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 SUMMARY. We propose a smooth hazard estimator for interval-censored survival data using the method
 of local likelihood. The model is fit using a local EM algorithm. The estimator is more descriptive than
 traditional empirical estimates in regions of concentrated information and takes on a parametric flavor in
 regions of sparse information. We derive two different standard error estimates for the smooth curve, one
 based on asymptotic theory and the other on the bootstrap. We illustrate the local EM method for times to
 breast cosmesis deterioration (Finkelstein, 1986, Biometrics 42, 845-854) and for times to HIV-1 infection
 for individuals with hemophilia (Kroner et al., 1994, Journal of AIDS 7, 279-286). Our hazard estimates
 for each of these data sets show interesting structures that would not be found using a standard parametric
 hazard model or empirical survivorship estimates.

 KEY WORDS: EM algorithm; Estimating equations; Local likelihood.

 1. Introduction

 Interval-censored survival data arise frequently in practice.

 A common example is a clinical trial in which prescheduled

 visit times are required of participants and disease status is

 assessed at these times. In this setting, it might be known

 that a subject has not experienced disease progression at a

 visit time, L, but that by the next visit time, R, progression

 has occurred. A fundamental assumption regarding such data

 is that the visit times are independent of the failure times.

 Estimators have been derived for the hazard and survivor-

 ship functions from interval-censored data that are empirical,

 fully parametric, and nonparametric. Peto (1973) and Turn-

 bull (1976) derived a self-consistent estimate for the failure

 time distribution. Gentleman and Geyer (1994) gave condi-

 tions under which this estimate is a nonparametric maximum

 likelihood estimate. The estimate is difficult to interpret vi-

 sually; unlike the Kaplan-Meier estimate for right-censored

 data, it is not a step function, as it jumps over intervals rather

 than at points, of time. Thus, it is depicted as a decreasing

 series of horizontal lines, separated by blank regions within

 which its behavior cannot be identified. Parametric models

 can be easily fit to interval-censored data and have the advan-

 tage of being available in standard statistical packages (for a

 review, see Lindsey and Ryan, 1998). In this paper, we derive

 a smooth, nonparametric estimator for the hazard function

 based on interval-censored data using the method of local

 likelihood. It incorporates advantages of both the empirical

 and the parametric estimators.

 Nonparametric smoothing techniques have been applied by

 a number of authors for hazard estimation from right-censored

 data. These procedures have the advantage over empirical

 methods of producing smoother and more interpretable esti-

 mates. They have the advantage over traditional parametric

 approaches of relying more on the observed data to determine

 the form of the estimate. Approaches that have been studied

 in some detail include kernel smoothers (Tanner and Wong,

 1983, 1984; Thaler, 1984; Gray, 1990), splines (Whittemore

 and Keller, 1986; Kooperberg and Stone, 1992; Rosenberg,

 1995), and local likelihood estimates (Wu and Tuma, 1990,

 1991; Loader, 1996; Hjort, 1998).

 The kernel smoothing approach for hazard estimation from

 right-censored data involves smoothing empirical hazard esti-

 mates with a kernel function. A limitation of this approach is

 that it is not likelihood based, which complicates extensions

 to interval-censored data, in which empirical hazard estimates

 are not available in closed form. For the same reason, hy-

 pothesis testing and regression modeling are difficult in this

 context. A literature search suggests that kernel smoothing

 approaches have not been applied to interval-censored data.

 Splines provide another useful approach for hazard estima-

 tion from right-censored data. This method allows a different

 smooth function on each of K + 1 subdivisions of the time
 axis, subject to the constraints that adjacent functions and

 their derivatives agree at the knots that define the subdivi-

 sions. The space of such functions is spanned by K + 4 basis
 functions called B-splines. Whittemore and Keller (1986) used
 step functions and linear splines to estimate the hazard func-
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 tion. Kooperberg and Stone (1992) modeled the log-density

 function of the failure time by cubic B-splines. Rosenberg

 (1995) modeled the hazard function using linear combinations

 of cubic B-splines. Both Kooperberg and Stone (1992) and

 Rosenberg (1995) applied their spline estimates to interval-

 censored data. Because splines are likelihood based, this ex-

 tension is straightforward though computationally difficult.

