up-
dates are then combined with the derivations in Appendix B of Nolan et al. (2020) for deriving
the streamlined MFVB algorithms for our two- and three- level linear mixed-effects models, i.e.
Algorithms 2 and 3.

S.3.1 Derivation of q*(/5, 3) and Associated Parameter Updates

Given the model formulation (17), the full conditional density function for (3, 3) is:

p(Bo, Blrest) o< p(y|Bo, B,07) p(Bo) p(BIC, %)
s (L 7 W O o
O<6Xp{ 2[[/@} (0.2[1’X] [1|X}+ 0 T‘zdiag(C)]>[5]

S[B] GO o) ]) ]}

and application of (8) results in:

9" (Bo, B) o exp { Eq{log »(Bo, Blrest)}}
—1[50}TE_21XT1X
st — 2| [A T (Bio)[1] x][1] x] +

/302 o’ ]) [ Bo :|
0 E{r}disgEaich |) | B
Bo

o2 oT ] |:M,30 }>]}
0 E {r 2} diag(E,{¢}) 0

After completion of the square manipulations for the multivariate Gaussian distribution and stan-
dard algebraic manipulations, it follows immediately that:

—2 [ %) ]T <Eq{a_2}[1 | X"y +

q°(Bo,B)isaN (uq(,go,g), Eq(ﬁoﬂ)> density function

with

) T -1
Bo 0 ] )
0 pg(1/72) diag(peq(e))

T
X q(50,8) < (ﬂq(l/o% (1| X ] [1]X]+

and p
T Hpy /O
Ha(go,8) < Za(50.8) (ﬂqu/a?) [1]X ] y+ [ o1 Tbo D .

S.3.2 Derivation of q*(¢?) and Associated Parameter Updates
Given the model formulation (17), the full conditional density function for o2 is:
p(o®[rest) o< p(ylfo, B, 0%) p(0°[a,2)

-1 2
~ (0_2)—(11024-71)/2—1 exp {_12a02 + ||y _;-BO - XIBH }
g

and application of (8) results in:

q*(0?) o exp { Eq{log p(c?|rest)}}
o (0?) ot {_12 By} + By{lly — 160 — Xﬂ||2}} |
o 2




After standard algebraic manipulations, it follows immediately that:
q*(0?) is an Inverse-x” (£;(,2), Aq(02)) density function

with
gq(UQ) S n+ Ve

and
Mty < tiatja + 8= [1] X I | + oS (11X 17 (1] X1}

S.3.3 Derivation of q*(a,2) and Associated Parameter Updates

Given the model formulation (17), the full conditional density function for a,z is:

p(az|rest) o< p(0®|ag2) p(a,2)
2

1 0724 (Vyes2,) 7t
x (aJQ)(V[,erl)/QleXp{_ (Vo2552) }
Q2 2

and application of (8) results in:

q"(ag2) o< exp { Eq{log p(a,>|rest)}}

-2 1
x (%2)—(1/(,2+1)/2—1exp{ al Eq{o }+2( Vg2522) " }
2

[ea

After standard algebraic manipulations, it follows immediately that:
q*(a,2) is an Inverse-y? (fq(a(ﬂ), )\q(a02)) density function

with
gq(agz) +—1+v,2 and )\q(%2) S Hg(1/02) T (1/025(2;2)_1.

S.3.4 Derivation of q*(72) and Associated Parameter Updates

Given the model formulation (17), the full conditional density function for 72 is:

72|rest) o {Hp Bn|m? } (T%]a,2)

-1 H 2
- (7'2)*(H+1)/2*1exp {_12 a_, + > h=16r(Bn) }
T

2
and application of (8) results in:

0% (%) o exp { Eq{log p(7?|rest)} }
2)(H+1)/21exp{ 1 Eqfa, '+ o0l Bo{Ch} Ee{ B2} }

x (7 5

After standard algebraic manipulations, it follows immediately that:
q*(7°) is an Inverse-x? (&;(,2), Aq(-2)) density function

with
T
qr2) «— H+1 and  Aqir2) <— pg(1/a_) + Bq(c)Pa((8)2):



S.3.5 Derivation of q*(a,2) and Associated Parameter Updates

Given the model formulation (17), the full conditional density function for a,: is:

p(ar2|rest) o p(TQ |ar2)p(ar2)

1 7724577
x (a,2) % exp {—272}

a2

and application of (8) results in:

a2 2

772 8_22
q*(a’TQ) X €xp {Eq{log p(a7—2 ]rest)}} X (a72)72 exp {—1Eq{}+7} )

After standard algebraic manipulations, it follows immediately that:
q*(a,2) is an Inverse-> (gq(m), )‘Q(fm)) density function

with
§q(a,2) < 2 and Ad(a,2) ¢ Hq(1/r2) + 5;22.