 Tibshirani and Hastie (1987) proposed a local likelihood

 fitting technique for smoothing covariate effects in likelihood-

 based regression models. This is an extension of the local

 fitting technique used in scatterplot smoothing (Cleveland,

 1979). The usual linear combination of covariates is replaced

 with an unspecified smooth function, which is then estimated

 through local restrictions of the likelihood. This amounts to

 using a running average or running lines smoother in the con-

 text of the likelihood. It has been applied by several authors

 (Gentleman and Crowley, 1991; Fan, Gijbels, and King, 1995;

 Fan, Heckman, and Wand, 1995) to characterize covariate ef-

 fects in survival models, generalized linear models, and the

 quasi-likelihood setting. In the context of right-censored sur-

 vival data, Wu and Tuma (1990) used the technique to esti-

 mate the hazard function, whereas Hjort (1998) studied the

 theoretical properties of such estimators. The advantages of

 local likelihood over spline estimation are its relative simplic-

 ity and theoretical tractability.

 In this paper, we apply local likelihood methods to obtain a

 smooth estimate of the hazard function for interval-censored

 data through local applications of the EM algorithm. By for-

 mulating the problem in terms of a system of estimating equa-

 tions, we are able to derive pointwise standard error bands

 for the hazard and survivor functions, which, even for right-

 censored data, has been done using only ad hoc methods. A

 related approach was taken in a very general setting by Car-

 roll, Ruppert, and Welsh (1998).

 Section 2 reviews the techniques of local likelihood and de-

 scribes its application to the estimation of the hazard func-

 tion for right-censored data. Section 3 discusses the exten-

 sion to interval-censored data, followed in Section 4 by an

 examination of some technical aspects of the estimation pro-

 cedure. Section 5 suggests two approaches to constructing

 standard error bands for the hazard function and the sur-

 vivorship curve. Section 6 applies the method to two data

 sets and compares the results with the log-spline estimate.

 Section 7 discusses limitations and potential improvements
 for the estimate.

 2. Local Likelihood Estimation for

 Right-Censored Data

 We begin with a brief review of local likelihood hazard esti-

 mation for right-censored data. Let T.,.. . ., T be the set of
 observed failure or censoring times and 61,. . ., an the corre-
 sponding failure indicators (i.e., 1i = I if individual i fails, 0
 if the individual is right-censored). The log likelihood for such
 data is

 n jTi ~
 E {i log A(Ti) - A (u) du (1)
 i=1

 where A(.) is the hazard function. The local likelihood esti-
 mate of the hazard function at the point t begins with a local

 approximation to log{A(t)} in the smoothing window with

 bandwidth h(t) around t. A local polynomial approximation

 is given by

 log{A(s)} /3ot+l31t(s-t)+ +i3pt(s-t)P for Is-tl < h.

 The estimate of A at the point t is exp(,3ot), where the vector
 /3t maximizes the local log-likelihood component at t, i.e.,

 iK (T2 t) {30t + + Opt(Ti - t)P} (2)

 -JAT%exp{!3Ott + **+3pt(u-t)P}K (uh;) du}

 Here K is a kernel function, which is almost always taken to

 be positive and symmetric. For a local quadratic fit, e.g., /3t

 is the solution to the three local score equations defined by

 E { ( Ti -t ) d

 6iK h (T t)d
 i=l

 j/ (u-t)d exp{I3ot

 + 31t(U -t) + 32t(U _t)2 }K u h t du} = O (3)

 for d = 0, 1, 2. Several possibilities for K include the rect-

 angular kernel, K(t) = 1, Itl < 1; the Epanechnikov kernel,
 K(t) = - t2, Itl < 1; the bisquare kernel, K(t) = (1 -t2)2,
 Itl < 1; the tricube kernel, K(t) = (1 - t3)3, Itl < 1; and the
 Gaussian kernel, K(t) = exp(-t2/2). To help gain intuition,
 it is useful to comment on how estimation works for the rect-

 angular kernel. This kernel, K{(Ti - t)/h} = 1 if ITi - t < h,
 produces local likelihoods that are local restrictions of the like-

 lihood into predefined, overlapping neighborhoods of time. In

 particular, only those failure times within h time units of t

 contribute to the left-most term of the local log likelihood for

 /3, and only those failure and censoring times that occurred

 within this window of t or beyond contribute to the right-most

 term. The other kernels add the feature of weighting obser-

 vations within a particular neighborhood according to their

 distance from the estimation point, t, that defines the neigh-
 borhood. Although it is possible to base this estimation on a

 local approximation to any function, g, of A(t) and not just
 g = log, this is a sensible choice in the survival context be-

 cause it guarantees positivity of A(t). Additionally, although
 it is possible to use any degree polynomial for the local ap-

 proximation, the degree is typically chosen to be either 0, 1, or

 2. There is substantial recent evidence that degree 1 or 2 poly-

 nomial fits (e.g., Hastie and Loader, 1993) significantly reduce
 boundary bias that might arise with local constant (p = 0)
 fits. The choice of p = 0 and the log link produce a running

 constant hazards model (Wu and Tuma, 1990). Hjort (1998)
 developed and studied estimators of A(t) essentially of this
 form. His work builds on local likelihood ideas first proposed

 by Tibshirani and Hastie (1987) and kernel hazard estimation
 as proposed by Tanner and Wong (1983).

 Standard errors of the estimated hazard at any point t can

 be obtained from the information matrices corresponding to
 the local likelihood at t. If the hazard estimator is approxi-
 mately normal and its bias is negligible, standard errors can
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 be used to make pointwise confidence statements about the

 underlying hazard function. Because the components of the

 hazard estimate are derived from different local likelihoods, it

 is more complicated to calculate standard errors for the sur-

 vivor estimate at t, which is a function of the entire hazard

 function from 0 to t (Godambe, 1991). We apply the methods

 of estimating equations to the score functions from the local

 likelihoods to obtain an estimate of the covariance of the haz-

 ard estimate for the purpose of calculating standard errors for

 the survivor function. To do this, it is necessary to define a

 grid of M time points at which estimation will occur. Then,

 e.g., for a degree 1 fit based on these M grid points, there

 will be 2M hazard parameters and 2M estimating equations.

 At the grid point t, the contributions of subject i to the two

 local score functions, given by (3), are

 Uito = 6iK (Ti -tt) _-1 e/t?t(U-t)K (U dut

 and

 Uit I = 6iK (~ ih)(Ti-t)

 - (u - t)eOOt?+1t(U-t)K (U ht) du.

 Let Ui denote the entire vector of contributions of subject i
 to the set of 2M estimating equations and /3 be the 2M x 1

 vector of 30 and 31 estimates. The covariance matrix of /3 is

 {(D U)1}T L(D U)1,

 where D U is the matrix of derivatives of U = = U and s
 is the covariance matrix of U. As long as M does not increase

 with n, the covariance matrix of A is consistently estimated

 by replacing /3 with /3 in D U and Z with

 n

 i=1

 3. Local Likelihood Estimation for

 Interval-Censored Data

 Turn now to the setting where intervals of time, [Li, Ri], i -

 1, ... , n, known to contain the failure times, Ti, are observed
 rather than the actual failure times. This notation also ac-

 commodates situations in which there are some observed fail-

 ure times (Li = Ri) and some right-censored observations
 (Ri = oo). As discussed presently, however, these two cases
 are handled differently from a computational perspective. An

 example of interval-censored failure times arises in clinical tri-

 als in which subjects have clinic visits scheduled periodically.

 A subject might arrive with symptoms of a new diagnosis at

 one visit that were not present at the previous visit, signaling

 the onset of an event at some time between the two clinic

 visits.

 In this section, we extend the local likelihood hazard esti-

 mator described in the previous section to interval-censored

 data. Interval-censored observations contribute terms of the

 form

 log Ri A(s)e_ fA A(u)du ds}

 to the log likelihood (1). Given that the estimation would be

 straightforward if the data were complete (i.e., if the failure

 times were observed or right-censored), it is natural to con-

 sider estimation through an EM algorithm (Dempster, Laird,

 and Rubin, 1977).

 We propose an algorithm that iterates between an expecta-

 tion step, in which we calculate the conditional expectations

 of the local log likelihoods, given the observed data and the

 current estimate of the hazard function, and a maximization

 step, in which these expected log likelihoods are maximized

 with respect to their parameters. We refer to this as a local

 EM algorithm. For simplicity, we describe the procedure for

 a local linear fit. The same steps apply for any degree poly-
 nomial.

 Step 0 (initialization step): Choose the kernel K, the

 grid of points for estimation g, and the band-

 widths h = h(t). For observed failures, set 6i 1
 and Ti = Li, for right-censored observations set
 6i = 0 and Ti = Li, and for interval-censored
 observations set 6i 1 and Ti = (Li + Ri)/2,

 the midpoint of (Li, Ri). Set A(t) to be the local
 linear estimator of A(t) based on the (Ti, &i), as
 described in Section 2.