S.3.6 Derivation of q*((;) and Associated Parameter Updates

Given the model formulation (17), the full conditional density function for 5, 1 < h < H, is:

p(Chlrest) o< p(BulCrs 7) p(Chlag,),
where p(53;,|¢p) is the density function of a N(0, 72/;,) distribution, while p(s|ac, ) depends on
the hierarchical specification given in Table 1 for each of the considered global-local priors.
S.3.6.1 Laplace Prior Specification
If 8|7 ~ Laplace(0, 7) then:

—3/2 B2 1
p(Cnlrest) oc (Cu) exp {_ChQTQ — 2@}

and application of (8) results in:

2 ,7_—2
0 (G) x exp {Ey{logp(Gulrest} o (G2 exp { - PRIt

After standard algebraic manipulations, it follows immediately that:

q"(Cn) is an Inverse-Gaussian (¢, ), 1) density function

Ha(n) < \/1/ (”q(l/fz)“q(ﬁi))'

S.3.6.2 Horseshoe Prior Specification

with

If ﬂ,'LT ~ Horseshoe(0, 7) then:

B}
p(Chlrest) oc exp § =G 55 +ag,



and application of (8) results in:

Ey{Bi}Eq{r""}
2

4"(Ch) o exp{ Eq{log p(Culrest)}} oc exp {—ch ( + Eyfag, }) } |

After standard algebraic manipulations, it follows immediately that:
q*(¢n) is a Gamma(1, Ay, ) density function
with

Ha(1/72)Fa(8?)

AQ(Qh) — 2

+ Mq(aCh)'

S$.3.6.3 Normal-Exponential-Gamma Prior Specification

If By |m ~ NEG(0, 7, A) then:

2
plGhlrest) x (G2 exp { ~uy — %}

and application of (8) results in:

2 Ch

After standard algebraic manipulations, it follows immediately that:

2 ,7_—2 a
0*(Ch) o exp {Ey {log p(Gulrest)}} o (¢n) /2 exp {—gth{ﬁh}Eq{ b Bt fh}} .

q"(Cr) is an Inverse-Gaussian(q(¢, ), Aq(¢,)) density function

with

Ha(cn) < \/ 2Mq(a<h>/ (uqum)qug)) and  Aq(¢,) < 2Hq(a,)-

S$.3.7 Derivation of q*(ac, ) and Associated Parameter Updates
Given the model formulation (17), the full conditional density function for ¢;, 1 < h < H, is:

p(a¢h|rest) & p(gh’a{h) p(ach),
where both p((y|ac,) and p(a¢,) depend on the hierarchical specification given in Table 1 for

each of the considered global-local priors.

S.3.7.1 Laplace Prior Specification

According to Table 1, for the Laplace prior it is not necessary to introduce the a¢, auxiliary
variables. Hence q(a¢, ) is not present in (19) and does not need to be determined.

S.3.7.2 Horseshoe Prior Specification

If 5y |T ~ Horseshoe(0, 7) then:

p(ac, [rest) oc exp{—(¢n + 1)ac, }
and application of (8) results in:
q"(ag,) oc exp{Eq{log p(ag,[rest) } } oc exp {—ag, (Eq{Cn} +1)}-
After standard algebraic manipulations, it follows immediately that:
q"(ac,) is a Gamma(1, Ay, Ch)) density function
with
Aa(n) < Ha(e) T 1

10



$.3.7.3 Normal-Exponential-Gamma Prior Specification
If By |m ~ NEG(0, 7, A) then:

plag,Irest) o (a,) D" expfag, (G + 1)}
and application of (8) results in:

4" (ag,) o exp { By {log plag, Irest)}} o (ag, ) expfag, (Ey{G '} + D).
After standard algebraic manipulations, it follows immediately that:
q*(¢p) is a Gamma(\ + 1, )‘q(%h)> density function

with

Aq(cn) $ Ha(1/¢,) T 1-
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