 Step 1: For each t E 5, set S(t) = exp{- f A(u) du} and

 f (t) = A (t) S(t).

 Step 2: For each t E g, reset A(t) = eOt, where

 130t E I T,t
 13t argmax Tj ~ it

 (/3 0 t,01t)T L=1

 Lj < T3 < R3, 1 < j < nl

 fn i .(v, t) f (v) dv]

 =argmax E R- -
 (Ot ,01t )T i= fj (v) dv

 and l(v, t) is the contribution to the local like-
 lihood at t of a failure at v, obtained from the

 summand in (2):

 K ( t ) Pot + 01t( (-t)}

 - j ~eot +lt(u- (U t t) du.

 The notation argmaxx g(x) denotes the value of
 x that maximizes g, and E- refers to the expec-

 f

 tation calculated under the distribution f
 Step 3: Repeat Steps 1 and 2 until convergence.

 In practice, the computational burden of the algorithm can
 be simplified in several ways. First, A(t) need only be com-
 puted over a grid of equally spaced time points. The only
 requirement is that the grid be chosen fine enough so that in-

 tegrals can be accurately approximated using the trapezoidal
 rule. Employment of a Gaussian kernel means that the inner

 intgra, ie. f~ e/0t/1(utK U-[t) du, can be expressed integrl, i., At eOt+Olt(u-t)K hut
 in terms of the Gaussian distribution function. The integrals
 in Step 2 can be optimized for speed by taking advantage of
 the approximate restricted range of the kernel function.
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 To accommodate right-censored observations, note from (2)

 that the local likelihood contribution in this case can be sim-
 ply expressed as

 _ eOOt+O1t(U-t")K ( )du, (4)

 where Ti is the time of right censoring. Thus, the algorithm is
 easily modified to accommodate right-censored observations

 by substituting (4) for the term

 jL t(v, t) f (v) dv

 fj f(v) dv

 in Step 2. Finally, for exact data, or even when [Li, Ri] is
 very narrow, it is recommended that one replace (5) by the

 numerically more stable approximation ((Li + Ri)/2, t). This
 expression follows from application of l'Hopital's rule as Li
 Ri

 4. Implementational Issues

 As mentioned in the previous section, choice of the band-

 widths required for estimation of A is both crucial and non-

 trivial. This problem is inherent in nonparametric function

 estimation techniques and has been the subject of a consider-

 able amount of research in recent years. Automatic bandwidth

 selection algorithms for hazard estimation from right-censored

 data are proposed and studied by Muller and Wang (1990),
 Patil (1993a, 1993b) and Gonzalez-Manteiga, Cao, and Mar-
 ron (1996). It is anticipated that these algorithms extend to
 the case of interval censoring.

 Another issue concerns whether the bandwidth should be
 fixed across the time axis or allowed to vary with time. A

 fixed bandwidth smooth is much simpler to implement and

 interpret but can lead to difficulties in regions where the data

 are sparse, a common problem at the extremities of the data

 in hazard estimation. A remedy to this problem is to use a
 nearest-neighbor rule as suggested by Tibshirani and Hastie

 (1987). This involves choosing the bandwidth at each location
 to ensure that there is a specified proportion of events within
 the kernel window.

 As we mentioned at the end of the previous section, the
 hazard estimates and standard errors are calculated over a

 fine, equally spaced grid with all integrals approximated by
 the trapezoidal rule. For narrow intervals, we replaced this ra-

 tio of integrals by the exact data likelihood contribution. We

 found 400 to be a safe choice for the number of grid points
 and 0.1{max(Ri)-min(Li)} to be a reasonable default thresh-
 old for replacement of a narrow interval by an exact failure
 time. For reasons of computational speed, grid sizes as low

 as 100 might be used, but this should be accompanied by
 an increase in the narrow interval threshold to avoid numeri-

 cal problems. Because our examples involved computationally
 intensive bootstrap simulations, we used this lower grid size

 with a threshold of 0.2{max(Ri) - min(Li)}.
 Finally, we discuss the practicalities of estimation near the

 boundaries. Unlike density estimation there is an asymme-
 try in hazard estimation in that estimation near the right
 boundary is typically much more difficult than near the left
 boundary because it is often the case that the hazard function

 is nonzero and possibly divergent to oo at the right boundary

 while, at the same time, the data are becoming sparse. This

 makes good estimation near the right boundary quite difficult

 and requires careful treatment to ensure that the estimate is

 computable. Use of a nearest-neighbor bandwidth is one way

 around this, though the quality of the resulting estimate near

 the boundary is questionable. If, instead, a fixed bandwidth is

 used, then one usually needs to truncate the estimation pro-

 cedure before the data become sparse to ensure existence. As

 we discussed in Section 2, there is something to be gained at

 the left boundary by the use of higher degree fits if there is

 some nonzero structure there. In our examples, this did not

 seem to be the case so we were satisfied with zero degree fit-

 ting. This led to a good deal of simplification in the standard
 error calculations.

 5. Standard Error Calculations

 Estimation of the variance of A(t) from interval-censored data

 is quite complicated because of the use of the local EM algo-

 rithm. As described in Section 2, in the right-censored case, it
 is possible to use the information matrix for each local likeli-

 hood estimation at each t to derive a variance estimate. This

 is because at each t, A(t) is estimated solely from the local like-

 lihood at t. In the interval-censored setting, this is no longer

 the case because the estimate of A(t) depends on estimates of

 the function at other locations through integral-type relation-
 ships. This means that we need to consider the estimation of

 A(t) over a grid g jointly to account for the covariance be-
 tween estimates at different grid points. The formulation of

 this procedure is somewhat complicated, so we defer the de-

 tails to the Appendix.

 The bootstrap provides another method for obtaining point-

 wise standard errors. The non-parametric bootstrap (Efron,
 1994) is the simplest version to implement because it does not
 require the specification of the mechanism by which the failure

 times are concealed by their intervals. For each of B repeti-

 tions, it involves sampling n (L, R) pairs with replacement
 from the original sample and estimating the hazard function

 as described in Section 3. Confidence intervals at a fixed time

 t can be set to the appropriate quantiles of the bootstrap

 distribution of the hazard (or survival) estimates at t (see Di-

 Ciccio and Efron, 1995) or by calculating the standard error
 of the B repetitions at selected time points and using normal
 theory. Confidence intervals based on the percentile method
 might not be symmetric, whereas those based on the stan-

 dard error are forced to be symmetric. Bias is a concern with
 the use of the percentile method, and some justification is re-
 quired. Another possibility is the BCa method for confidence

 intervals (see DiCiccio and Efron, 1995), although this re-
 quires the influence function or some analog of the jackknife,
 neither of which has been derived for interval-censored data.

 The percentile method was used by Rosenberg (1995) for a
 spline estimate of the hazard function for interval-censored
 data.

 6. Applications

 In this section, we illustrate the local likelihood methodology
 with two data sets. The first is a breast cosmesis data set

 (Finkelstein, 1986) that is frequently used to illustrate meth-
 ods for interval-censored data. The data comprise 94 observa-
 tions from a retrospective study looking at time (in months) to
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 cosmetic deterioration following surgery using radiation ther-

 apy either alone or in combination with chemotherapy. Be-

 cause patients were assessed only periodically, i.e., when they

 came to the clinic, the time of deterioration is known only

 to have occurred sometime between visits. Because the equiv-

 alence classes from the Turnbull (1976) estimate are small,
 most methods give favorable results when applied to these

 data.

 Figure 1 shows the breast cancer data and the local like-

 lihood and Turnbull survivorship functions. The local likeli-
 hood estimate is the exponentiated negative cumulative in-

 tegral of the hazard estimate shown in Figure 2. The data

 are sorted according to the last time of observation. There

 is good correspondence between the local likelihood estimate

 and the Turnbull estimate until 48 months, at which point
 the local likelihood estimate becomes unreliable because of

 the sparseness of the data.
 Figure 2 contains hazard estimates and standard error

 bands for the breast cancer data. The local likelihood esti-

 mate is based on the local constant likelihood with a nearest-

 neighbor bandwidth chosen with a span of 40%. By this we

 mean that 40% of the Ti's (as defined in Step 0 of the algo-
 rithm given in Section 2) are within 3 standard deviations of

 the normal kernel window. Also shown is the log-spline esti-
 mator of Kooperberg and Stone (1992). The local likelihood
 and log-spline hazard estimates are similar, although the log-
 spline estimate is much smoother. The standard error bands

 corresponding to the shading are based on the analytical ap-

 proximation described in the Appendix. Those corresponding

 to the dashed lines were derived using percentiles of the boot-

 strap, with 200 replications, as described in Section 5. Both
 methods could be applied to derive confidence bands for the

 survivorship curve as well. Although theoretically straightfor-
 ward (see Gray, 1994; Rosenberg, 1995), spline-based confi-
 dence intervals have not been implemented in the log-spline

 software of Kooperberg and Stone (1992) and thus are not
 presented here.

 The second data set contains time to HIV-1 infection for in-

 dividuals with hemophilia. These data come from a 16-center

 cohort of hemophiliacs in the United States and Europe (Kro-

 ner et al., 1994) and analyzed by Rosenberg, Goedert, and

 Biggar (1994). In five of these centers, patients were enrolled

 without regard to HIV-1 antibody status. Positive samples

 were collected between early 1978 until early 1987. Any sam-

 ples before January 1, 1978, were considered to be HIV neg-

 ative as the earliest positive tests for the disease occurred in

 the spring of that year. Data are interval-censored because

 individuals in the study were tested only periodically for in-

 fection. The goal of the analysis is to estimate the distribution

 of time to seroconversion from January 1, 1978. Our data set

 contained information on 735 individuals and is updated from

 the data set discussed in the previous papers. Figure 3 dis-

 plays a hazard function estimate from these data usinf the

 same parameter settings that were used for the estimate in

 Figure 2. This estimate is similar in shape to that found in

 Kroner et al. (1994). Its peak is slightly lower, perhaps be-

 cause of the additional 100 subjects that are included in this

 estimate, the differences in the methods of estimation, or the

 particular bandwidth chosen.

 7. Discussion

 We have proposed smooth hazard and survivorship estimates

 for interval-censored data based on local likelihood in con-

 junction with an EM algorithm. Currently, bandwidth choice

 is somewhat ad hoc. Data-driven bandwidth choice in this set-

 ting remains an important outstanding problem. We have also

 indicated how to derive pointwise standard errors for the haz-

 ard function using an analytic estimating function approach

 and a bootstrap method. It is reassuring when the bootstrap

 F'igure 1. Survivorship estimate for breast cancer data

 (thick dashed curve) and Turnbull estimate (thick gray lines).

 The data are represented by the horizontal lines. Solid lines

 correspond to an interval-censored observation. Dotted lines

 correspond to time at risk of each patient.

 Figure 2. Hazard function estimate for breast cancer data

 (thick solid curve). The dotted curve was obtained using the

 Kooperberg and Stone (1992) log-spline procedure. The

 shaded area represents +2 estimated standard errors of the

 log hazard based on the analytic variance estimate described

 in the Appendix. The broken curve represents the 2.5% and

 97.5% estimated quantiles based on the bootstrap procedure

 described in the text.
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 Figure 3. Hazard function estimate for hemophilia data

 (thick solid curve). The shaded area represents ?2 estimated

 standard errors of the log hazard based on the analytic vani-

 ance estimate described in the Appendix.

 percentile method and the estimating equations method yield

 similar intervals, such as for the breast cancer data (see Fig-

 ure 2). The use of percentile intervals based on the bootstrap

 requires some justification, although it has been used by other

 authors in this same context (e.g., Rosenberg, 1995). A boot-

 strap method that corrects for bias is likely to exhibit im-

 proved performance. Perhaps empirical estimates of bias and

 variance, such as proposed by Carroll et al. (1998), could be

 used for this purpose. The estimating equations approach is

 based on asymptotic results, and its finite sample properties

 in this context are not known.

 It should be straightforward to extend our method to ad-

 just for covariates, such as in a proportional hazards model.

 Wald-type hypothesis tests offer the possibility of formal test-
 ing. The local likelihood estimates that we consider are alter-

 natives to spline-based estimates, such as those discussed by

 Kooperberg and Stone (1992) and Rosenberg (1995). Loader
 (1996) noted that spline-based methods that use a penal-

 ized likelihood are solutions to global optimization problems,

 whereas local likelihood methods solve local optimization

 problems. Conceptually, the spline and local likelihood meth-

 ods are very different, and philosophical issues, in addition to

 features of the data at hand, will likely guide the choice of

 method.

 In summary, flexible parametric estimates of the hazard

 function provide useful alternatives to nonparametric esti-

 mates. They produce smooth curves that are visually more

 appealing and interpretable than nonparametric alternatives.
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 RESUME

 Nous proposons un estimateur lisse de la fonction de hasard
 pour des donnees de survie censurees par intervalles en util-
 isant la methode de la vraisemblance locale. Le modele est
 estime par un algorithme EM local. Cet estimateur est plus
 descriptif que les estimateurs empiriques traditionnels dans les
 regions riches en information et se rapproche d'un estimateur
 parametrique dans les regions pauvres en information. Nous
 derivons deux estimateurs de l'erreur standard de la courbe
 de lissage reposant l'un sur les proprietes asymptotiques et
 l'autre sur la technique du bootstrap. Nous appliquons la
 methode EM locale au delai de survenue de la d6terioration
 esthetique des seins (Finkelstein, 1986) et au delai de survenue
 d'une infection par le VIH-1 chez des hemophiles (Kroner et
 al., 1994). Nos estimateurs de la fonction de hasard montrent
 dans les deux cas des structures interessantes qui ne seraient
 pas decouvertes en utilisant un modele param6trique standard
 ou une estimation empirique.
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 APPENDIX

 Details of Standard Error Calculations

 For the sake of simplicity, we give the derivation of the esti-

 mate of var{l(t)} in the case of zero degree fitting. Extension
 to higher degrees is conceptually straightforward but nota-

 tionally more complicated.

 Let g = .g, .. , gm } be the equally spaced evaluation grid,
 with gl = 0, and define

 f = F ], /3 = ] and A = exp1(3)

 where fj fj(gj), 3j =(gj), and Aj = exp(/j). Let A
 gf+1 - ge denote the gap between grid points. For a given f,

 the estimating function for /3 is U = U, where Uj=
 Numi(f)-exp(/3)(DDeni(f) and aob denotes the elementwise
 product of vectors a and b. Here

 6i ?-m K (g9e9i) Wie fe
 {Numi(f) }j = M= - hj

 and

 6i 1>-m hjC (g-gj) Wiefe
 {Deni(f)}j = f= - hj

 + (1 - i)hjlC (i9i)hjK (I hiC

 and Wie is the weight applied to fe for trapezoidal approxi-

 mation of f i f (u) du, hj is the bandwidth used at gj, and
 1C is the cumulative integral of K. If we put

 n n

 Num(f) ZNumi(f) and Den(f) ZDeni(f),

 i=l i=l

 then Aj = Num(f)j/Den(f)j and the estimating function for
 A is

 U = Num(f) - A 0 Den(f).
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 For a given A, f is obtained from f A 0 exp(-ATA), where

 0 00 .. 0

 1 1I o ..
 1 1 T

 2 1 1.*--

 is the M x M matrix that maps A to an M x 1 vector with jth

 entry f6i A(u) du, approximated using the trapezoidal rule.
 According to the theory of estimating functions (e.g., Go-

 dambe, 1991), the diagonal entries of

 [ID U(,3)1}1] T uiui T ID U(t3)1}
 i=

 consistently estimate var{l(g)}, j = 1, .. ., M. Here D U(i3)
 is the M x M matrix with (i,j) entry equal to o/o9jjU(,3)}j
 (e.g., Magnus and Neudecker, 1988, p. 87). Because U(/3) can

 be expressed as a function of A, which is in turn a function

 of /3, it is convenient to use the chain rule for differentiation

 of vector functions (Magnus and Neudecker, 1988, p. 91) to

 obtain

 D U(/3) = D U(A)D AQ(3) = D U(A) diag(A).

 The easily derived product rule

 D (f 0 g)(x) = diag{g(x)} D f(x) + diag{f(x)} D g(x)

 can then be applied to U(A) to yield

 D U(A) = {D Num(f)}D f(A) - diag(A){D Den(f)}
 - diag{Den(f)}

 with

 D f (A) = diag{exp(-ATA}{I - A diag(A)T}.

 Our last requirement is to find expressions for D Numi (f) and
 D Deni (f). Let

 M

 -= E WWiefe,
 f=1

 pij = @K ( h gj Wief f

 and

 /ij = hjK IC hf A Wiefe.

 Then we have

 [D Numi(f)]jk 6iWik {K ( h *) - Pij} /i

 and

 [D Deni (f)]jk = 6iWik{ hjiC (kh zi )T ri-W'} T.
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